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The Abstract Interpolation Problem and
Applications

ALEXANDER KHEIFETS

ABSTRACT. A number of classical interpolation problems can be reduced to
the following scheme. One is interested in the finding Schur class operator
functions w(¢) : E1 — E2, with { € D, that satisfy certain interpolation
conditions. The data of the problem are encoded in the Lyapunov identity

D(TvaTQy) - D(Tlx7le) = <M1‘/'B7M1y> - <M2I, M2y>7

where z,y are elements of a vector space X, D is a positive semidefinite
quadratic form on X, 77 and T» are linear operators on X, and My, Ma
are linear operators from X to the separable Hilbert spaces E1, F5. After
introducing the de Branges—Rovnyak function space H" associated with
w, we can formulate the interpolation conditions thus: w is a solution
to the interpolation problem if and only if there exists a linear mapping
F: X — H™ such that
1Fe]3 < D(a, o)

and
. _ 1 w(t) | | —Max
(FTyz)(t) = t(FTax)(t) [w(t)* 1 } [ Mz
for a.e. t with |[¢| = 1. The solutions w turn out to be the scattering

matrices of the unitary colligations that extend the isometric colligation
defined by the Lyapunov identity. These extensions and their scattering
functions can be described using a “universal” extension and its scattering
operator function. The description formula for solutions looks like

w = 80 + s2(1 fws)flwsl,

where

S:[s sl]:NQ@E&—»]\fl@Ez
$2 S0

is the scattering matrix of the “universal” extension and w : N7 — N2 is an
arbitrary parameter from the Schur class. The matrix S is defined essen-
tially uniquely by the data of the problem and is called the scattering matrix
of the problem. Using the functional model and the Fourier representation
of the “universal” extension one can investigate analytic properties of the
scattering matrices S for classes of interpolation problems.

Work partly supported by MSRI under NSF grant DMS-9022140.
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Lecture 1. The Abstract Interpolation Problem

I will begin with the formal setup of the Abstract Interpolation Problem, or
AIP, then consider several examples and discuss the role of the AIP in their
investigation.

The data of the AIP are encoded in the Fundamental Identity:

D(Tyx, Toy) — D(Thx, Tvy) = (Miz, Miy) g, — (Max, May) B, (1-1)

where z,y are elements of a vector space X (which has no a priori topological
structure), D is a positive-semidefinite quadratic form on X, T} and T are linear
operators on X, F; and Fs are separable Hilbert spaces, and My, My are linear
mappings from X into E7, Es.

De Branges—Rovnyak function spaces. Let w be a Schur class operator
function; that is, w associates to each ¢ in the unit disk D = {¢ : |{] < 1}
a contraction w(¢) : E1 — Es, varying analytically with (. The de Branges—
Rovnyak space L™ consists of the functions f : T — Es @ F; (where T =
{C : |¢| = 1} is the unit circle) having the form

1/2
- ]lE2 w .

for some g € L*(E> @ E1). We set

def .
I£llze = infllgLe,

where the infimum is taken over all g € L?(E> @ E;) such that (1-2) is satisfied.
All such preimages g differ by the addition of (arbitrary) elements of Ker [u}* ”‘H,
and the infimum is attained when

1 w(t)

g(t) L Ker [w(t)* 1

} a.e. on T.
Let m,' f denote the particular g that achieves the infimum. Thus

/]

e = e = [ DO, i)
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where m(dt) is Lebesgue measure. The inner product in L™ is defined by

<f7 h)L“’ = <7T;1fa 777;1]7,>L2.

Now LY is a Hilbert space. As a set it is contained in L2. It might happen that
a function f € L™ admits the representation

10= e 1|30 ac

where §(t) need not be in L?; then, for any h € L%,

wl/?
<f,h>Lw<[;* H g<t>,ww1h> = [00.10) g, mct)
L2

We also define the space H" as the subspace of L™ consisting of

f = |:;j:| with fg S Hi(Eg) and f1 S HE(El),

where Hi and H? are the standard Hardy classes.

Setup of the AIP. The Schur class function w : F; — F> is said to be a solution
of the AIP (with the data specified above) if there exists a linear mapping F :
X — H"Y such that, for all x € X, the following conditions are satisfied:

) [IFz]%w < D(x, ).

(il) tFTox — FTiz = [ 1 w] [_sz

w1 Mlx} for a.e. t € T.

Property (ii) is, in fact, an implicit formula for the mapping F. Sometimes it
defines F' uniquely, sometimes not; but any mapping F' that possesses (ii) is very
special. We will describe all such maps in Lecture 4.

If we write
F+£17
F =
== ]

the conditions Fz € HY and ||Fz||%. < D(z,z) are equivalent to the conjunc-
tion of three conditions:

(a) Fyx € HI(Ey).

(b) F_xz € H2(E).

() [IFz]|7w < D(x, ).

By the definition of the inner product in L™, property (c) is actually an upper

bound for the average boundary values of Fz.

My goal now is to explain why this abstract problem is an “interpolation”
problem. Before passing to examples I would like to consider a special case of
the data (which was considered earlier than the general case).
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A special case. Assume that the operators ((Th — T3) and (Ty — (Ty) are
invertible for all ( € D except possibly for a discrete set. Because the first
components of the sides of relation (ii) above are H? functions, one can consider
the analytic continuation of the relation inside the unit disk D:

C(FyTox)(C) — (FrTiz)(C) = —Maz + w(¢) M z. (1-3)

We emphasize that the vectors Msx € Es and M x € E; are independent of (.
Fix ¢ € D. Because the mapping F' is linear, we have

C(F4Tox)(C) = (Fr(CTox)) (6)-

Actually, for any complex number g,

W(FyTox)(C) = (Fi (uT2)) ()

in particular, this is true for g = (. We can reexpress (1-3) now as

(Fe((CTy = Th)x)) (¢) = (—Ma + w(¢) My ).

Replacing x by (¢Ty — T1) "'z, we end up with
(FYa)() = (w(Q)My — M2)(CTy — Ty) ™. (1-4)

One can see better now the interpolation meaning of the property Fyx € Hi:
the “zeros” of the numerator cancel the “zeros” of the denominator, which means
that w obeys the interpolation constraint

w(() Mz = Moz

at certain “points” (.
In a similar way, the second components of the two sides of equality (ii) can
be reexpresed, under the assumptions at hand, as

(F2)(¢) = (M1 — w(C)* M2)(T2 — CT1) ~'a (1-5)

The interpolation meaning of the property F*z € H? is similar to the one
considered above, but now for w({)*.
The meaning of property (c) will be discussed in the examples.

REMARK. Under the assumptions of this section, condition (ii) defines F' uniquely
and explicitly for any solution w. This allows us to write F' instead of F'. Thus,
under these assumptions, one can give a more explicit setup for the AIP:

Let
FYx
FYz=|"*
’ [wa}

be defined by the formulas (1-4) and (1-5). The Schur class function w is said
to be a solution of the AIP if F possesses properties (a), (b), and (c).

Generally, condition (ii) does not define F' in a unique way, but we will see in
Lecture 4 how to describe all such mappings F'.
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References for Lecture 1 are [Katsnelson et al. 1987; Kheifets 1988a; 1988b;
1990b; Kheifets and Yuditskii 1994].

Lecture 2. Examples

Example 1: The Nevanlinna—Pick Problem. Let (1,...,(,,... be a finite
or infinite sequence of points in the unit disk D; let wy,...,w,,... be a sequence
of complex numbers. One is interested in describing all the Schur class functions
w such that

U)(Ck) = Wg.

The well-known solvability criterion is

1 o X n
[ﬂ] >0 foralln.
1- Ck’CJ k,j=1
We define the data of the AIP associated with this problem. Because the func-

tions w are scalar, Fy = Fy = C'. Consider the space X that consists of all

sequences
T1

8
Il

Tn

that have only a finite number of nonvanishing components. No topology is
assumed on X.
Define the sesquilinear form D on X by

wkw]
yk xj, forazx,ye X.
Z 1- Cij ’

The (diagonal) linear operators
G
T=T = e

and T, = 1x are well defined on the space X. We can now check the Funda-
mental Identity (1-1):

D(z,y) — D(Tx,Ty) = Zyk (1 — wpwj)z
- Zyk)x] Zykwkwg%
—Zyk Z% Zykwk'zwjl‘]*
k J
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By defining Mz = Zj z; and Moz = Zj w;x;j, we end up with
D(xay) - D(TSU,Ty) = Mly : Mlx - MZy : M2$.
The products on the right-hand side are actually the standard inner product in
ch.
Consider now the AIP associated with these data. Let w be a solution of this
ATP. This means that there exists a mapping F' : X — H™ such that conditions
(i) and (i) on page 353 hold. Because ((1 — T)~! exists for all ¢, such that

€| < 1 and ¢ # ¢j, and because (1 —(7T)~! exists for all ¢ with |¢| < 1, we know
that F' has the following form (see Lecture 1, special case on page 354):

(FYa)(¢) = (w(Q)My — Ma)(C1 = T) '
(FYa)(Q) = (M1 —w(¢)M2)(1 - ¢T)""a.

Thus, F is defined uniquely for any solution w. It is easy to compute these
expressions more explicitly for this example. Because

X1 C*Clxl
(C1-7)"" e | = g,
we obtain
1 W; T w(C)_wJ
FY = - =
FEnQ =0 g = et =2 g ™

in the same way
w > 1- w(()w
(Fea)() = ¢y
; — (G

The function w is a solution of the AIP if and only if F¥x € H" and
|FUz||%. < D(z,z) for all x € X; that is, if and only if properties (a), (b),
(c) of page 353 hold. One can see from the explicit formula that property (a)
holds if and only if w(¢;) = w;. Property (b) holds automatically. To see what
property (c¢) means, compute the left-hand side. On the boundary (for|t| = 1),
FYx and F¥x look like

(Fya)(t) = w(t) Y - -y

t—Cs t—C
J G J G

()0 =3 7~ e 3

J

Or we can put these two formulas together:

0= V][ RE]
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EED,- oy
< ’ Z tfjcj L2 7m,;t*Cj L2
1 —wjwy _D .
; Z JZ 1_C7Ck Lk (.’IT,CI?)

k

Now,

1F* ] =

The latter computation depends on property (a), F'z € Hi Thus, we can see
that w is a solution of the AIP with these data if and only if w is a solution of
the Nevanlinna—Pick problem. For this particular problem, condition (a) actually
carries all the interpolation information, (b) holds automatically, and (c) follows
from (a). Moreover, we emphasize that for any solution w of this problem we
have the equality ||F¥z||%. = D(z,x) for all z € X, instead of inequality.

To continue on to the second (more general) example, I will reformulate the
first one. Consider the closed linear span of the functions

=

and denote by K5 C H? the space H2 © §H? , where 6 is the Blaschke product
with zeros (; if they satisfy the Blaschke condition and 6 = 0 otherwise (in this
case Kz = H?). We can associate the function

i(t) :Z Y ek,

t—(j

with any = € X of the first example. Kjg is invariant under P_t, where t is
the independent variable, and P_ is the orthogonal projection onto H?. It is
easy to see that the operator T from the first example acts as P_t under this
correspondence; in fact,

P’tzt Z ijj
j

Let W be the operator on the space X defined by

& wiTy

Tn WnTn

Obviously WT = TW. Under the correspondence,

— WET 5
Waz(t) = .
o= 322
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A Schur class function w is a solution of the Nevanlinna-Pick problem if and
only if Wa = P_wz. In fact,

1 p w-w(G) L p w(() — w(()

P =P _ = .
e t—=G t=G =G

Observe that

Mlx = Z:Ej = (‘%),1,
J

where the last notation stands for the Fourier coefficient of index —1 of the H?2
function #. And Mz = (Wz)_y. Since Wz = P_w# for any solution w of
the Nevanlinna-Pick problem, then ||Wz|| 2 < ||Z]|g2. We can reexpress the
quadratic form D as

D(xvy) = <j7g>HE - <%7 %>HE

In fact, let X X
TG M TG
then
s __ i
Wx:t—Jgj’ Wy:tfgi’
@0 =g VR =12

o Z;
Ifx—zt_cjﬂchen
J

. — _ 1 —wpw;
3] = Wl = 3 an—22a; = Dia,a).
k,j - Cij

Define the operator W on K5 by

W(i) = Wa.
This is well defined and D > 0 if and only if W is a contraction.

Example 2. Sarason’s Problem. Now let § be an arbitrary inner function
(not necessarily a Blaschke product). Set Kz = H? ©0H? ; this space is invariant
under P_t. Set T = P_t|Kz. Let W be a contractive operator on Kz with
WT = TW. One is interested in finding all the Schur class functions w such
that

Wz =P_wz forall z € K.

Associate the following AIP data to the Sarason problem: X = Ky, 71 =T,
Ty, = 1, D(x,z) = |jz]|> — [|[Wz|?, Miz = (x)_1, Max = (Wx)_y; here
E, = E; = C% One can check the Fundamental Identity (see the beginning
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of Lecture 1). For this data the implicit definition (ii) of the mapping F' yields
an explicit formula for F"

FYz = { { w] [—Wx} ae teT,
w 1 T
for all x € X and any solution w of the AIP. Thus, F'" is unique for any solution
w. Then again w is a solution of the AIP if and only if F*¥x € HY for all z € X
and [|[F*“z|/%. < D(z,z), that is, if and only if conditions (a), (b) and (c) of
page 353 hold.
For condition (a) we have

FYz=wx—Wz € H} < P_(wz—Wz)=0 < P.wz=Wz

for all z € X. In other words, condition (a) is satisfied if w solves the Sarason
problem.

Condition (b), F¥x = x —w - Wx € H?, holds automatically for any Schur
class function w.

For condition (c) we get

w o2 'z —Wx o w
||F -THL”" <|:fo 9 T L 7<F_1’7 x>L2

={x —w- -Waz,z) = (x,2) — (Wz,wx)
= (z,z) — (Wz, P_wz) = (x,z) — (Wz,Wz) = D(z,x).

Thus, for this data w is a solution of the AIP if and only if w is a solution of
the Sarason problem. Property (a) carries all the interpolation information, (b)
holds automatically, and (c) follows from (a). And we again have the equality
|F“x||%. = D(z,z) for all z € X and for all solutions w, instead of inequality.

Example 2. We now associate another AIP to the same Sarason problem.
This AIP is best considered as being different (nonequivalent) from the one in
Example 2, though they have a common set of solutions. The reason is that the
coefficient matrices in the description formulas for the solution sets (see the last
theorem of Lecture 4) are different and the associated universal colligations (see
Section 2 of Lecture 4) are nonequivalent.

Let 6 be an inner function, and set Ky = H3 © 0HZ and Tjzs = Pitx,
for zo € Ky. Let W3 be a contractive operator on Ky that commutes with
Ty - WiTy =TyWy5. Find all the Schur class functions w such that

WQ*,I'Q = P+1I)£C2.

One can check that the solutions of this problem and of the one in the previous
example coincide (if the operator W of Example 2 and the operator Wy are
properly connected). Consider the ATP with the data X = Ky, Ty =1, T, = T},
Ey = By = CY, Myzy = (W*x5)o, and Mazy = (x2)g, where the notation (-)g
stands for the Fourier coefficient of index 0 of an H i function. As in Example 2,
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F' can be expressed explicitly and uniquely for any solution w of the AIP with

this data:
1 w To
FYzq = .
o= lo V] i)

Now consider properties (a), (b) and (c). For (a) we have
Flry=x9—w-Wyxg € H?,

this holds automatically for any Schur class function w. Property (b) becomes
FYxo = wxy — WQ*JJQ S HE;

this holds if and only if Pywxy = W3xy; that is, if and only if w solves the
Sarason problem. Finally, for (¢) we can write

|E“x2||30 = D(x2,72) for all 25 € X

for any solution w. Thus, for these data property (b) carries all the interpolation
information, (a) holds automatically for any Schur class w, and (c) follows from
(b). The equality

| F“2a||3w = D(29,29) for all 2o € X
holds for any solution w.

Example 3. The boundary interpolation problem. Property (¢) domi-
nates in this example and (a) and (b) follow. The equality in condition (c) holds
for some solutions but not for all of them. We will need some preliminaries.

A Schur class function w in the unit disk D is said to have an angular derivative
in the sense of Carathéodory at the point ¢y € T if w(¢) has a nontangential
unimodular limit wq as ¢ goes to tg, |wg| = 1, and

w(¢) — wo
¢—<Co
has a nontangential limit wy at ¢.

THEOREM (CARATHEODORY). A Schur class function w(¢) has an angular
derivative at to € T if and only if

def 1. . o1 —|w(Q)]?
D =1 f—— <
vt TS TIPS
(here |¢| <1 and ¢ — to in an arbitrary way). In this case wy = Dy 4, - % and
0
1—|w(Qf

T—jgp P

as ¢ goes to ty nontangentially. D, vanishes if and only if w is a constant of
modulus 1.
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Moreover, a Schur class function w has an angular derivative in the sense of
Carathéodory at the point tg € T if and only if there exists a unimodular constant
wp such that

e LY

w(t) — wo ‘2 1—Jw(t)?
t—to |t — to]?
that is, if and only if this function is integrable over T against Lebesgue measure.
In particular, this guarantees that

w — Wo
t—to

2
€ H?,

because the denominator is an outer function. In that case

A(’w(tt)—towo 2 1-Jw®)

|t —tol?

Now consider the following interpolation problem. Let ¢ty be a point of the
unit circle T, let wg be a complex number with |wg| =1, and let 0 < D < oo be
a given nonnegative number. One wants to describe all the Schur class functions
w such that w(¢) — wo as { — to (nontangentially) and D,,;, < D.

Associate to this problem the AIP data X = C*!, D(z,x) = ZDz, Thz = tox,
Tox = x, Mz = x, Max = wox, By = E = C'; then we can check the
Fundamental Identity (1-1). The left-hand side of the identity is

) m(dt) = Doy

TDx — ffthoJ) =0,
and the right-hand side is
Mix - Mix — Msx - Mox = Tx — Twowgx = 0.

The mapping F of Lecture 1 (pages 353-354) is unique for any solution w and
can be computed explicitly for this data:

We can analyse now what conditions (a), (b), and (c) tell us. Condition (a)
becomes

w— w
OIGHQ; that is,
—to t—to

F+I’ =

Condition (b) becomes
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Hence (a) and (b) coincide. Finally, condition (c) becomes

el = [ (.| o) mian

_ [ zm@o(w —wo) + (1 —wwo)
_/T |t — ol ()

:j/ (W — wo)(w — wp) + 1 — ww
T

|t —to]?
,/ (‘w—wo
=7z
T \I =10

2 1— |w|2
|t —tol?

Thus, ||Fz||2. < D if and only if D,,;, < D; that is, w is a solution of the
ATP with this data if and only if w is a solution of the boundary interpolation
problem.

A reference for Examples 2 and 2’ is [Kheifets 1990a]. References for Exam-
ple 3 are [Kheifets 1996; Sarason 1994].

m(dt) x

> m(dt) x = TDy, ¢, 2.

Lecture 3. Solutions of the Abstract Interpolation Problem

Role of the ATP. In Lecture 2 we showed how some specific analytic problems
can be included in the AIP scheme. The AIP, as formulated in Lecture 1, is very
well adapted to this inclusion (actually it arose from the experience of treating
a number of problems of this type). To include a specific problem in the scheme
one has to realize (if it is possible) what the associated data is and to prove the
coincidence of two solution sets: that of the original analytic problem and that
of the AIP with the associated data. The mapping F' suggests an algorithm for
what exactly is to be checked to prove this coincidence.

In this lecture we will slightly reformulate the AIP to adapt it better to solving
the problem (now the origin of the data is unimportant to a certain extent).

Thus, the AIP can be viewed as an intermediate link between specific inter-
polation problems and their resolution. It has two sides: one of them looks at
the specific interpolation problem and is devoted to proving the equivalence of
the original problem and associated AIP, the second concerns solutions. As soon
as a specific problem is included in the scheme, the analysis of its solutions goes
in a standard and universal way.

Isometric colligation associated with the AIP data. Reformulation
of the AIP. Let [x] stand for the equivalence class of z with respect to the
quadratic form D. (The equivalence relation is defined as follows: x ~ 0 if and
only if D(z,y) = 0 for all y € X, and 21 ~ x5 if and only if 1 — 25 ~ 0).
Consider the linear space of equivalence classes {[w] rrx e X } and define an
inner product in it by

([«],[y]) & D(x,y).



THE ABSTRACT INTERPOLATION PROBLEM AND APPLICATIONS 363

This product is well defined. One can complete it and obtain a Hilbert space,
which we denote by Hj.
Rewrite the Fundamental Identity (1-1) as

DTy, Tvy) + (Myz, Myy) g, = D(Thx, Toy) + (Max, May) g, -
Using the notations introduced above one can reexpress this as
([Tva), [Ty]) gy, + (Maz, Miy) g, = ([Teal], [Tay]) . + (Mox, May)p,.  (3-1)

Set

d, & Clos{{mx]] re X} C Hy® E,
Mll‘

and
A, % cm{{mmq ‘x€ X} C Hy @ Es.
MQJ?
Define a mapping V : d, — A, by the formula

o[~ (5]

Because of (3-1), V is an isometry. This implies that V is well-defined. In fact,

] e [

then (3-1) implies that
[[Tz(x’ - x")]} —0
Mo (:]C/ - x//) .
Now, if 2’ and z”" generate the same vector on the left-hand side of (3-2), they
generate the same vector on the right-hand side of (3-2), which shows that V is
well-defined.

Let w be a solution of the AIP; that is, suppose there exists a mapping
F : X — H" possessing properties (i) and (ii) of page 353. Property (i) says
that

P2l < D(w,z) = [|[2]||3,

Hence, Fz depends only on the equivalence class [z], not on the representative
x. This means that F' generates a mapping G of the equivalence classes

Glz] ¥ Fz, (3-3)
and
1G5 = P2l < ||l -

Thus G is a contraction. Since {[z] : z € X} is dense in Hy and G is a contrac-
tion, it can be extended to a contraction of Hy into H*. Thus, any F': X — H"
with properties (i) and (ii) (actually up to now we used only (i)) generates a
contraction G : Hy — HY such that G[z] = Fx for allx € X.
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We now try to interpret property (ii). To this end we reexpress (ii) as

|1 _
FTox +1 [w} Moz =1 (FT1x+ h"] Mlx) ,

or
Our further goal is to realize the latter equality as one of the form
G[Tgl’} G[Tll‘]
|: Mgl‘ M1.13 ’ (3 5)

where AY : HY & E; — HY & Ej is a linear operator. As we know, G maps Hy
into H*, M7 maps Hj into Eq, and Ms maps Hy into Es. The relation (3—4) is

of the type
pllai(o)) oo

where f/, f/ € H* and ey € E1, es € E5. Observe that the three subspaces

{|:w:|61:€1€E1}, Hw, {tl:l*:|622€2€E2}
1 w

are mutually orthogonal in L™ (see page 352 for the definition of L"). Let P¥
be the orthogonal projection from L™ onto HY; then, for any

_ f2 w
f‘MEL’

el n = [R] =L v ) @7

Obviously this difference is in L™. It can be rewritten as

pw {fé] _ {P+f2—wP+f1 ]

we have

i P_f1 —w*P_fo

Hence, it is in H". Because

1 w P_ fQ
w1 Py fi
is orthogonal to H", P" is really the orthogonal projection.
Because )
f/
= fﬂ € HY,
we can obtain from (3-6) and (3-7)

B e UG HID] Sl P Wt

- U ﬂ [ﬂf;(o)gw(o))el} :z{ 1*] (710) + w(0)es).
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Thus
ea = f1.(0) +w(0)ey. (3-8)

Now, from (3-6) and (3-5),
prmitr s [V en—i[ L] ea=ir+ [V]en - [ ] (00 4 w0
That is,
R P 0 R [
Putting (3-8) and (3-9) together we obtain
Ll=a i) = SR [

where

o [ e

AYf = £(0): HY — By,

w
A1261 =

|
g
=
k3
:
1
S

Thus, condition (ii) of the AIP, equivalently (3-4) or (3-5), can be expressed as

R 1o Rl L £ R
According to the definition (3-2) of the isometry V,
|:[T2.’13]:| _v {[Tw]] .
Msx Mix
Combining this with (3-10) we conclude that

{GO

LG 0
0 IEJV’dU:A { Mdv. (3-11)

0 1p

To give (3-11) a further interpretation we digress to recall some basic facts related
to unitary colligations, their characteristic functions, and functional models.
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Digression on unitary colligations, characteristic functions, and func-
tional models. Let H, Eq, E5 be separable Hilbert spaces. A unitary mapping
A of H® E1 onto H & Es is said to be a unitary colligation. The space H is
called the state space of the colligation, F is called the input space, and F5 is
called the response space. Both F1 and E5 are called exterior spaces.

The operator-valued function w(¢) : Eq1 — FEs defined by the formula

w(¢) = Pe,A(luom, —(PrA)™" | E1

is called the characteristic function of the colligation A. Because A is unitary,
w(¢) is well defined for ¢ € D; w is a contractive-valued analytic operator-
function in D.

Using the block decomposition

= a1
Ay A By Ey |’

the characteristic function can be reexpressed as
w(¢) = A1z + (Ax(1y — (Aiw) Ay

The unitary colligation A is said to be simple with respect to the exterior
spaces FE; and FEj if there is no nonzero reducing subspace for A in H; that is,
if there is no nonzero subspace H,.s C H that is invariant for A and A*. We
shall call the maximal reducing subspace for A in H the residual subspace of
the colligation A. Thus a unitary colligation is simple if the residual subspace is
trivial.

Let Hyes € H be the residual subspace of A. Let Hgmp = H © Hyes. Then
A Hgimp @ E1 — Hgimp @ E2 is a simple unitary colligation, and A | Hyes is a
unitary operator on H.s.

Two unitary colligations

A-HpE, - H®FEy, and A :-H ®oFE, —- H ®E>

with the same exterior spaces are said to be unitarily equivalent if there exists a
unitary mapping G : H — H’ such that

g 0 A=A g 0 .

0 1p, 0 1g,
THEOREM. Two simple unitary colligations A and A’ are unitarily equivalent if
and only if their characteristic functions coincide.

Let w be a Schur class operator function, w(¢) : £y — FEs. The unitary colliga-
tion A" considered above is simple and w is the characteristic function of this
colligation. Thus any Schur class operator function is the characteristic function
of a unitary colligation.
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Let A: H® E1 — H ® Es be a simple unitary colligation, with characteristic
function w. Then a unitary mapping G : H — H™ that performs an equivalence
between A and A" is defined as follows:

_[G+M)(Q] _ [ Pe,Almer, — (PuA)'h
(SR = {(9+h)<<)} B {ZPEA*GZZQ - CT;;A*)*lh

The colligation A" is called a functional model of A and the mapping G is called
the Fourier representation of H.

If A is not simple, the Fourier representation G defined by the same formula
(3-12) is a unitary mapping from Hg,, onto HY and performs an equivalence
between the simple parts of A and AY. It vanishes on H,s:

g 0 g 0
A=AY .
|: 0 1g, :l |: 0 1g, :l
Solutions of the AIP as characteristic functions. We are ready to proceed

with the analysis of the AIP solutions. We begin with (3-11). Assume for
simplicity that we have the equality

(3-12)

|Fz||%. = D(z,z) forall z € X.

We noticed in Lecture 2 that for some problems this is the case for any solution
w. In other words, our assumption means that the map G defined in (3-3) is an
isometry:
GhollFwe = [lhollZ, -

Set HH = HY © GHy and H = Hy @ H;. Define a mapping §: H — H" by

setting
S| Ho =G, S|Hy =1g,,
and observe that G is a unitary mapping of H onto H"”. We can write
g O
b

instead of (3-11), because

wld 0
]V|dV:A [0 1E1]|dv’ (3-13)

dy CHy® By C H® Eq,
Ay CHy® Ey CH® Es.

Finally, we obtain

_ 15 0 wl|9 0 .
V—{O 1E2:|A {0 1E1]|dv' (3-14)
Define the operator A by
def |G 0 w9 0 5
4= |: 0 1E2:|A [0 1E1:| . (3 15)

A is a simple unitary colligation from H & E; onto H @& FEs, and is unitarily
equivalent to AY. Hence, the characteristic function of A is w. By definition,
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Ho C Hand A|dy =V (see (3-14)); that is, A is a unitary extension of V. Thus
any solution w of the AIP is the characteristic function of a unitary extension
A of the isometry V associated with the data:

A:HoE — H& By, with HDHy, Aldy=V.

In general, the equality ||Fz||%. = D(x,z) for all z € X does not hold, only
the inequality ||Fx||%. < D(x,z) for all z € X. Nevertheless, the conclusion
is still valid, but it is more difficult to prove. (A short and simple proof was
recently found by J. Ball and T. Trent [Ball and Trent > 1997].)

REMARK. I would like to emphasize one basic difference between the general case
(inequality) and the special case (equality) considered in this section. We need
one more definition: a unitary extension A : H ® F1 — H & E5 of an isometric
colligation V' : dy — Ay, with dy C Hy® FE1, Ay C Hy® Ey, Hy C H is said to
be a minimal extension if A has no nonzero reducing subspace in H & Hy. If an
extension A is nonminimal we can discard the reducing subspace in H & H, and
end up with a unitary colligation that has the same characteristic function and
that still extends V', so we can consider minimal extensions only. But a minimal
extension need not be a simple colligation. The absence of a reducing subspace
for A in H & Hy does not mean that A has no reducing subspace in H at all.
By discarding such a reducing subspace, we end up with a unitary colligation
that has the same characteristic function but that no longer extends V. In the
case of equality, |Fz||%. = D(z,z) for all z € X, the corresponding minimal
extension is a simple colligation, as it is equivalent to A" (see (3-14)); in the
case of inequality, there exists € X such that ||Fz||%. < D(x,z), and it is not
simple.

A natural question arises now: does an arbitrary unitary extension A of the
isometry V produce a solution of the AIP? The answer is yes, and it is easy to
prove.

Let A: H® Fy — H @ E5 be a unitary extension of V. Let G be the Fourier
representation associated with the colligation A; see (3—12). Then § maps H
into HY, where w is the characteristic function of A. Thus § is a contractive

operator and
S 071, L[S O )
{0 IEJA_A [0 1EJ' (316)

Define the mapping F': X — H" by

Recall that [z] € Hy C H. Since § is a contraction, we have

1Fz| % < |[[2]]) 50 = D(z, 2);
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that is, F' satisfies (i). Since A extends V, (3-16) yields

g 0 4wl 9 0
|:O 1E2:|V‘dV_A |:0 1E1:|’dv.

Since dy C Hy @ E7 and Ay C Hy @ E», we can replace § with G:

G 0 LG o
[0 1E2:|V‘dV:A |:0 lEl]‘dV.

As we have seen, the latter is equivalent to (ii). Thus w, the characteristic
function of A, is a solution of the AIP.

REMARK. Starting with an extension A of V' we do not need the unitarity
of G to check that the characteristic function of A is a solution. Neither the
characteristic function nor the mapping G, much less F', feels the residual part.
Starting with the solution w in the general case we actually are given information
on the simple part of the corresponding extension of V' only. But we have to
restore the residual part also in order to obtain the extension.

I will finish this lecture with the following summary of the discussion.

THEOREM. Let V be the isometric colligation associated with the AIP data
V:dv%Av, dngoéBEl, Ango@EQ.

(no special assumptions are made on the data at present). Let A : H ® E; —
H ® Ey be a minimal unitary extension of V., where H D Hy, so A|dy = V. Let
w(C) be the characteristic function of the colligation A:

w(() < P, Al per, — (PrA)™! | Ex.

Then w is a solution of the AIP. The corresponding mapping F : X — HY is
defined by

Fz = §[z],
where

[ Pe,AQlmer, —(PuA)~'h

B {EPElA*(lH@Eg — Py A*)'h Jor e H.

(Sh)(¢) = {(9+h)(4)]

(5-h)(C)

All solutions of the AIP and the corresponding mappings F that satisfy (1) and
(ii) are of this form.

References to Lecture 3 are [Katsnelson et al. 1987; Kheifets 1988a; 1988b; 1990b;
Kheifets and Yuditskii 1994].
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Lecture 4. Description of the Solutions of the AIP

In a sense, the description of all the solutions of the AIP and the corresponding
mappings F' was given in the last theorem of Lecture 3. The goal of this lecture
is to give a description that separates explicitly the common part (related to the
data) and the free parameters. The first step is the description of the unitary
extensions of the given isometric colligation V' in this fashion.

Unitary extensions of isometric colligations Let V be an isometric colli-
gation,

Vidy - Ay with dy C Ho® E1, Ay C Hy® Es.

Let A be a minimal unitary extension of V,
AH@El_)H@EQ with HQH(], A‘dV:V

Let d%; and A§ be the orthogonal complements of dy in Hy & E; and Ay in
Hy® Es. Let Hy = H © Hy. Then the orthogonal complement of dy in H @ E;
is HH ® d{; and the orthogonal complement of Ay in H & Es is H; & AJ‘;. Since
A is a unitary operator mapping dy onto Ay (since A|dy = V), A has to map
the orthogonal complement H; @ dﬁ onto the orthogonal complement H; & A&.
Denote by A; the restriction of A to Hy @dj‘;. Thus, Ay : Hy @d{; — H; @Aé is
a unitary colligation. Since A is a minimal extension, A; is a simple colligation.
Conversely, take an arbitrary simple unitary colligation A; with the same
exterior spaces d‘l, and A‘L, and an arbitrary admissible state space Hi:

Ay Hy ®di — H) ® A, (4-1)
Let H = Hy ® H; and define an extension of V' by
Aldy =V, Al Hy®dy = A

The result is a minimal unitary extension of V. Thus, the free parameter of
a minimal unitary extension of V' is an arbitrary simple unitary colligation A,
with fixed exterior spaces diz and A{ and arbitrary admissible state space Hj.
The word “admissible” means here that there exists a unitary colligation with
this state space. For example: If di; and Ai: are finite dimensional but their
dimensions are different, then H; cannot be of finite dimension; if the dimensions
of dz and Ay are equal then H; can be of arbitrary dimension. To give a full
explanation it is enough to consider model colligations. Let w : dJ‘; — Aé be an
arbitrary Schur class operator function (contractive-valued and analytic in the
unit disc). One can take as A; the (model) unitary colligation

w= [ L] L]
Ag A | Ldy Ay ]’
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where H* is the de Branges—Rovnyak space corresponding to the operator func-
tion w (see page 352) and

A;;J:P%f:t(f— [wl ﬂ [f+(§0)D L HY — HY,

apy =t L]0 st -

ASf = f+(0): HY — Ay,
AYy = w(0) : dp — At

Let Ay : Hy ®di — Hy ® A{ and A} : Hi & dz — Hj & A{ be two simple
unitary colligations. If they are unitarily equivalent, that is, if there exists a
unitary mapping G; : Hy — H] such that

9 0 1% 0
{0 lAJAl_Al[O ldJ’

the corresponding minimal unitary extensions of V' are unitarily equivalent col-

ligations:
g 0 ;1G5 0
A=A
|:0 1E2:| {0 1E1:|,

with 9|H1 == 91 and 9|H0 = ]lHO.

We emphasize here that this is more than just equivalence of unitary col-
ligations, as G is the identity on Hy. We will call such extensions equivalent
extensions. The following proposition follows from the previous discussion.

CraM 1. Two minimal unitary extensions A and A’ of V' are equivalent exten-
sions if and only if the corresponding simple unitary colligations Ay and A} are
unitarily equivalent colligations.

The next claim is a straightforward consequence of the formulas of the last
theorem of Lecture 3.

CramM 2. Two equivalent minimal extensions of V' generate the same solution
w and the same mapping F: X — HY.

Thus, a solution w of the AIP and a corresponding mapping F' : X — HY
represent equivalence classes of simple unitary colligations A; : Hy & dJV: —
Hi & Aé. Hence, the latter may serve as free parameters. But we know from
the digression on page 366 that the only invariant of this equivalence class is the
characteristic function of A;. In other words:

CraM 3. The free parameter of pairs (w, F') (consisting of a solution w and
a corresponding mapping F') is an arbitrary Schur class (contractive-valued and
analytic in D) operator function w(C) : dir — AL,



372 ALEXANDER KHEIFETS

Universal unitary colligations associated with isometric colligations.
In the previous section we extracted the free parameter w that the solution w
and the corresponding mapping F' depend on. It is clear that the common part
of all the extensions of the isometry V' is the isometry V itself. To obtain nice
and explicit formulas it is convenient to associate a universal unitary colligation
to the isometry V. Let V be an isometric colligation,

Vidy - Ay with dy CHy® E;, Ay C Hy® Es,

and let dﬁ and AJV be the orthogonal complements of dy and Ay . Let N; be
an isomorphic copy of di; (that is, there exists a unitary and surjective mapping
up : dix — Np). Let N2 be an isomorphic copy of A{ (that is, there exists a
unitary and surjective mapping us : Aé — N3). Define a unitary colligation
Ay : Hy® E1 & Ny — Hy ® Ey & Ny by setting

A |ldy =V (dv C Hy ® E4),
A0|d€}:u1, A0|N2:’U,;

REMARK. Aj is not a unitary extension of V in the sense considered earlier,
because we now do not extend the state space Hyp, only the exterior spaces:
E1 ® Ns instead of Eq and Es & N instead of Ey. Of course, Ag extends V' but
in a different sense. We will call this extension a universal extension; the name
is motivated by category theory. We will see the role of this colligation below.

From now on we fix the unitary mappings u; and us, and also their images Ny and
Ns. Also we fix the notation A; for a simple unitary colligation A; : H; & N1 —
H; & N, (this class of colligations is obviously related to the colligations of the
form (4-1) defined earlier, and is denoted by the same symbol). Thus, now the
equivalence classes of the simple unitary colligations A1 : H1 & Ny — H; & N,
will be free parameters of the solutions w and the corresponding mappings F;
that is, the Schur class functions w(¢) : Ny — Nz are free parameters now.

Coupling of unitary colligations and unitary extensions of isometric
colligations. Let V' be an isometric colligation,

Vidy - Ay with dy CHy® FE1, Ay € Hy® Es.
Let Ay be the universal colligation associated with V':
A() : H()EBEl @NQ HHO@EQ@NM

with Ag|dy =V, Ag(di) = N1, Ag(Na) = A, Let A be a minimal unitary
extension of V:

AHEBElﬁH@EQ with HQH(), A|dV:V
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We have seen that one can associate a simple unitary colligation A; : H; @ N1 —
H1 D N2 with A, where Hl =H S)] H()Z

1, 0 | 1A, 0
=M plag] e 5 ] e
An arbitrary simple unitary colligation A; with the exterior spaces N7 and Ny
arises this way.
I will now give a procedure for recovering A from Ag (fixed colligation) and
A; (arbitrary parameter). Let Ay : Hy @ Ny — H; @ N3 be an arbitrary simple
unitary colligation. Let

h6 ho Y h
€9 = Ao e1 and l:n,l:| = A1 l: 1:| . (473)

!
n
ny N9 2 1

We can choose vectors on the right-hand sides of these relations in an arbitrary
way and compute the vectors on the left-hand sides, or we can choose vectors on
the left-hand sides in an arbitrary way and compute the vectors on the right-hand
sides (because Ay and A; are unitary operators).

Let us consider, in addition to the relations above, two more relations

ny=nj and mny=nj, (4-4)

and see what can be chosen now in an arbitrary way. Observe that the colligation
A possesses the property
Py, Ao | N2 =0,

because Ag sends Ny onto A# C Hy & Es, which is orthogonal to Ny. This
property of Ay guarantees (although it is not necessary) that we can choose
ho, h1, e1 in an arbitrary way and compute h{), k], e2 from the system of equations
(4-3), (4-4) in a unique way, along with n; = nf and ng = n} as well. Take the
result of this computation as the definition of the new linear operator A:

ha B,
Alho | ¥ |yl . (4-5)
€1 €2

It is easy to see that A is a unitary colligation, A : H1®Hy® Fy — Ho@ Hy® E-».
Moreover, A extends V. To see this, take an arbitrary vector

h
€1
then take
/
€2 €1

and take also

hi =h} =0, ni=n{=0, ng=n)H=0.
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This collection of vectors satisfies the system of equations (4-3), (4-4): it obvi-
ously fits (4-4) and the second equality in (4-3); it satisfies the first equality in
(4-3) because Ag|dy =V ie.,

h
174 ho 0
{ [elszo el | if [ho]edv.
0 0 €1

Hence, by the definition of the colligation A, these vectors (actually, a part of
them) satisfy (4-5):

[ ] = o i [ ea

€1 €1

This means that A extends V.

We will say that the colligation A is the feedback coupling of Ay with A; (or
the loading of Ag with Ap). It is also easy to check that these two procedures—
the extraction of A; from the extension A and the feedback coupling of Ag with
Aj—are mutually inverse: performing the two successively we come back to the
colligation that we started with.

Our next goal is to express the characteristic function w and the Fourier
representation G of the colligation A in terms of the characteristic functions and
Fourier representations of the colligations Ay and A;. But we need a digression
first.

Digression: Unitary colligations, characteristic functions, Fourier rep-
resentation, and discrete time dynamics. Let A : H @ £, — H & E5 be
a unitary colligation. One can associate with A the discrete-time dynamical

o] =40 o

where k is a nonnegative integer, h(0) is an arbitrary vector from H, and
{e1(k)}72, is an arbitrary input signal.

Let ¢ € D be the corresponding spectral parameter (complex frequency). Let
ht(C), €5 (¢), and & (¢) be the discrete Laplace transforms of h(k), e;(k), and
ea(k), respectively; that is,

system

R0 =Y CFhlk), & () =) Ferlk), &)=Y Fealh).
k=0 k=0 K=0

If the input signal {e;(k)} is square summable,

ZHel(k‘)HQ< 0,
k=0

then the state evolution {h(k)}72, and the output signal {e2(k)}72, possess the
same property.
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Multiplying (4-6) by ¢* and taking the summation over k, one obtains the
spectral form of the dynamics equation:

hH(Q) = (Lg — CAin) ™ - h(0) + G- (Q)*& (Q)
&5 (C) = 54(C) - h(0) + w(¢) - € (0),

where w(() is the characteristic function of the colligation A, and G, S_ are the
components of the Fourier representation § (see (3-12)).
One can also rewrite (4-6) as

A*[h(k—i—l)} _ {h(k:)} (48)

(4-7)

e2(k) e1(k)

Now consider the negative integers k < —1. (This actually means inverting time
and exchanging the roles of the input and the output). Considering the past
Laplace transform,

—1 -1 —1

()= Y ("hk), & @)= > Mea(k), & Q= > (Hey(k),

k=—o0 k=—o0 k=—o0

one can rewrite (478) as

h=(¢) = C(1 = CAL) " h(0) + 54 (¢)* 5 (€),
& () = 5-(¢) - h(0) + w(¢)*&; (€).

The second formulas in (4-7) and (4-9) are the most convenient for our purposes:

)
& (€) = G+(Q)h(0) + w()er (¢)
e (€) = 5-(Q)h(0) +w(¢) e (€)-
Formulas describing the solutions w of the AIP and the corresponding
mappings F. Let A be the feedback coupling of Ay with A;. Denote the

characteristic function of Ag by S(¢) : E1 & Na — Es & N;. Denote also the
entries of S corresponding to this decomposition of the spaces as follows:

s=[2 2 [m] =[]

Let the characteristic function of A1 be w(¢) : Ny — N3. Now write the dynamics

(4-9)

(4-10)

related to Ag and the dynamics related to A; in the form (4-10). I am going to
consider the “+” parts only now; the treatment of the
We have

“_»

parts is analogous.
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Express €3 (¢) in terms of
{hl (0)}
ho(0)
and &7 (¢), excluding nj = ﬁ’f and ny = ﬁ’; What we obtain now has to

coincide (see (4-10)) with

(0 =90 [ 120 | + wioer .
This leads to the formulas

w(€) = s0(¢) + s2(Qw(C) (A, = s(Q)w(¢)) " 51(¢)

0) ) (4-11)
} [D(Ow(C), 15,18 (Oho(0) +B(C)SL (C)hr (0),

D(¢) = 52(Q)(In; —w(Q)s(¢) " (4-12)
REMARK. By the definition of the characteristic function,
S(0) = Ppyan, Ao | (E1 @ Na).

In particular, s(0) = Py, A| N2 = 0. This guarantees that the formulas (4-11)
and (4-12) make sense, since ||s(¢)]| < |¢| when |{] < 1 by Schwarz’s lemma.

Considering the “—” parts of (4-10) for Ay, A1, and A we obtain

50 o)

where

= [(Q)"w()*, 151G (Oho(0) + ¢(¢)*SL(O)ha1(0),  (4-13)

9(0) = (L, = s(Qw() ™" s1(Q). (4-14)
Combining the expressions (4-11) and (4-12) for G4 and §_ we arrive at

g {fh} _ [1/%0 1E, 0 0 }Soho-i- {1/1

0] o1
ho 0 0 ¢w 1pg 0 @*}Shl’ (4-15)

As we saw in the last theorem of Lecture 3,
Fzx=Glz] forallz e X,

where [z] € Hj is the equivalence class generated by the quadratic form D.
Hence

Yw 1pg 0 0 0

Fx = 2 .

=0 0 guw 1m0

The following theorem summarizes this lecture.
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THEOREM. Let V be the isometric colligation associated with the AIP data
(page 362). Let Ay be the unitary colligation associated with V' (page 372). Let
S be the characteristic function of Ag:

S(C) = PE2€9N1A0(1H0€BE1€9N2 - CPHOAO)_l | (El D NQ)a

0= %0 ] = [w]

Then the solutions w of the AIP and the corresponding mappings F : X — HY
are described by
w = 5o + sow(ly, —sw) sy

. _[ww 1g, O 0

0
= 0w 1E1:| G°lx] forxe X

where w is an arbitrary Schur class function w(¢) : Ny — Na, for |¢| < 1,

Y = s9(1n, fws)*l, o= (1xn fsw)*lsl,
G°(C)ho = [93(0%} _ |:PE2€BN1AO(1 — ( Py Ao) " ho
0 5% (¢)ho (Pp,en, A5(1 — (P, A5) tho |

S and G° depend on the data of the AIP only, whereas w is arbitrary.

We can see that the parameter w defines uniquely not only the solution w but also
the corresponding mapping F' : X — H™. This suggests denoting the mappings
F by F“ : X — H™. In particular cases, when the mapping F' is unique for
a solution w, that is, when the F“ coincide if the corresponding solutions w
coincide, it can be denoted by F™.

References to Lecture 4 are [Arov and Grossman 1983; Katsnelson et al. 1987;
Kheifets 1988a; 1988b; 1990b; Kheifets and Yuditskii 1994].
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