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The Comparison Geometry of Ricci Curvature

SHUNHUI ZHU

ABSTRACT. We survey comparison results that assume a bound on the man-
ifold’s Ricci curvature.

1. Introduction

This is an extended version of the talk I gave at the Comparison Geometry
Workshop at MSRI in the fall of 1993, giving a relatively up-to-date account of
the results and techniques in the comparison geometry of Ricci curvature, an
area that has experienced tremendous progress in the past five years.

The term “comparison geometry” had its origin in connection with the suc-
cess of the Rauch comparison theorem and its more powerful global version,
the Toponogov comparison theorem. The comparison geometry of sectional cur-
vature represents many ingenious applications of these theorems and produced
many beautiful results, such as the %—pinched Sphere Theorem [Berger 1960;
Klingenberg 1961], the Soul Theorem [Cheeger and Gromoll 1972], the Gener-
alized Sphere Theorem [Grove and Shiohama 1977], The Compactness Theorem
[Cheeger 1967; Gromov 1981c], the Betti Number Theorem [Gromov 1981a], and
the Homotopy Finiteness Theorem [Grove and Petersen 1988], just to name a
few. The comparison geometry of Ricci curvature started as isolated attempts
to generalize results about sectional curvature to the much weaker condition
on Ricci curvature. Starting around 1987, many examples were constructed to
demonstrate the difference between sectional curvature and Ricci curvature; in
particular, Toponogov’s theorem was shown not to hold for Ricci curvature. At
the same time, many new tools and techniques were developed to generalize re-
sults about sectional curvature to Ricci curvature. We will attempt to present
the highlights of this progress.

As often is the case, a survey paper becomes outdated before it goes to press.
The same can be said about this one. In the past year, many beautiful results
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were obtained in this area, mainly by T. Colding and J. Cheeger [Colding 1996a;
1996b; 1995; Cheeger and Colding 1995] (see also Colding’s article on pages 83—
98 of this volume). These results are not included here. To compensate for this,
we have tried to give complete proofs of the results we discuss; these results now
constitute the “standard” part in the comparison theory of Ricci curvature. We
benefited a lot from a course taught by J. Cheeger at Stony Brook in 1988 and
from [Cheeger 1991]. Thanks also go to the participants of a topic course I gave
at Dartmouth in the winter of 1995.

2. The Main Comparison Theorem through Weitzenbock
Formula

The relation between curvature and the geometry is traditionally introduced
through the second variation of arclength, as was first used by Myers. We chose
to introduce it from the Weitzenbdck formula, which gives a uniform starting
point for many applications, including the recent results of Colding.

For a smooth function f, we define its gradient, Hessian, and Laplacian by

(V1 X) = X(f), Hess f(X,Y) = (Vx (V) V), Af = tr(Hess f).
For a bilinear form A, we write |A|? = tr(AA?).

THEOREM 2.1 (THE WEITZENBOCK FORMULA). Let (M™,g) be a complete
Riemannian manifold. Then, for any function f € C3(M), we have

3OIVF? = [Hess fI* + (Vf,V(A[)) + Rie(Vf, V)
pointwise.

PrROOF. Fix a point p € M. Let {X;}7 be a local orthonormal frame field such
that

(Xi, X;) =6ij, Vx, Xj(p) =0.

Computation at p gives
SAIVIP =5 XiX{V V=) Xi(Vx,Vf, V)= X;Hess(f)(Xi, V)

= Z X; Hess(f)(Vf,X;) (Hessian is symmetric)

7

= Xi(Ves(Vh), Xi) =Y (Vx, Vs (V) Xi) + (Vs (VS), Vx, Xi)
= Z(invvf(Vf), X;) (the other term vanishes at p)

=Y (R(X;,VHVE X))+ Y (VorVx, VEX)+ Y (Vix, vy VF, Xi).
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The first term is by definition Ric(Vf, Vf); the second term is
> (VAVX VI Xi) = (Vx, V. Vs Xi) = (V) D _(Vx,Vf, Xi) = 0 (at p)

= (VHLf =(VI,V(AS)),
and the third term is

> Hess(f)([Xi, V], Xi) = 3 Hess(f)(Vx, Vf = Vo Xi, Xi)
1 = Z Hess (f)(Vx, V.f, X;) — Hess(f) (Vv Xi, X;)
= " Hess(f)(Vx, V. X;) — 0 (at p)
= > Hess(f)(Xy, Vx,Vf)
= > (Vx,Vf, Vx, V) = [Hess(f)].

7

The theorem follows. |

The power of this formula is that we have the freedom to choose the function
f- Most of the results of comparison geometry are obtained by choosing f to be
the distance function, the eigenfunction, and the displacement function, among
others.

We will consider the distance function. Fix a point p, and let r(x) = d(p, z)
be the distance from p to x. This defines a Lipschitz function on the manifold,
smooth except on the cut locus of p. It also satisfies |Vr| = 1 where it is
smooth. In geodesic polar coordinates at p, we have Vr = 9/0r. Let m(r)
denote the mean curvature of the geodesic sphere at p with outer normal NV, i.e.,

if {e1,...,en—1} be an orthonormal basis for the geodesic sphere, let
n—1
m(r) = Z<VC¢N; ei>-
i=1

In geodesic polar coordinates, the volume element can be written as
dvol =dr A A, (r) dw

where dw is the volume form on the standard S™~'. In what follows, we will
suppress the dependence of A, (r) on w for notational convenience. With these
notations, we are now ready to state our main result of this section.

THEOREM 2.2 (MAIN COMPARISON THEOREM). Let (M™,g) be complete, and
assume Ric(M) > (n — 1)H. Qutside the cut locus of p, we have:
(1) VOLUME ELEMENT COMPARISON:
A(r)
Aft(r)

is nonincreasing along radial geodesics.
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(2) LAPLACIAN COMPARISON:
Ar < Afy.
(3) MEAN CURVATURE COMPARISON:
m(r) < mf(r).

(Here quantities with a superscript H are the counterparts in the simply con-
nected space form of constant curvature H.) Furthermore, equality holds if and
only if all radial sectional curvatures are equal to H.

Proor. We will prove the second part, the Laplacian comparison. The first and
third parts follow from a lemma that we will prove momentarily.

Let f(z) = r(x) in Theorem 2.1 and note that |Vr| = 1. We obtain, outside
the cut locus of p,

0 o 0
H Ty (A Ri (-,—):o.
|Hess 7| +8r( r) + Ric 5 By
Let A1,..., A\, be the eigenvalues of Hessr. Since the exponential function is a

radial isometry, one of the eigenvalues, say A1, is zero. By the Cauchy—Schwarz
inequality, we have

Mg+ -+ )2 B tr2(Hess(f)) . (Ar)?
n—1 - n-1 -1

Hess(M)[?P =X 2 +-- -+ 22 >
2 n

Thus, if Ric > (n — 1)H, then

(An)?” | %(Ar} +(n—1)H <0.

n—1

Let u = (n —1)/Ar. Then
u/
—>1
1+ Hu? —
Note that Ar — (n — 1)/r when r — 0; thus u — r. Integrating the above
inequality gives

(n — 1)V H cotVHr for H > 0,
Ar < A= (n—1)/r for H =0,
(n —1)v/—H coth/—Hr for H <0.

We now discuss the equality case. If equality holds at 7y, then for any r < rg,
all the inequalities in the above argument become equalities. In particular, the
n — 1 eigenvalues of Hess(r) are equal to /N cot vVHr (to simplify the notation,
we assume H > 0. For H < 0, replace cot by coth.) Let X; for i =2,3,...,n,
be the orthonormal eigenvectors of Hess(r) at r; thus

inag = VH cot VHrX;.
r
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Extend X; in such a way that [X;,d/dr] =0 at r, then

see (X, %) - —<va/a,qvx,.,8%,xi> = (Vo or (VH cot VAT X, X;)
= Hese> VHr — (Vo o0 Xi, Xi)
= H cse? VHr — VH cot \/ﬁr<vxi%,Xi>
= Hcsc? VHr — (VHcot VHr)? = H. O

We now give a more geometric interpretation of Ar, which proves parts (1) and
(3) of Theorem 2.2.

LEMMA 2.3. Given a complete Riemannian manifold (M™, g) and a pointp € M,
we have Ar =m(r) and m(r) = A'(r)/A(r).

PROOF. By definition,

Ar = tr(Hessr) = i(Vei (Vr),e) + (Vn(Vr),N)
= SV N, )+ (VN N) = 3 (Ve N, ei) = ().

This proves the first equality. For the second, consider the map ¢ : T,M — M

defined by ¢(v) = exp,(rv). Let {v1,...,v,—1} be an orthonormal basis for the
unit sphere in T, M. Then

A(r) = dvol (%, P(v1), ..., (b(vn—l))

0
= dvol (E, dexp,(rv1), ..., depr(rvn_1)>
= .]1(7“) A .]2(7“) JANGIRIAN Jn_l(T),

where J;(r) = dexp,(rv;). Fix ro. We have

Alro) S Ti(ro) A AJLro) A A Jna (1)
A(r '

0) Jl(TQ) A JQ(TQ) VAIERAN Jn_l(TQ)
Let J1(7), ..., Ju—1(r) be linear combinations (with constant coefficients) of the
Ji(r)’s such that Jy(ro),. .., Ju_1(r¢) form an orthonormal basis. Then
A'(ro) _ 3in Iulro) A= ATi(ro) A+ A Ju—a(ro)
A(TQ) Jl(TQ) A JQ(TQ) VARIERAN Jn_l(TQ)

S Tiro) A AJUro) A A 1 (o)
J1(ro) A Jo(ro) A+ A Jn—1(r0)
n—1 n—1

=Y Ti(ro) A AT (o) A Adua(re) = (T (ro), Jilro))-

i=1 =1




226 SHUNHUI ZHU

Let fi(t,s) = exp,(sv; + tii). Then

0
Ji(ro) = dexp,(rov;) = 55 Szofi(t, s)
and
0 o 0 o
J! = — — i(t,8) = — — (t,8) =V ) N
0 = Bl 85 leco 10D = Bz Bty 1) = Viitow)
Therefore, we also have J;(ro) = V j,(,,)N. Thus
A/(TQ) n—1 B
- o N, o)) = . O
A00) ;WJ,,(TO) , Ji(ro)) = m(ro)

3. Volume Comparison and Its Applications

The applications of the volume comparison theorem are numerous; we will
divide them into several sections. A common feature is that all results in this
section are about the fundamental group and the first Betti number.

Bishop—Gromov volume comparison and its direct applications. For
most applications of the volume comparison theorem, an integrated form is used.
One can integrate the inequality in Theorem 2.2 along radial directions and along
a subset of the unit sphere at p. Then:

THEOREM 3.1. Letr < R, s < S, r<s, R<S, and let ' be any measurable
subset of Sp~'. Let A,:R(p) be the set of x € M such that r < r(x) < R and any
minimal geodesic v from p to x satisfies ¥(0) € T'. Then
VOl(A;S (p)) volf (A.l;s)
vol(AT p(p)) — volH(A}:R)

?

with equality if and only if the radial curvatures are all equal to H.

REMARK. The strength of this theorem is that now the balls do not have to lie
inside the cut locus; hence it is a global result.

We will give a detailed proof of this theorem, since it does not seem to be in the
literature.

LEMMA 3.2. Let f,g be two positive functions defined over [0,+00). If f/g is
nonincreasing, then for any R >r >0,5>s>0,r >s, R > S, we have

Srpwde _ 7 gle)dt
J2ryde — [P g(t)dt
PRrROOF. It suffices to show that the function

Fla.y) = J= /04

[Yg(t)dt
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satisfies

In fact, if this is true, then

I p()at B [2p@ydt  [F f(t)de
[ attyde ~ [7 g(t)at

which is what we want.

We now compute

OF 1

B = (s (0 [ soa-ow [ row)

x x

_ W) [ edt (fly) [ f(t)dt
([Pgtyat)2 \gly) [Tg(t)dt )
But
ft) _ fly)
g—t) > g—y) forz <t<y
Thus
Y 1) _ Iy [
[ rma= [T 28 qwa= I8 [y a
that is,

which implies 0F/dy < 0.

PROOF OF THEOREM 3.1. Just as in lemma 3.2, we only need to show that

vol(Agy)
vol(AH (z,y))

is nonincreasing.
Note that

min{y,cut(w)}
VOl(A;y) :/1“dw/ A(r,w)dr,

1in{z,cut(w)}

where cut(w) is the distance to the cut locus in the direction w € Sg_l.

227

Since A(r,w)/AH (r) is nonincreasing for any w and r < cut(w), Lemma 3.2

implies that, for z > vy,
min{y,cut min{z,cut
fmin{{icct;(g))}} A(T’ w) dr fmin{{:,(i;lt((:))}} A(T’ w) dr

flmin{y,cut(w)} AH(T) dr = fIInin{z,cut(w)} AH(T) dr

nin{z,cut(w)} nin{z,cut(w)}

7
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that is,
min{y,cut(w)} ‘/‘Izl;l{{jcc;t(&’)))}} AH (7”) dr min{z,cut(w)}
/ ) A(Ta LU) dr > min{z,cut(w)} , g ’ / . A(Ta LU) dr
min{z,cut(w)} fnnn{x cut(w)} A (7“) dr min{z,cut(w)}
f;nm{y ,cut(w)} AH(T) d

p min{z,cut(w)}
min{z,cut(w)} g ’ / . A(Ta LU) dr
fx A (7“) dr min{z,cut(w)}

fj AH(T) dr /min{z,cut(w)}
>dze VT

= [TAF () dr : A(r,w)dr,

nin{z,cut(w)}

where the last inequality follows by considering the three possibilities cut(w) <
y <z y<cut(w) <z and y < z < cut(w). The inequality before that uses the
fact that f; AH () dr / f A () dr is nonincreasing when a < b. Integrate the
above over I'; and we get

fy (r)dr vol(AH (z,y))

r Ty _ ) r
VOl(Axy > f AT () dr vol(A%Z) = Sol(AT (2, 2)) vol(A%Z).
The equality part follows from the equality discussion in Theorem 2.2. d

By taking s = r = 0 and I’ = S”~!, one gets the following frequently used
corollary.

COROLLARY 3.3. (1) GROMOV’S RELATIVE VOLUME COMPARISON THEOREM:

vol(B,(r)) _ vol(B"(r))
vol(B,(R)) ~ vol(BH(R))’

(2) BISHOP VOLUME COMPARISON THEOREM:

vol(B,(r)) < vol(BH (r)).
In both cases, equality holds if and only if B,(r) is isometric to BH (r).
We will give two applications of this result.

THEOREM 3.4. Assume Ric > (n —1)H > 0.

(1) MYERS’ THEOREM [1935]: diam(M) < n/vH, and m (M) is finite.

(2) CHENG’S MAXIMAL DIAMETER SPHERE THEOREM [1975]: If in addition
diam(M) = n /v H, then M" is isometric to S™(H).

PRrROOF. Without loss of generality, we will assume H = 1.

(1) The classical proof of Myers’ theorem is through second variation of
geodesics, but one can easily see that it also follows from volume comparison.
We will now use Theorem 2.2(2) to prove this.

Let p, ¢ be such that d(p,q) > 7, and let v be a minimal geodesic from p to
q. Since v is minimal, v(7) is outside the cut locus of p; thus d, is smooth at
~(m), and Ady, < (n—1) cot dy, by Theorem 2.2. Let d, — 7 from the left. Then
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Ad, < —oo. This is a contradiction, since the left-hand side is a finite number.
Therefore the diameter of M is at most 7.

Using the same argument for the universal cover of M, we conclude that the
universal cover also has diameter less than mw, and thus is compact. It then
follows that w1 (M) is finite.

(2) Cheng’s original proof used an eigenvalue comparison theorem; we will use
the volume comparison theorem Corollary 3.3 to give a more geometric argument.
The first such proof in print seems to be in [Shiohama 1983].

Let p,q € M be such that d(p,q) = 7. Consider two balls B, (%) and B, (7).
If the interiors of the two balls intersect, then there is a point z in the intersection
such that d(z,p) < § and d(z, q) < §; therefore d(p, q) < d(x,p) +d(z,q) <, a
contradiction. Thus the two balls do not intersect in the interior. It follows that

vol(M) > vol(B, (%)) + vol(By(%))

Q(Q
Vol(Bl(g)) o ).
)

vol(B*(%))

> vol(By(r)) - vol(B(r))

vol(B!

=vol(M) -5+ Vol( % = vol(M).

Thus all inequalities are equalities. In particular, equality holds in the vol-
ume comparison. Therefore M has constant curvature 1, and vol(B,(5)) =
vol(B'(%)). It then follows M is simply connected and therefore isometric to
S™(1). O

REMARK. Myers’ theorem is almost the only statement we can make about the
fundamental group of manifolds with positive Ricci curvature. One conclusion
one can draw from it is that the connected sum of two non-simply connected
manifolds does not support any metric with positive Ricci curvature. The ques-
tion remains open for the connected sum of simply connected manifolds.

We now turn to the second application of the relative volume comparison theo-
rem, which was originally proved by analytic methods by Calabi and Yau.

THEOREM 3.5 [Yau 1976]. If M™ is complete and noncompact with nonnegative
Ricci curvature, then vol(By(r)) > cr for some ¢ > 0.

REMARK. This, together with Bishop’s theorem, gives the growth of the volume
of geodesic balls in noncompact manifolds with nonnegative Ricci curvature as
cr < vol(By(r)) < w,r™, where w,, is the volume of the n-dimensional unit disc.

PROOF. Since M is noncompact, there is a ray v with v(0) = p. By the relative
volume comparison theorem for an annulus, we have

VOl(B,y(t) (f, — 1)) > Wn, (f, — 1)"
vol(Aypy(t = 1,t+1)) — wp(t+1)" —wy,(t = 1)»

= c¢(n)t;

therefore

vol(By1)(t — 1)) > ¢(n) vol(A, ) (t — 1, t + 1))t > c(n) vol(By (1))t = c¢(M)t,
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and then vol(B,(t)) > vol(By/2)(t/2 — 1)) > ct. O

Packing and Gromov’s precompactness theorem. One of the most useful
consequences of a lower bound on Ricci curvature is the following.

LEMMA 3.6 (PACKING LEMMA [GROMOV 1981c]). Let M™ be such that Ric >
(n—1)H. Givenr,e >0, and p € M, there is a covering of By(r) by balls By, (¢),
where p; € By (p), such that the number of balls satisfies N < Cy(n, Hr? r/e)
and the multiplicity of the covering is bounded by Co(n, He?).

PrOOF. Take a maximal set of points p; € B,(r — ¢/2) such that dist(p;, p;) >
/2 for i # j. It then follows that By, (¢/4) N By, (¢/4) = @. Therefore

vol(By(r))
= mim vol(B,, (/1))
— 7‘];]1(()25”((;72)) for some pg
< 7‘:’(31(;%;0((:/%)) since B,(r) C By, (2r)
< %m = Cy(n, Hr?,r/e)

Next, if Bp,(e/4) N By, (¢/4) # @, then dist(p;, po) < 2¢. Then the disjointness
of By, (¢/4) and By, (¢/4) implies

vol(Bp, (2 + ¢€))
min; vol(B,, (¢/4))
vol(Bp, (

multiplicity <

since By, (3¢) C B,, (5¢)

vol(BH (5¢)

> WZCQ(TL,HEQ). O

It is easy to construct examples to see this is not true if one drops the curvature
condition—for example, by connecting two spheres with many thin tunnels.

The packing lemma says that under the assumption of Ricci curvature bounded
below, there are only finitely many local intersection patterns on a fixed scale.
This is made precise by introducing the Hausdorff distance between metric
spaces, which induces a very coarse topology on the space of all compact metric
spaces.

DEFINITION 3.7. Let X, Y be two compact metric spaces. A map ¢ : X — Y is
called an e-Hausdorff approximation if the e-neighborhood of ¢(X) is equal to
Y, and |d(z1, 22) — d(p(x1), d(x2))| < g, for any x1,z2 € X.
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We can then define the Hausdorff distance between two compact metric spaces
X,Y, denoted by dy(X,Y), to be the infimum of all € such that there is a
e-Hausdorff approximation from X to Y and vice versa.

THEOREM 3.8 (GROMOV’S PRECOMPACTNESS THEOREM [1981c]|). The set of
n-dimensional Riemannian manifolds satisfying Ric > (n — 1)H and diam < D
is precompact with respect to the Hausdorff topology.

PROOF. By the packing lemma, for any M"™ satisfying the conditions and any
J > 0, there is a subset 1, x2,..., 2N, with N; < N(n, D, H, j), which is 1/
dense and has diameter less than D. Thus, for any manifold under consideration,
we have a sequence

M'c M2 cMY3 ...

such that M'/7 is (1/j)-dense in M, and |[M'/7| < Ny + Ny +---+ N;.

Let M, be an infinite sequence. Since each {M}} has N; elements and has
bounded diameter, the precompactness of bounded sets in Rt implies the ex-
istence of a subsequence, still denoted by M}, whose elements have pairwise
distance less than 1. Thus the corresponding manifolds M, ; have pairwise
Hausdorff distance less than 1. For each {M, 1}, we can again find a subse-
quence Mé/ % with pairwise distance less than %, and therefore a subsequence of
manifolds M, /2, with pairwise Hausdorff distance less than % Proceeding in
this fashion, and using the diagonal argument, we will get a convergent subse-
quence. This proves that the set is precompact. a

Growth of fundamental groups. Volume comparison is most often used to
get information about the fundamental group. The key idea is that the condition
on Ricci curvature is local, and so can be lifted to the universal covering space,
and control over the volume will give control over the relative size of fundamental
domains. In this section, we will begin this study by examining the size of the
fundamental group, as measured by its growth.

Let G be a finitely generated group, G = (g1, 92, ..., gk), and define the r-
neighborhood with respect to the set of generators g = {¢1,92,...,9x} as

Ug(r) ={g € G| g is aword 0f1ength§r}={g€G|g=g’f ---gzk,2|ij| <r}.

DEFINITION 3.9. G has polynomial growth if there exists a set of generators g
and a positive number s such that |Uy(r)| < r® for r large. G has exponential
growth if there exists a set of generators g and a positive number ¢ such that
|Ug(r)| > € for r large.

In this definition, we may take for g any set of generators. Indeed, if g =
{91,92,.-.,9x} and h = {hy, ha,..., i} are two sets of generators, there are
constants rg, so such that h; € Ug(ro) and g; € Up(so), so that Up(s) C Uy(ros)
and Uy(s) C Up(sos). Therefore, if G is of polynomial growth because g satisfies
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an inequality as in the definition, h also satisfies such an inequality; and likewise
for exponential growth. In fact, this shows that the quantity

In|U,
ord(G) = liminf In [Uy ()]
r
does not depend on g; we call it the growth order of G.
It is easy to check that the free abelian groups Z* have polynomial growth
of order k. In general, the order is related to the degree of commutativity of
the group. One of the most striking results is the following characterization of

groups with polynomial growth.

THEOREM 3.10 [Gromov 1981b]. A group has polynomial growth if and only if
it is almost nilpotent, that is, contains a nilpotent subgroup of finite index.

REMARK. It was shown by Milnor [1968b] that solvable groups have exponential
growth unless they are polycyclic.

THEOREM 3.11 [Milnor 1968a]. If M™ is a complete n-dimensional manifold
with Ric > 0, then any finitely generated subgroup of w1 (M) has polynomial
growth of order at most n.

PROOF. Take the universal cover (M,p) — (M,p) with the pullback met-
ric. We identify 71 (M) with the group of deck transformations of M. Let
H = (g1,...,9x) be a finitely generated subgroup of G. Then g; can each be
represented by a loop o; at p with length [;. Let &; be the liftings of o; at p;
then, as deck transformations, we have ¢;(p) = &;(I;). Let

5<min{l1,...,lk}, l:max{ll,...,lk}.

Then, for any distinct hy,hy € H, we have hi(Bs(e)) N he(Bs(e)) = @, and
UheU(r) h(Bj(e)) C Bp(rl +¢). Thus

|U(r)| - vol(Bs(e)) = Z vol(h(Bj(e)) < vol(By(rl + €)),
heU(r)
and also
vol(Bj(rl +€)) W,

TS =GBE) — volBey T e =

REMARK. If the sectional curvature is nonpositive, one can also show that 71 (M)
has exponential growth. Note however, that Ric < 0 is not enough.

Theorems 3.11 and 3.12 together show that, for manifolds M with Ric > 0, any
finitely generated subgroup of 71 (M) is almost nilpotent. We can ask whether
the converse is true. It was shown by Wei [1995] that any torsion-free nilpotent
group is the fundamental group of some manifold with positive Ricci curvature,
although the growth rate of the examples are far from optimal.

We end this section with a conjecture of Milnor [1968a]:
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CONJECTURE 3.12. If M is complete with Ric(M) > 0, then m (M) is finitely
generated.

Short loops and the first Betti number. Because of the relation between the
fundamental group and the first Betti number given by the Hurewicz Theorem
[Whitehead 1978], Ricci curvature can also give control on the first Betti number.
This can also be seen through the Bochner technique. In this section, we will
prove the following theorem.

THEOREM 3.13 [Gromov 1981c¢; Gallot 1983]. If M™ is such that Ric > (n—1)H
and diam(M) < d, then by (M, R) < c(n, Hd?) and limgg2 o c(n, Hd?) = n.

REMARK. If Ricci curvature is replaced by sectional curvature, then the cel-
ebrated Betti number theorem of Gromov [1981a] shows that all higher Betti
numbers can be bounded by sectional curvature and diameter. It was shown by
Sha and Yang [1989a] that such an estimate is not true for Ricci curvature. Also
note that in the above theorem, we used homology with real coefficients. The
Betti number theorem of [Gromov 1981a] works for coefficients in any field. It
is not known whether Theorem 3.13 is true for finite fields.

REMARK. The second part of the theorem should be compared with earlier
results. Recall that Bochner showed that if Ric > 0 then by (M,R) = 0. Using an
extension of Bochner’s techniques, Gallot proved that if Ric > 0 then by (M, R) <
n. For the Bochner Technique, see [Wu 1988; Berard 1988]. We will present the
geometric proof due to Gromov [1981c¢].

ProoOFr. We first show that it is sufficient to prove that there is a finite cover
M — M such that 7;(M) has at most ¢(n, Hd?) generators. In fact, if G/ =
(M) = (y,...,m), and G = (M), then |G/G'| = m < oo, i.e., there
are gi, ..., gm such that ¢g" € G’ and G decomposes into left cosets as G =

g1G' U g2G" U -+ - U ¢,,G'. Consider the Hurewicz map
¢La/G alL Hi(MR).

Since {71, Yk, 91, - -, gm} gemerates G, {f(y1),. .. f(w), f(91),- -, flgm)}
generates G/[G, G]. But

m-(iof)(gi) = (iof)(gi") = (iof)(h)

for some h € G', and (i o f)(g;) can be generated by {(i o f)(v;)}. Therefore the
set {(iof)(y1),..., (o f)(v)} generates Hy(M,R). Thus, to bound by (M,R),
it is sufficient to bound the number of generators for 7 (M).

We will now construct a finite cover M and, at the same time, give a set of
generators whose size can be bounded by Ricci curvature and diameter. To this
end, let 7 : M — M be the universal cover. Fix 7, € M with 7(Zo) = xo and
e > 0. Define ||g|| = d(Zo, g(Zo)). Take a maximal set of elements {g1, ..., gk}

of m (M) such that ||g;|| < 2d + ¢, and Hgigj_lﬂ > g, fori # j.
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Let T be a subgroup of 7 (M) generated by {g;}¥, and let # : M — M be the
covering of M with 71 (M) = T'. We need to show that 7 is a finite cover, and
to give a bound for the number k.

To show 7 is finite, we will show that diam(M) < 2d + 2e. Let @9 € M be
such that 7#(29) = xo. If diam(M) > 2d + 2¢, then there is a point 2 € M with
dy (%o, 2) = d+e. But dy(zo,7(2)) < diam(M) = d; therefore there is a deck
transformation o € i (M) \ T such that d (2, aZo) < d. Then

dM(.fTQ, Oé.f?o) > dM(.fTQ, 2) — dM(ZA’, Oé.f?o) > €,
dM(.fTQ, Oé.f?o) < dM(.fTQ, 2) + dM(ZA’, Oé.f?o) <2d+e.
Note there is a 3 € m (M) =T such that
dM(F.f?Q, Oé.f?o) = dM(ﬁ.f?Q, Oé.f?o).
Therefore
187 all = djy (20, B aito) = d iy (8o, aio)
= d;(TZo, o) = dyy(Zo, aZo) < 2d + €.
Furthermore, for any g € 71(M) =T, we have
g™ 8 all = dy (0,97 B o) = dj (Bgo, aviio)
> d (%o, ado) = dy; (2o, ado) > e
Thus #~ '« should also be in T, since T" is maximal. But « is not in I'; so this is
a contradiction. Therefore diam(M) < 2d + 2.
We now bound k. Since € < |lg; 'g;|| = d7(9;  9;50,T0) = dy7(g;0, 9ido),

we have
B M (e/2)NBM, (¢/2) =@ fori#j

gjo

and
UBg o (€/2) € BM(2d + 3¢/2).
Therefore, choosing d = 5/ 2, we get

L Vol(U1 . xo( ) < Vol(BM(Zd +3d)) < volfl( H(2d + 3d)) e(n, Hd?).
VOl(B%(d)) Vol(BM(d)) vol” (B(d))

We are now going to refine the preceding argument by choosing longer loops
to generate Hi(M,R).

Again, let ¢ : G — Hy(M,R) be the Hurewicz map, and let {g1,...,gx} be
chosen as before, with e = 2d. Then {¢(g1),...,¢(gr)} is a basis for Hy (M, R).
LetT'= (g1,...,gk). IfT contains an element v such that ||v|| < 2d and ¢(v) # 0,
then ¢(7) is of infinite order, and there exists an m > 0 such that 2d < ||v|| < 4d.
Since

(7)) = ar1p(g1) + - - + arp(gr) # 0,
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we can assume, without loss of generality, that a; # 0. Let T'y = (Y™, g2, ..., gk)-
Obviously, ¢(v™), #(g2), - - -, ®(gx) form a basis for Hy(M,R). Furthermore, v ¢
T'y. In fact, if

v =0 () by ()RR ()M b

where the b;’s are words in {ga, ..., gk}, then

$(7) = d(b1) + (V™) + -+ p(y™)
= ¢(brba - -byr) +m(ky + ko + - -+ k)o(7),
that is,
G(biba - biy1) = (L —m(ky + ka2 4 -+ + k1)) o (7).
Since m > 2, the coefficient is not zero; therefore

1
1—m(ky+ko+ -+ ki)

P(v) = P(biba - -bi1) = azg(ge) + -+ + ard(gr),

which contradicts a; # 0.

Thus, each time we have an element v € T’ with ||]] < 2d and ¢(v) # 0, we
can replace it by v such that ||[7™| > 2d, and still have a basis. By repeating
this process a finite number of times (since 71 (M) contains finitely many v with
[I7]] < 2d), we get a set, still denoted by {g1, ..., gk}, such that

(1) {é(g1), .-, d(gx)} is a basis for Hy(M,R);

(2) 2d < ||g:|| < 4d; and

(3) llgll < 2d for every element g € (g1, ..., gx) with ¢(g) # 0.
Let

() = {g€ ML) [g= 3 rid(g). Y Inl < N .
By (3), |lgth|| > 2d, which implies that for all g € U(N) such that ¢(g) # 0,
the balls By(z,)(d) are disjoint. Furthermore,
U Byo)(d) € Bz, (2Nd + 4d).
geU(N)

By taking the volume on both sides, we get

VOl(UgGU(N) By(z,)(d))

TN = 0B, ()
vol(Bz, (2Nd + 4d)) _ vol (B(2Nd + 4d))
vol(Bjz,(d)) - voll (B(d))
N s T HE OV ety gy
Jo = sinh™ !Vt dt SV sinh =1 ¢t

which is bounded by ¢N™ when Hd? is small. This implies that by (M, R) < n. O
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Short geodesics and the fundamental group. We now consider a bigger
class of manifolds, the set M of n-dimensional manifolds satisfying

Ric > —(n — 1)A?,

diam < D, and vol > v > 0. Note that the first condition will not yield any
restriction on 71, and the first two conditions allow infinitely many isomorphism
classes of m; (as the example of lens spaces shows). In this section, we will prove
the following theorem.

THEOREM 3.14 [Anderson 1990a]. The class M contains only finitely many
isomorphism classes of m1.

To control the size of the fundamental group is to count the number of fun-
damental domains, as was shown in the previous sections. For this to work, the
fundamental domain should not be too thin, i.e., it should contain a geodesic
ball of size bounded from below. This is controlled by the first systol, defined as

sys'(M, g) = inf{length(y) | 7 is noncontractible}.

The following result gives an estimate of most noncontractible curves for the
class M.

LEMMA 3.15. For any A,v, D, there exist positive numbers N(n,A,v, D) and
L(n, A,v, D) such that if M € M and [v] € m1(M) have order > N, then

length(~) > L.

PROOF. Let T' C w1 (M, x0) be the subgroup generated by ~, so that |T'| > N.
Let m : M — M be the universal cover, and let F C M be a fundamental
domain with Zg € F. Then Bj,(r) N F is mapped isometrically by 7 onto
B, (r), modulo a set of measure zero corresponding to the boundary of F. In
particular, vol(Bz, N F') = vol(By, (1)).

Let U(r) ={g €T | g =14 |i| <r}. Note that d;(vZo,Z0) < length(y) =
1(); therefore dy;(9Zo,%o) < 2N -1(7y), for any g € U(N). Then

U 9(B:z(D) N F) C By, (2N -1(7) + D).
geU(N)
Taking the volume, we obtain
(2N + 1) vol(M) < vol(B;, (2N - I(y) + D)) < vol(B*(2N - () + D)).
If I(v) < D/2N, then,
vol(B;z, (2N -1(v) + D)) < vol(BA(2D))

N < .
- 2vol(M) 2v
Thus, if we set N = N(n, A, D,v) = |vol(B*(2D))/2v] + 1, we will have
D Dv

I(7) = L(n, A, D, v).

Z N ~ vol(B(2D))
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d

REMARK. In this proof we only considered a subgroup generated by one loop.
The same argument applies to subgroups generated by several loops. We thus
can prove that the subgroup of 71 (M) generated by loops of length < L must
have order < V.

REMARK. If the sectional curvature is bounded below by —AZ?, one can bound
the length of closed geodesics, which gives a lower bound on sys'. This was
proved by Cheeger [1970] in connection with his finiteness theorem.

LEMMA 3.16 [Gromov 1981c]. For any compact manifold M with diameter D,
one can choose a set of generators {g1,...,gm} of m1(M,p) and representative
loops {71, ...,¥m} such that length (v;) < 2D and all relations are of the form
9i9i9; = L.

REMARK. In this lemma, we do not have a bound on the number of generators.
This number is in general very big, and thus such a representation is not efficient
for other purposes.

PROOF. Fix a constant € smaller than the injectivity radius. Choose a triangu-
lation K of M such that any n-simplex lies in a ball of radius less than . Let
{z;} be the vertices and {e;;} the edges. Since cut(p) has measure zero, we can
assume that all z; are not in cut(p). Let v1 be the minimal geodesic from p to z;,
and set 0;; = 'yieij'yj_l. Then o;; € m (M, p) and the length of o; ; is less than
2D + e. Given any loop o at p, we can deform o to lie in the one-skeleton of K.
Thus, o can be written as a product of o;;s. This shows that the o;; generate
™1 (M, p).
If Ajji is a two-simplex with vertices x;, z, 2%, we have

0ij0jk = Oik-

If 0 = e is a relation with o a product of o;;s, the homotopy can be represented
by a collection of two simplices (e.g., take simplicial approximations of ¢ and
the homotopy.) Therefore it can be generated by the above set of relations.

Let g;; be a geodesic loop at p in the homotopy class of o;;. Since the set
of lengths of such loops form a discrete set, we can choose § small enough such
that there are no loops with length in [2D, 2D + 6]. Hence if we further require
€ < 6, each g;; has length at most 2D. d

PROOF OF THEOREM 3.14. By Lemma 3.5.2, we only need to bound the number
of generators: in fact, if there are p generators as in Lemma 3.16, the relations
can be chosen from among a finite number (p3) of possibilities.

Let {g1,...,9p} be such a set of generators. Fix Z, € M in the universal
cover. Consider By,z,(L/2) with L as in Lemma 3.14. Since length(g;) < 2D,

we have
p

U Baao(L/2) C Bay (2D + L/2).

=1
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These balls can intersect, but if
Bga‘,fco (L/Q) N ngio (L/Q) 7& a,

then gigj_l is represented by a loop of length less than 2 - L/2 = L. By Lemma
3.14, there are at most N such loops. Therefore the balls {Bg,z,(L/2)} have
multiplicity bounded by N. Thus

vol(Bs, (2D + L/2)) > vo1< O BM(L/z)) > vo1< U ng;cO(L/Z))

=1

p
> N VOl(Bch (L/Q)),

where the second union is taken over the balls that do not intersect. It then
follows that
vol(Bz, (2D + L/2)) vol(BA (2D + L/2))
b= T NolB,, (L/2) = vol(BML/2))

4. Laplacian Comparison and Its Applications

Weak maximum principle and regularity. It is clear now that in order to
apply any analysis to the distance function, we have to either restrict ourselves to
the complement of the cut locus, or to extend the analysis to Lipschitz functions.
In this section we will extend the maximum principle to this situation. Much of
this section is adapted from [Cheeger 1991].

DEFINITION 4.1. A lower barrier (or support function) for a continuous function
f at the point x¢ is a C? function g, defined in a neighborhood of xg, such that
g(xo) = f(xo) and g(x) < f(x) in the neighborhood.

DEFINITION 4.2. If f is continuous, we say that Af > a at xq in the barrier
sense if, for any € > 0, there is a barrier f;, . of f at xg such that

Afroe > a—e.

THEOREM 4.3 (WEAK MAXIMUM PRINCIPLE, HOPF—CALABI). Let M be a
connected Riemannian manifold and let f € C°(M). Suppose that Af > 0 in
the barrier sense. Then f attains no weak local maximum value unless it is a
constant function.

PROOF. Let p be a weak local maximum, so that f(p) > f(z) for all zp near
p. Take a small normal coordinate ball B,(0), and assume that there exists a
point z € dB,(d) such that f(p) > f(z). Then, by continuity, f(p) > f(z’) for
z' € 0Bp(9) sufficiently close to z. Choose a normal coordinate system {z;} such
that z = (4,0,...,0). Put ¢(z) = 21 — d(x3 + - -+ 22), where d is a number so
large that if y € 0B, (d) and f(y) = f(p), then ¢(y) < 0. Note that

9
Vo= g3 = #0.
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Put ¢ = €%® — 1. Then Ay = (a?|Vé|? + al\¢)e®®. Thus, for a large enough,
A > 0. Moreover, 1(p) = 0. Thus, for n > 0 sufficiently small,

(f +m)la,5) < f(p), (f +n¥)(p) = f(p)-

Therefore f 4 71 has an interior maximum at some point ¢ € B,(9).

If f,c is a barrier for f at ¢ with Af, . > —¢, then f, . +n9 is also a barrier
for f+my at q. For ¢ sufficiently small, we have A(fy +nv) > 0. Since f+ny
has a local maximum at ¢, and

Joe+mo < fH+n,  (foe+m0)(q) = (f +n¥)(q),

we find that f; . + 1% has a local maximum at g. This is not possible because

A(fge +mp) > 0.
It follows that for all small 6, we have f|sp,(5) = f(p). Since M is connected,

this implies that f is constant. d

The following regularity theorem is not necessary for the proof of later results,
but it simplifies the proof of the Splitting Theorem considerably.

THEOREM 4.4 (REGULARITY). If Af = 0 in the barrier sense, then f is smooth.

PROOF. Since regularity is a local property, this theorem follows from standard
elliptic regularity [Gilbarg and Trudinger 1983, Theorem 6.17]. O

The Splitting Theorem. Recall that a geodesic v : [0,+00) — M is a ray
if d(0,v(¢t)) = t for all ¢t > 0. A geodesic vy : (—o00,+00) — M is a line if
d(v(s),v(t)) = |s —t| for all t,s. It is easy to see that if M is noncompact, it
contains a ray. If it has at least two ends, it contains a line.

The purpose of this section is to prove the Splitting Theorem of Cheeger
and Gromoll [1971]. We will first provide some preliminary properties of the
Busemann functions.

Let o be a ray, and define b7 : M — R by b%(x) =r — d(x, o(r)).

LEMMA 4.5. (1) b2 is increasing in v when x is fived.
(2) b7 is bounded by d(z,o(0)).
(3) The family b2 is uniformly continuous.

ProOOF. (1) By the triangle inequality, for any r > s,
d(z,0(r)) —d(z,0(s)) < d(o(r),o(s)) =1 —s,
so that b7 (z) > bZ(z). (2) By the triangle inequality,
b (z) = r —d(x,0(r)) = d(0(0),0(r)) — d(z,0(r)) < d(a(0), z).

(3) We have [b7(x) — b2 (y)| = |d(x,o(r)) — d(y, o(r))| < d(z,y); uniform conti-
nuity follows. U
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DEFINITION 4.6. The Busemann function associated to o is defined as

b (xz) = lim bJ(z) = lim (r — d(z, o(r))).

r—00 r—00
LEMMA 4.7. If Ric > 0 and o is a ray, then Ab° > 0 in the barrier sense.

PRrROOF. Fix a point p € M. We will construct a barrier for 6° at p. For this,
we first define the asymptote of o. Take a sequence of points t; — oo, and let
d; be a minimizing geodesic from p to o(¢;). A subsequence of §; converges to a
ray 0, which is called an asymptote of o at p.

We now show that, for any » > 0, b%(x) + b (p) is a barrier for b at p.

In fact, since ¢ is a ray, (r) is not a cut point of p, hence p is not a cut point of
§(r), therefore b is a smooth function near p. Furthermore, (b%(x)+b%(p))(p) =
b7 (p). We thus only need to prove that bS(z) + b7 (p) < b% () near p.

For any k > 0, there exists a geodesic 0 from p to o(tx) such that

d(6(t), k(1)) < 1/k

for t € [0, tg]. Thus,

b7, (x) = b, (p) = d(p, o(ty)) — d(z,0(ty))
= d(p, k(1)) + d(0k(r), o(tr)) — d(x, o (tk))
>r+4+(d6(r),o(ty)) —1/k) —d(z,0(ty)) > r—1/k—d(6(r), x).

As k — oo, we obtain b7 (x) — b7 (p) > r — d(3(r),z) = bl(z), that is, b(z) +
b? (p) < b?(x). This proves the claim.
Now we use the Laplacian comparison theorem to compute

n—1

Ab@) + () = Alr = d(8(r), 2)) = —Ad(6(r), @) 2 = g 2

—E,

for d(x,d(r)) big enough. Thus Ab° > 0 in the barrier sense. O

If ¢ is a line, then we have two rays o™ and o, and thus also two Busemann
functions b+ and b~.

LEMMA 4.8. If Ric > 0, and o is a line, then
(1) b* +b= =0, and b, b~ are smooth; and
(2) through every point in M, there is a unique line perpendicular to the set

Vo = {b* = 0}.

ProoF. (1) By lemma 4.7, A(bT™ 4+ b~) > 0. The triangle inequality implies

bT + b~ < 0. Obviously (bT +b7)(c(0)) = 0. By Theorem 4.3, b+ + b~ = 0.
This, together with AbT > 0 and Ab~ > 0, implies that 0 < AbT = —Ab~ <

0. Thus, AbT™ = Ab~ = 0, and is therefore smooth by the regularity theorem.
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(2) Fix a point p € M. We have at least two asymptotes 6+, 6~. Note that
b (1) = lim (r = d(57 (1), 5% (1))
= lim (r = d(67(0),67(r))) + lim (d(67(0),07(r)) — d(d7(#),07(r)))
=bT(67(0)) +t.
Similarly, b= (6~ (s)) = b°(5°(0)) + s.
Thus,
(57 (t),67(s)) = b (37 (1) = bF (67 (s))
>0 (8T () + b7 (6 (5) =bT(6T(0) +t+b"(57(0) + s
=t+s+b"(p)+b (p)=t+s.
Thus, 6T, 6~ fit together to form a line. Since 6,5~ are arbitrary asymptotes,

they are unique.
Moreover, for any y € Vj,

d(y, 07 () > b7 (67 (1)) = bF (y) = b (67(0)) +t — b7 (y) = t.
Thus §7 is perpendicular to Vj. a

THEOREM 4.9 (SPLITTING THEOREM [Cheeger and Gromoll 1971]). If M has
nonnegative Ricci curvature, and contains a line, then M is isometric to the
product R x V| for some (n—1)-dimensional Riemannian manifold V.

PROOF. We can now define a map ¢ : Vg x R — M as

o(v,t) = exp, (ta(0)),

where 1} is as in Lemma 4.8, and o is the unique line passing through v € Vj.
We claim that ¢ is an isometry.

To see that ¢ is a bijection, note that, for any x € M, there is a line  such
that v L Vg, v(0) € Vo, and © = ~(tg). Thus ¢(7(0),t9) = x, which shows that
¢ is surjective. If ¢(v1,t1) = ¢(ve,t2) = x, then t; = to = d(x, Vh). Now since
o1 and o9 are lines, they cannot intersect unless they are the same, i.e., v1 = vs.
Therefore ¢ is injective. Since o is a line, exp, is a local diffeomorphism. This
implies that ¢ is a diffeomorphism.

To see that ¢ is an isometry, we let S(¢) = (b*)~1(¢). Then the mean curvature
of S(t) is m(t) = AbT = 0. On the other hand, letting f = b* in Theorem 2.1
(note that bT is smooth by Lemma 4.8) gives

m’(t) = Ric + [Hess(b™)|?,
which, together with Ric > 0, gives

|Hess(b™)[? < 0.
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Thus, Hess(bT) = 0, and S(t) is totally geodesic. Therefore, for any X tangent
to Vp and N = Vb™,

R(N,X)NZ VNVXN—V)(VNN—V[XJV]N: VaVxN =0.

Let J(t) = ¢.(X). Then J is a variational vector field of geodesics, and satisfies
the Jacobi equation, which, with vanishing curvature, says that J”(¢) = 0. Thus
J is a constant, implying |¢.(X)| = |X|, and hence ¢ is an isometry. O

From the proof of the Splitting Theorem, it seems natural to make the following
conjecture.

CONJECTURE 4.10 (LOCAL SPLITTING). Let M be complete, and let~y be a line.
If M has nonnegative Ricci curvature in a neighborhood of v, then a (smaller)
neighborhood of v splits as a product.

The main difficulty in proving this conjecture is that in proving Lemma 4.7 and
in using the Laplacian Comparison Theorem to conclude that Ab > 0, it is
necessary that the asymptotes stay in the region where Ric > 0. In general,
this is very hard to achieve. In [Cai et al. 1994], it was proved that if the Ricci
curvature is nonnegative outside of a compact set, then any line in this region
will cause a splitting. Furthermore, under the condition 0 < sec < ¢, the local
splitting conjecture is true.

We now prove two corollaries on the fundamental group of manifolds with
nonnegative Ricci curvature. They generalize Myers’s theorem to manifolds with
Ric > 0, and strengthen the result of Milnor (Theorems 3.11 and 3.4).

COROLLARY 4.11. If M is compact with nonnegative Ricci curvature, there is a
finite group F and a Bieberbach group By of R™ such that the sequence

0—>F—>7T1(M)—>Bk—>0

18 exact.

PROOF. By Theorem 4.9, we may write the universal covering space M of M
as N x R* where N contains no lines. Since isometries map lines to lines, the
covering transformations I' = 71 (M) (actually all isometries) are of the form
(f,9)(x,y) = (f(x),g(y)) where f: N — N and g : R¥ — R are isometries. Let
p be the projection of M on the first factor in N x R*, and let F be a compact
fundamental domain for I", which exists because M is compact. Then the orbit
p(F) under p(T") is all of N. We claim that N is compact. Otherwise there
exists a ray v and a sequence g; € p(I') such that g; '(v(i)) € p(F). By the
compactness of p(F) we can find a subsequence, still denoted by g;, such that
(97 1)«(7/ (7)) converges to a tangent vector v at some point p € p(F). If o is a
geodesic of N with ¢'(0) = v, then ¢ is a line. This contradiction shows that N
is compact.
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Now let ¢ : (f,g) — g be the projection of the isometry group of M into the
second factor, and consider the short exact sequence:

0—ker¢p — m (M) — im¢ — 0.

Since ker ¢ = (f, 1), and f acts discretely on N which is compact, ker ¢ is thus
finite. The image im ¢ acts on R* with compact quotients (since M is compact).
Therefore im ¢ is a Biebabach group. The corollary follows. a

COROLLARY 4.12. Let M™ be a complete Riemannian manifold with nonnega-
tive Ricci curvature. Then any finitely generated subgroup of w1 has polynomial
growth of order n — 1 unless M is a compact flat manifold, in which case the
order is n.

PROOF. Let 7 : M — M be the universal cover of M with the pullback metric,
and let M = N xR* be a splitting such that N does not contain any line. Fixing
(p,0) € N x R¥ we will estimate the volume of B, (r) NT'(p,0) for r large. Note
that any deck transformation in I' = 71 (M) is of the form (f, g), where f and g
act as isometries of the two factors. We claim that there are no sequences (f;, ;)
such that f;(p) = v:(¢;) for a geodesic ~;, and that 7,
fact, if such a sequence exists, then fi_1 © Yi|[4,5) is minimal with base point p,
and a subsequence will converge to a line in IV, contradicting the fact that N
contains no lines. Thus there is a number ig > 0 such that, for any (f,g) € T
and any geodesic 7 from p to f(p) with f(p) = (), the restriction y|—;, 144,
is not minimizing. Denote by C' the set of points € N such that z € B,(ig) or
any geodesic v from p to x = ~(¢) does not minimize to ¢ + i,. We have shown
that

[ti—i,ti+4 1S minimal. In

[(p,0) € C x R,

Since C is the image under exp,, of a set contained in 7}, N, which is the union of
sections of annular regions with width iy and a ball of radius g, it follows from
the volume comparison theorem (unless dim N = 0, in which case M is flat) that

vol(Bp(r)NC) < c(igimN + jordim N_l) < erm

As in the proof of Theorem 3.11, let H = (g1,...,gx) be a finitely generated
subgroup of I'. Then g; can each be represented by a loop o; at m(p,0), with
length ;. Let &; be the lifting of o; at (p,0); then g¢;(p,0) = &;(I;) as deck
transformations. Let

5<min{l1,...,lk}, l:max{ll,...,lk}.
Then, for any distinct hi, ho € H, we have hi(Bj(e)) N ha(Bs(e)) = @ and

U n(Bs(e) € Buoy(rl+e)nC.
heU(r)
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Thus
|U(r)| - vol(Bs(e)) = Z vol(h(B;(e))) < vol(Bs(rl +¢) N C),
heU(r)
and
vol(Bj(rl4+¢)NC) c et "
i R5) BTy )

Abresch and Gromoll’s estimate of the excess function. Given two points
p,q € M, the excess function is defined as

ep.q(x) = d(p, ) +d(x, q) — d(p, q).

(When no confusion can occur, we will drop the reference to p,q.) Thus, the
excess function measures how much the triangle inequality fails to be an equality.
Since the excess function is made up of distance functions, the properties below
follow directly from those of the distance function.

LEMMA 4.13. (1) e(z) > 0;
(2) dil(e) < 2, where dil(f) = inf | /() — f(3)]/d(,v);

(3) €|y = 0 where v is a minimizing geodesic from p to q; and
(4) if Ric > 0, then

Ne < (n— 1)<d(xl,p) + d(xl, Q)>

in the barrier sense.
The following analytic lemma uses the Weak Maximum Principle, Theorem 4.3.

LEMMA 4.14. Suppose Ric > 0, and let u : By(R +n) — R! (for some n > 0)

be a Lipschitz function satisfying

(1) u >0

(2) u(yo) = 0 for some yo € By(R);

(3) dil(u) < a; and

(4) Au < b in the barrier sense.

Then, for all ¢ € (0, R), u satisfies u(y) < a-c+ G(c), where G is defined as
b

2 n
_ 2 _ % pn 2-n _ 2
G(JU)_2n<JE_‘_n—ZRJU n—2R>'

PRrROOF. Take € < n, and define the function G using the value R + € in place
of R. Since we can eventually let € — 0, it will suffice to prove the inequality in
this case.

If d denotes the distance function to any point in the n-dimensional space form
S™(H) of curvature H, then G o d is the unique function on S™(H) satisfying
(i) God(z) >0 for 0 < d(z) <R,

(ii) G is decreasing for 0 < d(x) < R,
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(iii) G(R) = 0, and
(iv) AHG od = b.

Now fix ¢ € (0, R) and suppose the bound is false. Then u(y) > a - ¢+ G(c),
and it follows that

ulop, () = u(y) —c-dil(u) > a-c+G(c) —c-a=G(c) = Gla,(c);

and ulpp,r) = 0 = Glop,(r)- Thus, for ¢ small, we have u[pa < 0 for the
annulus A = By, (R) — By(e). But (G — u)(yo) = G(yo) > 0; hence G — u
has a strict interior maximum in A. This violates the maximum principle since
NG —u) >0. O
For convenience, we set s(x) = min(d(p, ), d(q, z)) and define the height h(z) =

dist(z, ) for any fixed minimal geodesic v, from p to q.

THEOREM 4.15 (EXCESS ESTIMATE [Abresch and Gromoll 1990]). If Ric > 0
and h(z) < s(x)/2, then

h(x)n>1/(n—1)
. .

e(r) < 8(

PROOF. By Lemma 4.13, we can choose a =2,b =4(n—1)/s(z), and R = h(z)
in Lemma 4.14, and let
<2hn>1/(n—1)
c=(—— .

s
Then
2R 1/(n—1)

eSQ(%) +G(c)

b oK™ 2/(n—1) n ) ) ) oK™ (2—n)/(n—1)
- = _ - TL2 -n| ="

2n(<s> n—2h+n—2h (s) >

n\1/(n—1)

gs(mx) ) . O

s
REMARK. In the above, we only stated the case where the Ricci curvature is
nonnegative. It is easy to see that an estimate holds for general lower bounds
on Ricci curvature, and takes the form

for some function E and E(0) = 0.

Critical points of the distance function and Toponogov’s theorem. One
of the most useful theories of differential topology is Morse theory. The main
idea is that, if f: M — IR is a smooth function, the topology of M is reflected by
the critical points of f. In geometry, the classical application of Morse theory is
the energy functional of the loop space. As we have seen, the distance function
is a natural function closely tied to the geometry and topology of a manifold.
In this section, we will try to develop a Morse theory for the distance function.
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This theory was originally proposed by Grove-Shiohama [1977], and formally
formulated by Gromov [1981a].

DEFINITION 4.16. A point z is a critical point of d, if, for all vectors v € M,,
there is a minimizing geodesic «y from x to p such that the angle Z(v,4(0)) < 7/2.

The main result we will use from Morse theory is the following theorem.

THEOREM 4.17 (ISOTOPY LEMMA). Ifri < ro < 400 and By(r2) \ Bp(r1) has
no critical point, then this region is homeomorphic to 0By (r1) X [r1,72].

Proor. If z is not critical, there is a vector w, € M, with Z(w,,¥(0)) < 7/2
for all minimizing geodesics v from z to p. By continuity, we can extend w,
to a vector field W, in an open neighborhood U, of x, such that if y € U, and
o is any minimizing geodesic from y to p, then Z(¢(0), W, (y)) < 7/2. Take a
finite subcover of B, (r2) \ Bp(r1) by sets Uy, (locally finite if ro = +00), and a
smooth partition of unity > ¢; = 1. Let W = Y ¢;W,,. From the restriction
on angles, it follows that W is nonvanishing. Let 1, (¢) be the integral curve of
W through z, and let o4(s) be a minimal geodesic from p to 1, (t). The first

variation formula gives

A1) — d(wn(0) = [ 5dwnl0) = [~ cos L0, Wwa(0) de

t1 t1
< —cos(m/2 —€)(ta — t1),

for some £ > 0. This implies that d is strictly decreasing along v¥(t). It now
follows that the flow along ¢ gives a homeomorphism: ¢ : 9B, X [r1,72) — M

with ¢(x, t) = ¥ (t). O

Since the definition of critical points requires a control on the angle, the standard
application of this Morse theory requires the following result:

THEOREM 4.18 (ToPONOGOV COMPARISON THEOREM). Let M™ be a complete
Riemannian manifold with sec > H.

(1) Let {y0,71,72} be a triangle in M, and assume that all three geodesics are
minimizing. Then there is a triangle Yy, 31, Y2 in the two-dimensional space form
S%(H) of curvature H with length(v;) = length(%;). Furthermore, if o; is the
angle opposite v;, then a; < ay.

(2) Let {y1,72,a} be a hinge in M, and assume that v1 and 2 are minimizing.
Then there is a hinge 31,72 in S?(H) with length(v;) = length(%;) = I; and same
angle a. Furthermore, d(v1(l1), v2(12)) < d¥ (31 (11), F2(12)).

We have not stated this theorem in the strongest possible form. For a complete
statement and proof, we refer the reader to [Cheeger and Ebin 1975].

To show typical applications for the Morse theory, and provide background
for later results, we prove the following two well-known results.
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THEOREM 4.19 (GROVE-SHIOHAMA DIAMETER SPHERE THEOREM [1977]). Let
M™ be a Riemannian manifold with sec > H > 0. If diam(M) > (/2vH), then
M is homeomorphic to the sphere S™.

PRrROOF. Without loss of generality, we assume H = 1. Let p,q € M be such
that d(p,q) = diam(M), a simple first variation argument shows that p,q are
mutually critical. The theorem follows from the following claim.

Any x € M\ {p, q} is noncritical for d, and d,.

To prove the claim, assume z is a critical point of d,. Let o1 be a minimal
geodesic from ¢ to x, with length /;. Since z is critical, there is a minimal
geodesic oy from x to p with length lo such that £(62(0),61(l1)) < 7/2. Since
p, q are mutual critical points, there are minimal geodesics o3, o3 from ¢ to p such
that 4(0'3(0),0'1(0)) < 7T/2, and Z(—é’g(O),—d’Q(lg)) < 7T/2. Let {5’1,5’1,5’1}
be the comparison triangle in S™(1). Applying Toponogov’s theorem twice—
once to the triangle {01, 02,03}, then to the triangle {o1, 02,53}—we obtain
a; < /2, for i = 1,2, 3. It now follows from elementary spherical geometry that
length(G3) < 7/2. But then Toponogov’s theorem implies d(p, ¢) = length(os) <
length(a3) < 7/2, a contradiction. O

THEOREM 4.20. If M is complete and has nonnegative sectional curvature, it
has finite topological type, i.e., it is homeomorphic to the interior of a compact
manifold with boundary.

ProOOF. We first prove that if = is a critical point of d,, and y is such that
d(y) > pud(z), then for any minimal geodesic y; of length Iy from p to z and for
any minimal geodesic 2 of length ls from p to y the angle 8 = Z(41(0),42(0)) is
at least cos™1(1/p).

In fact, using part (2) of Toponogov’s theorem, we have

13 =d(x,y)? <2413 — 2115 cos 6.

Choose an arbitrary minimal geodesic 73 from x to y. Since x is critical, there
is a minimal geodesic 7; from z to p such that Z(,(0),43(0)) < 7/2. Applying
Toponogov’s theorem again to this triangle we get 13 < I3 + 2. Combining these
two inequalities gives the desired lower bound on 6.

We now claim that d, does not have critical points outside a compact set. If
not, we would have a sequence of critical points z; such that d(x;1+1) > pd(x;),
for any i. Let v; be a minimal geodesic from p to x;. From what we just proved
in the preceding paragraph, we have

Z(%i, ;) > cos™H(1/p),

and setting p = 2 we get Z(¥;, ;) > /3. This gives a covering of the unit sphere
at p by an infinite number of balls of fixed size (corresponding to solid angles
of 7/6), no two of which intersect. This is not possible since S, is compact.
Therefore d, has no critical point outside of a compact set. By the isotopy
lemma, M has finite topological type. a
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REMARK. This result is a weaker version of the Soul Theorem [Cheeger and Gro-
moll 1972], which says any complete manifold with nonnegative sectional cur-
vature is diffeomorphic to the normal bundle of a compact totally geodesic sub-
manifold, called the soul. The argument given above is due to Gromov [1981a].

Diameter growth and topological finiteness. Given the results just seen, it
is quite natural to ask whether the conclusion of Theorem 4.20 is still true if one
replaces nonnegative sectional curvature by nonnegative Ricci curvature. The
examples of Sha and Yang showed this not to be the case [Sha and Yang 1989a;
1989b; Anderson 1990a]. In this section, we will prove a topological finiteness
theorem for Ricci curvature under some additional conditions, due to Abresch
and Gromoll [1990]. The excess estimate of section 4.3 was originally designed
for this purpose. It turned out to be useful for other applications, as we will see
in next section.

DEFINITION 4.21. For r > 0, the open set M \ B,(r) contains only finitely many
unbounded components, and each such component has finitely many boundary
components Y,.. Define the diameter growth function D(r,p) as the maximum
diameter of the X,., as measured in M.

THEOREM 4.22 [Abresch and Gromoll 1990]. Let M™ be a complete Riemannian
manifold of nonnegative Ricci curvature, sectional curvature bounded below by
H > —c0, and satisfying D(r,p) = o(r*/™). Then d,, has no critical point outside
of a compact set. In particular, M has finite topological type.

Given the lower bound on the Ricci curvature, the excess estimate in the last
section gives a upper bound for the excess function. To see the relevance of the
lower sectional bound in the above theorem, we state the following lemma, which
gives a lower bound for the excess.

LEMMA 4.23. If M™ is complete with sec > —1, and = a critical point of dp,
then for any € > 0, there is a § > 0 such that if d(q,x) > 1/, then

>1 2
€p7q($) =~ n m —E&.

PrROOF. Take an arbitrary minimal geodesic v from z to q. Since x is critical

for dy, there is a minimal geodesic o from z to p such that Z(5(0),%)(0) < Z.

By Toponogov’s theorem, we have
coshd(p, q) < coshd(z,p) - cosh d(z.q).

When d(z, q) — 00, d(p, q) — oo with d(p, x) fixed, the above inequality becomes

ed(®9) ed(@,q)
< coshd(z,p) 5

and the lemma follows from the definition of the excess function. O
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PROOF OF THEOREM 4.22. Given a boundary component ¥, for a noncompact
component of M \ By(r), we can construct a ray 7 such that v(¢t) € U(r), for
all t > r. Thus, if 2 € ¥, is critical, then D(r,p) = o(r'/™), and Theorem 4.15
implies e(z) — 0. But Lemma 4.23 gives a positive lower bound for e(z). This
is not possible. Thus, for any r > 7y, no point of any set 3, is critical for d,.
Now fix 79, Uy, , a boundary component %,,, and a ray v with v(ro) € X,, and
~(t) € Uy, for t > rg. For each t > rg, let ¥; denote the boundary component of
the unbounded component of M\ B, (t) with v(¢) € X,. Using the isotopy lemma
we can construct an embedding 1) : (rg,00) X ¥g — Uy, such that ((t,%,,)) =
Y. Tt follows easily that ¢((rg,00) X 3,,)) is open and closed in U,,. Hence
w((TOa OO) X ZTO) = UTO' .

REMARK. Opinions are divided as to whether the lower bound on sectional cur-
vature is necessary. For that matter, it is interesting to consider the finiteness
question for complete manifolds with positive Ricci curvature and bounded di-
ameter. The techniques in [Perelman 1994] may help to settle this question in
the negative.

Because of the relation between Ricci curvature and the volume growth of geo-
desic balls, as given by Theorem 3.5, for example, another approach to obtaining
a finiteness theorem is to put conditions on the volume growth of geodesic balls,
e.g., to require vol(By(r)) to be close to w,r™ or close to cr. A positive result is
the following theorem due to Perelman, which we will prove in the next section.

THEOREM 4.24 [Perelman 1994]. For any n > 0, there is a positive number £(n)
such that if M is a complete n-dimensional manifold with Ric > 0 and

vol(By(r)) > (1 — &)w,r",
then M is contractible.

This is a topological stability result for the maximal volume growth condition.
From [Perelman 1994], it seems possible to construct examples of complete man-
ifolds of positive Ricci curvature with infinite topological type and satisfying the
condition that vol(B,(r)) > cr™, for some positive constant c¢. But the detailed
computation still needs to be completed. No such example is known about the
case where the volume grows slowly.

These finiteness considerations are closely related to the attempt to generalize
Cheeger’s Finiteness Theorem [1970] and Grove—Petersen’s Homotopy Finiteness
Theorem [1988] to Ricci curvature. The latter theorem says that the class of
n-dimensional manifolds of sectional curvature > H, volume > v > 0, and
diameter < d contains only finitely many homotopy types. The crucial step
in the proof is to show that geodesic balls of a fixed (small) size have simple
topology. When the sectional curvature condition is replaced by Ricci curvature,
a small geodesic ball (when rescaled) will resemble a complete manifold with
Ric > 0 and vol(B,(r)) > cr™. The above example of Perelman also shows that
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this finiteness conjecture is false in dimensions four and above. In dimension
three, there is a homotopy finiteness theorem due to Zhu [1990].

Perelman’s almost maximal volume sphere theorem. Because of the
Grove-Shiohama diameter sphere theorem (Theorem 4.19), efforts were made
to generalize the result to Ricci curvature. This turned out not to be possible
in dimension four and above. In fact, Anderson [1990b] and Otsu [1991] con-
structed metrics on CP™ # CP™ and S™ x S™ that have Ricci curvature at least
equal to the dimension minus one, and diameter arbitrarily close to w. In di-
mension three, it was shown recently by Shen and Zhu [1995] that the diameter
sphere theorem for Ricci curvature is still true (with slightly bigger diameter
requirement).

It follows from Bishop’s Volume Comparison Theorem that if the volume of
an n-dimensional manifold with Ric > n — 1 is close to that of the unit sphere,
then the diameter is close to m. One can thus attempt to prove a sphere theorem
with conditions on the Ricci curvature and volume. This result was proved by
Perelman, using the excess estimate of Abresch and Gromoll (Theorem 4.15).

THEOREM 4.25 [Perelman 1995]. For any n > 0, there is a positive number €(n),
such that if M™ satisfies Ric > n — 1 and vol(M) > (1 — ¢) vol(S™(1)), then M
is homeomorphic to S™.

REMARK. One needs only to prove that mx (M) = 0 for all k£ < n, which implies
that M is a homotopy sphere. Then the above theorem follows from the solution
to Poincaré’s conjecture when n > 4 (see [Smale 1961] and [Freedman 1982)),
and from Hamilton’s result [1982] when n = 3.

Theorem 4.24 can be considered as a noncompact version of Theorem 4.25. Both
results are consequences of the next lemma.

MAIN LEMMA 4.26. For any Co > C1 > 1 and any integer k > 0, there is a
constant § = 0;(C1,Ca,n) > 0 such that, if M™ has Ricci curvature bounded
below by n — 1 and satisfies vol(By(p)) > (1 — §) vol(B(p)) for any By(p) C
B,(C3R) and 0 < R < w/Cly, the following two k-parametrized properties hold:

A(k) Any continuous map f : S¥ = OD**1 — B,(R) can be extended to a
continuous map g : D**1 — B,(C1R).

B(k) Any continuous map f : S¥ — M\ B,(R) can be continuously deformed to
amap h:S* — M\ B,(C1R).

Theorem 4.25 follows from A(k) and B(k). Theorem 4.24 follows from A (k).

PRrROOF. We will work by induction on k. The induction step will be stated in
Lemma 4.29 below, but first we need two other lemmas.

LEMMA 4.27. If Ric > n — 1, there is a continuous function E : R — R™T such

that
ep,q(T) < E(d?]i?i)) - h(z),
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assuming that d(p, x) < d(q, x) and h(x) is the height function, i.e., the distance
from x to a minimal geodesic from p to q.

This is a restatement of Theorem 4.15.

LEMMA 4.28. For any Co > C7 > 1 and € > 0, there is a positive constant
v¥(Ch, Ca,e,n) such that, if Ric > n—1 and vol(B,(CaR)) > (1—~) vol(B'(C2R)),
for any 0 < R < w/Ca, then for any a € By(R) there is a point b € M \ B,(C1R)
such that

d(a,pb) < eR,
where pb denotes a minimal geodesic from p to b.

Thus, under the curvature and volume conditions, there are lots of thin and
long triangles. The excess estimate in Lemma 4.27 is a good estimate only when
applied to such thin and long triangles.

PROOF. Set I' = {6 | d(a,0) < eR} C S;~'. Assume that, for all v € T, the cut
point in the direction of v is less than CyR. We will derive a contradiction. In
fact, under this assumption, it follows that

cut('u) min{C2 R,cut(v)}
vol(B,(C2R)) :// dtdv—l—/s 1\F/ Ap(t) dt dv

< vol(I') / Ay de 4 (vol(571) — vol(D)) / i ar
0 0
— _vol(T) / A0t vol(s™ ) / i ar
C1R 0

C2R
< —VOl(F)/C . AY(t) dt 4 vol(B* (C2R)).

(Note that A'(t) =sin™"'¢.) Thus

CaR

(1 —7)vol(B*(CoR)) < —vol(I") / AY(t) dt + vol(B* (C3R)),
CiR
which implies that
1(B!
vol(T') < - W'
ovg AL(t) dt

Also note that

C1R
vol(Ba(eR)) < vol(AL ¢, p(p)) < vol(T) / AL(t) dt

I(B! it
. w / Al(t) dt.
C\R Al(t)dt Jo
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(For the definition of A}; r(p), see Theorem 3.1.) By the relative volume com-
parison, we have

eR 41
vol(Bq(eR)) > vol(By(R + C3R)) - fﬁaﬁ—%
0
R AL(t) at
Vo 5 L_Jo - AT
> vol(B,(CsR)) O ()
eR 1
> (1 — ) vol(B*(CyR)) - ﬁ@ﬁ—%-
0

These two inequalities together imply that

eR
Al(t) dt ! it
0

(1 =) vol(B'(C3R)) - m TSR A ae

which gives a bound v > C(Cy,Cs,n,e). This is a contradiction if we choose
’Y(Cl,CQ,n,E)ZC. O

We now give an outline of the proof of A(k), which, as we have mentioned,
uses induction on k. As usual, we view D¥*! as S* x [1,0) plus a point. In
order to extend a function f : S* — B,(R) to D*!, we need to be able to
get a map f : SF — By(aR), for a < 1; we can then add the final point by
continuity. The usual requirement is that f be homotopic to f, so the function
g is obtained by extending gradually along the radial direction from S* x {1} to
Sk x {0}. Perelman’s idea is that, in fact, one does not have to require f to be
homotopic to f. Instead, one only needs f to be close to f. Then f and f give an
extension to the k-skeleton of a cell decomposition Ky of DF*1 as in the figure.

KQ Kl
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The requirement that f and f be close guarantees that each k-cell of Kj is
mapped into a smaller ball. Now regard the boundary of each k-cell as S*, and
proceed in each such cell to extend the map to a finer cell decomposition K; of
DF*+1_ asin the second figure. Continuing in this fashion, one obtains the desired
extension by adding infinitely many points (corresponding to the center of the
k-cells of K; when j — c0.) Thus, the main difficulty is to construct the map f
that maps into a smaller ball and is close to f. We will prove the existence of
f in the following lemma, which uses Lemmas 4.27 and 4.28, and the induction
hypothesis A(k —1). In the lemma, dg is a (small) positive number to be chosen
later.

LEMMA 4.29 (INDUCTION LEMMA P(k)). Assume A(k—1) is true. Then, given
any map ¢ : S¥ — By(p), and a fine triangulation T of S* with diam(¢(A)) <
dop for any A € T, there exists a continuous map ¢ : S* — By((1 —do)p) such
that

diam($(A) U $(A)) < p,
for any A € T, where 3 = (4 + 2do/k)~*(1 — 1/C1).

PROOF. We will construct the map ¢ on the skeletons skel;(T) of T, for i =
0,1,...,k. We proceed by induction on 3.

When ¢ = 0, for any = € skelg(T), let v, be a minimal geodesic from ¢
to ¢(x). Define ¢p(z) = v,((1 — 2do)p). Then ¢(A) C B,((1 — 2do)p) and
diam(p(A) U (A)) < 10dop (we could use 2dop on the right-hand side for the
latter inequality).

Assume that ¢ has already been defined on the i-skeleton skel;, with qB(A) C
By((1—do(2—+))p) and diam(¢(A)Ug(A)) < 10d,p, where d; will be determined
later. We now construct qB on skel; ;1.

For any A € skel;y1, we can assume that ¢(A) ¢ B, ((1 — 2dp)p); otherwise
we are done. By Lemma 4.28, there is a point ya € M \ B,(C1p) such that

d(¢(A), qya) < 2dop.

Let o be a minimal geodesic from ¢ to ya, and let ga = o((1 — di41)p). Then,
for any x € OA, we check that the triangle ¢(x)gaq is thin and long:

d(d(x), qaya) <d(p(z), gaya) + diam(¢(A(A)) UG(OA)) < 2dop+10d;p < 20dp,
d(d(x), ga) > d(qa, p(A)) — diam(p(OA) US(IA)) > d;y1p— 10d;p > d"; “p,
d(é(x), ya)

>d
>d(ya, q) —d(d(z),q) > Cip— (1 —do(2—i/k))p>Ldis1p.
Here we have assumed that d; 1 > 100d; and d < C7 — 1.

By Lemma 4.27, we have

d(¢(x),ya) + d($(x), qa) — d(ga, ya) < 20d¢pE< 122?)
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The triangle inequality gives

d(ga,ya) + p(1 = dit1) = d(g, ya) < d(d(z),ya) + d(d(z), 9).
Adding these two inequalities, we obtain

d($(x), qa) < d(d(x), q) +20 dipE< 100d;

) —p(1 —dit1)

. 100d
<(1-do(2= D)o+ 2odz-pE( C?Od

% 41
< (disr — do(2 -
= (d’“ do( 2% ))’0’

100d;
20d;E
0

i+1

: ) —p(1 —dit1)
i+1

where we need

) < do/2k.
1+1

Since A(7) is true (note that ¢ < k — 1), we can use A(i) to extend the map
(using 1+ do/2k as the factor C1; we thus require §;11 < §;(1+do/2k, C3)). We

get
- do 20+ 1
S(aas) < (14 57) (denr — o2 - =55) )o
4+ 1
< (di—i-l —d0<2— HI; ))P
Therefore

diam(p(A) U ¢(A)) < diam(¢(dA) U ¢(QA)) 4 diam(p(A)) + diam(a(A))

141
))P <10d;y1p < 8.

< 10d;p + dop + (di-i-l —dy (2 -

Here we require 10d; < 3. Also,

d($(A), q) < d(q,qa) + d($(z), an)
1+ 1

< (I —=dig1)p+ (di-i-l —do (2 - T))P < (1 —do)p-

Thus we complete the proof of the Induction Lemma if we choose
o < min{'y(C’l, Ca,do), 0;(1 4+ do/(2k),C3) for i =0,1,... k — 1}. |

We now turn to the proof of Lemma 4.26 proper, by induction on k. The case
k = 0 is obvious. Assume A(k — 1) is true, i.e., any map f : S — B,(R),
for i < k — 1, can be extended to g : D' — B,(aR), with a = 1 + do/2k.
Now consider a map f : S¥ — B,(R) and view S* = 9DF1. Give a fine
triangulation T' of S*, view D¥T! =T x (0,1]U{0}. We define a sequence of cell
decompositions K;(j = 0,1,...) of DF+1 as discussed before Lemma 4.29. We
only give the k-skeleton; the lower skeletons are naturally induced from T

skel (Ko) = 9D**1 = g*
skelp (K1) = (S* x {3}) U (S x {1}) U (skelg—1(T) x [3,1])
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Each k-simplex in K7 can be considered as a map o : S¥ — B,(R), and then can
be further subdivided to define K; inductively using the above formula for each
k-cell of K;_1. We then define a function f; on K so that fo = f, fit1lskxq1y =
fis fj+1|5kx{%} = f;, by Lemma 4.29 P(j), and fj+1|ske1k_1(T)><[%,1] (extension
by induction hypothesis on skel;(T) x [%, 1], fori=0,1,...,k—1).

We will let the desired extension be g = lim f;. To see that this gives a
continuous function with the desired properties, we estimate the size of its image
as follows.

If j = 0, we have fy : skelg (Ko) — Bp(R).

If j = 1, the map fi : skelx (K1) — M satisfies, for any A € skelg (K1),

filarxqy = fo C Bp(R),

Pl grsqdy = fo € By((1 = do)R);

therefore

diam( f1skeny (56,) (A)) < diam(f1 (A% x {1}) U f1(A* x {3})) +diam(f,

<BR+a*BR=(1+a")6R

an[%,u)

and
d(f1lskely (K1)sP) < d(f1|Mx{%}) + diam(f1 |skel, (1)) < (1 —do)R+ (1 + a¥)BR,

where we denote by pa the center of the ball containing f;(0A).
We have spelled out these two cases to make it easier to see the general
formula. For general j, we have

diam(fj |ske1k(Kj)(A)) S ((1+O‘k)6)]Ra

d(fjlsker,. () (A), pA)) S(l—do)R+RZ((1+akm)i+R(1—do) z_:((H—ak)ﬁ)i
g(l—do)R+2RZ((1+ak)B)iS %

i=1
where we used the definition of .
Therefore

ct

diam(f;|skel, (1¢;)(A)) < (1—7

J
)R—>0
2

1-ot
d(fjlsker (5, (A), pa)) < ((1 —do) + W)R
< C4R.
Thus, each cell is mapped into a ball that is smaller by a factor bounded away

from 1. Therefore when j — oo, the limit ¢ = lim f; is continuous. This
concludes the proof of Lemma 4.26. |
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5. Mean Curvature Comparison and its Applications

Direct applications of the Mean Curvature Comparison Theorem as stated in
Theorem 2.2(3) have not been numerous. On the other hand, we should point
out that Ricci curvature naturally enters into the second variation for the area
of hypersurfaces. This aspect of the relation between Ricci curvature and mean
curvature was explored extensively in dimension three by Meeks, Schoen, and
Yau, among others, as in the proof of the Positive Mass Conjecture by Schoen
and Yau. In this section, we will only give one application of the mean curvature
comparison, to the Diameter Sphere Theorem of Perelman. The result was also
obtained by Colding by a different method.

Recall that the direct generalization of the Grove—Shiohama Diameter Sphere
Theorem to Ricci curvature is not correct in dimensions four and above, as
shown by the examples of Anderson and Otsu. In dimension three, it holds by a
recent result of Shen and Zhu [1995]. In the preceding section we strengthened
the condition to volume. Here we will keep the diameter condition, but add a
condition on the sectional curvature.

THEOREM 5.1 [Perelman 1997]. For any positive integer n and any number H,
there exists a positive number e(n, H) such that if a n-dimensional manifold M™
satisfies Ric > n — 1, sec > H, and diam > 7 — €, then M is a twisted sphere.

LEMMA 5.2. For any § > 0 and any positive integer n, there is a positive
number €(d,n) such that if p,q € M"™ satisfy Ric > n — 1 and d(p,q) > 7 — ¢,
then ep q(x) < 6.

PROOF. Let e = ey 4(x). The triangle inequality implies that the three geodesic
balls B, (d(z,p) — e/2), Bqy(d(x,q) — e/2), and B,(e/2) have disjoint interiors.
Therefore

vol(M)>vol(B,(e/2))+vol(B,(d(x, p) —e/2))+vol(By(d(x, q) —e/2))
vol(Bl(e/2))  vol(B(d(p,x)—e/2)) vol(B(d(q,z)—e/2))
00 (et B ) s )

Thus
vol(d(p, q)) > vol(B'(e/2)) + vol(B' (d(p, z) — ¢/2)) + vol(B' (d(g, x) — ¢/2))

(d(p, x) —¢/2) + (d(g, *) — 6/2)>>
2

> vol(B'(e/2)) + 2 vol(Bl (

= vol(B'(e/2)) + V01<Bl (@))’

where, for the second inequality, we used the fact that the volume of balls in
S™(1) is a convex function of the radius. Therefore

d(p, q)
2

vol(B'(¢/2)) < vol(B(d(p, 0))) — 2 vol(B'(Z2L)),

The right-hand side approaches 0 when € — 0. This gives the desired bounds. O
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COROLLARY 5.3. For any p > 0, any H, and any positive integer n, there is a
positive number (n, p, H) such that if p,q € M™ satisfy Ric > n — 1, sec > H,
and d(p,q) > 7 — &, then no x with min{d(x,p),d(x,q)} > p is not a critical
point of dp, dy.

PRrROOF. Without loss of generality, we will assume H = —K? is negative.
Denoting by « the angle at =, and applying Toponogov’s theorem to the triangle
pgx, we obtain

cosh Kd(p, q) < cosh Kd(p, x) cosh Kd(x,q) — sinh Kd(p, z) sinh Kd(z, q) cos a.

Using the excess estimate of the previous lemma, we immediately conclude that
cosaa — —1l ase — 0. (I

PROOF OF THEOREM 5.1. By the preceding discussion, we only need to consider
points that are very close to p or g. Let m be a critical point of d, such that
dy(m) < p. Define a function g : M — R by

g(x) = yg[lxi)g]{d(x, y) + (d(p,y) — d(m,y))* — d(p,m)*},

where [pm] denotes the union of all minimal geodesics from p to m.
LEMMA 5.4. (1) g(x) < d(z,m).
(2) If M(R) = {z|g(z) < R} and Ry = inf{r > 0|M(R) N B,(r) # @}, then for

any xo € M(R) N By(R1), we have g(xo) < d(xo, p).
(3) IR+ Ri — ] < 2.

REMARK. This lemma implies that M (R) N By(R1) # {m, p}. This is the reason
for considering the function g; we could just use the distance function to [pm] if
[pm] forms a close geodesic.

PROOF. (1) Note that if we let y = m, then d(x,y) + (d(p,y) — d(m,y))? —
d(p,m)? = d(x,m). Thus g(x) < d(x,m). Too see the strict inequality, we note
that since m is a critical point, the angle at m is at most 7/2. By Toponogov’s
theorem,

d(z,y) < \/d?(z,m) + d*(m,y) = d(z, m) + O(d*(m, y))-
Thus

d(x,y)+(d(p,y) —d(m,y))* —d(p,m)*=d(z, y) —4d(p, y)d(y, m)
Sd(.l?, m)+0(d2 (ma y)) —4d(p, y)d(ya m)
<d(xz,m).

(2) Since d(qa m) < d(qap) < d(qa .130) + d($0,p) =R+ d(x()ap)7 we have

d(m, By(R1)) < d(zo,p).
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Thus, there exists a point z1 € 9By (R1), such that d(m,z1) < d(xo,p). This,
together with the definition of Ry, implies that

g(ﬂ?o) < g(xl) < d(xlam) < d($0,p)
(3) Take zp as in (2). Then
R+ Rl = g(xo) + d(x()a q) < d(x()a q) + d($0, q) S d(pa q) S .

Similarly, if g(zo) is realized at yo, an interior point of some shortest line from
p to m, then

R+ Ry = g(x0) + d(w0, q) = d(z0,y0) — 4d(p, yo)d(yo, m) + d(zo, q)
= d(yo,q) —p =7 —2p,
if we choose € in Corollary 5.3 smaller than p. d

LEMMA 5.5. For any point xo € OM(R), let i be the unit normal vector pointing
away from p. Then the mean curvature of OM(R) can be estimated as

mi(z0) < (n — 2) coth VKR + tanh VKR + 10.

PRrROOF. By Lemma 5.4, at xg, the value of g(x() is achieved at an interior
point yo of some minimal geodesic v from p to m. Then the function g(z) is a
perturbation of the distance function to the geodesic -y, whose mean curvature
does not exceed (n — 2)coth VKR + tanh v KR.

For convenience of notation, we parametrize v so that v(0) = yo. Let o be a
minimal geodesic from yg to zo with o(tg) = xo. Let V(¢) be the vector field along
o obtained by parallel translation of 4(0) along o. Let v; be the projection of
V(to) in the tangent plane of 9M (R) (v; is not a unit vector). Let {ve,...,vp_1}
be orthonormal tangent vectors of OM (R) that are all perpendicular to v1. By
the first variation formula, the v; are all perpendicular to ¢(tg), and the values of
g along the directions v; are all achieved at yg. It now follows from the Hessian
Comparison Theorem that (V.. (tg), v;) < cothv/Kto fori=2,...,n— 1.

We now consider the direction v1. Let J(¢) be a Jacobian field along o such
that J(0) = 4(0) and J(tg) = v1. We decompose J into directions along ¢ and
orthogonal to o, then call the orthogonal component W (t), i.e.,

J(t) = (at + b)&(t) + W(t).

In general, W (to) is not a unit vector. Let J(t) = cJ(t) be such that the or-
thogonal component W of J at ¢y has unit length. Then the Hessian comparison
theorem applied to this case implies

(Vi (19)0 (to), W (to)) < tanh vKto.

To get the desired estimate on the mean curvature of M (R), we need to estimate
the numbers a, b, ¢ in this decomposition, which in return depend on the angle

£(6(0),%(0))-
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Note that g(zo) = d(zo,yo) — 4d(yo, p)d(yo, m). The first variation formula
gives
0= —cos £(6(0),%(0)) — 4(p — 2d(yo, m));
thus
| cos £(6(0),4(0))] < 4p.

This will give a uniform bound for a, b, c. Note also that
|R — to| = 4d(yo, p)d(yo, m) < 4p°.
The lemma follows if we choose p small enough. d

We continue with the proof of Theorem 5.1. Choose R > 0 such that
(n—1)cot R — (n — 2)V'K coth VKR — VK tanh VKR — 10 > 0.

Thus, R depends on n, K. Then choose p small enough so that Lemma 5.5 holds;
this in return determines the number €. For such an e, by Corollary 5.3, there
are no critical points at distance p from p and ¢. Assume there is a critical point
m such that (p,m) < p; we will derive a contradiction using the mean value
comparison. .

On the one hand, using the condition Ric > n — 1 and applying Theorem 2.2
to dg, we conclude, letting m*(R;) be the mean curvature of the sphere of radius
Ry in S™(1):

MaB,(Ry)(To) < m!*(Ry) < (n —1)cot Ry
(n—1)cot(mr — R—2p) = —(n — 1) cot(R + 2p)
—(n—1)cot R+ k,

IN A

where £ = k(n, p) and lim,_,o K = 0. On the other hand, Lemma 5.5 implies
majw(R)’N(xo) > —(n— 2)\/?C0th VKR — VK tanh VKR — 10.

Denote by N the unit normal vector pointing away from ¢. Since M (R) and
0B4(R1) are tangent to cach other at xg, and M (R) lies outside (with respect
to N) of 0B, (R1), we can write

man(r),N(T0) < Mo, (Rry)(T0),
which implies
(n—1)cot R — (n — 2)VK coth VKR — VK tanh VKR — 10 < k.

We get a contradiction if we choose € so small that x violates this inequality. O
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