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Higher-Order Hankel Forms and Commutators

RICHARD ROCHBERG

ABSTRACT. We discuss the algebraic structure of the spaces of higher-order
Hankel forms and of the spaces of higher-order commutators. In both
cases we find a close relationship between the space of order n 4+ 1 and the
derivations of the underlying algebra of functions into the space of order n.

1. Introduction and Summary

Let 3% be the Hardy space of the unit circle, I'; that is, H{? is the space of
functions, f = > a,2", holomorphic on the unit disk for which

1/2
Il = <Zanl2> < 0.

Such an f will be identified with its boundary values on I'. A Hankel form on
H? is a bilinear map B = By : H? x H? — C that has the characteristic form

B(f.g) = / fgb. (1-1)

Here b is the (boundary value) of a holomorphic function, the symbol function
of B. In terms of Taylor coefficients,

B(f,9) = Y f(n)gk)b(n+k).
n,k>0

When B is viewed as acting on functions, its characteristic property is that its
value only depends on the product fg. When viewed as acting on the coefficients,
the characteristic property of B is that its matrix,

{Bus} = {bn+k)},

is a Hankel matrix; that is, a matrix on Z xZ ™" whose entries only depend on the
sum of the indices. The associated Hankel operator is the linear map, B, from (2
to its linear dual space which takes f to the linear functional B(f)(-) = B(f,-).
The analytic properties of these forms and the associated operators have been
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studied extensively, with much attention given to the relationship between the
properties of B and B, and those of b.

The idea of bilinear forms given by a representation such as (1-1), and thus
only depending on the product of the arguments, can certainly be extended
to other function spaces. One investigation of those more general forms is in
[Janson et al. 1987]. In the more general contexts operators based on expressions
such as (1-1) are sometimes called small Hankel operators. There is another
generalization, the large Hankel operators; the two types agree for the Hardy
space.

Recently there has also been consideration of more general classes, the Hankel
forms of higher type or order. For each nonnegative integer n there is a class,
H", of Hankel forms of type n. The elements of H! are the traditional Hankel
forms, and H® Cc H™t! for each n.

An example of a Hankel form of type 2 on the Hardy space is

E(f,9) = /Ff’gB (1-2)

The characteristic property of such a form is that for any polynomial, p, the new
bilinear form C,(f,g) = E(pf,g) — E(f, pg) is a Hankel form. On the coefficient
side the matrix is of the form

{enr} = {nl;(n +k)}.

Thus such forms are obtained by perturbing Hankel forms in a controlled way.
Higher-order forms were introduced in [Janson and Peetre 1987]. The point
of view there was that certain Lie groups have irreducible representations on
the Hardy and Bergman spaces. The representations on the function spaces
induce representations on the associated spaces of bilinear forms. However those
representations are not irreducible. An analysis shows that the Hankel forms are
the simplest irreducible component of the induced representation. The higher-
order Hankel forms are, by definition, the other irreducible components. Thus
the space of Hilbert-Schmidt bilinear forms on, say, H? can be decomposed as
@, (H™ e H™ ). In [Janson and Peetre 1987] the basic analytic properties of
these forms (boundedness, Schatten ideal membership, and so on) are worked
out using a mixture of harmonic analysis and representation theory. That point
of view has been taken to other contexts; see [Rosengren 1996] and the references
there.

It is also possible to develop a theory of higher-order Hankel forms in the ab-
sence of a group action. That is done for general spaces of holomorphic functions
in [Peetre and Rochberg 1995], but those analytical results are in a much more
primitive state than the results for forms on the Hardy and Bergman spaces.
Here we continue to study higher-order forms, concentrating now on the alge-
braic structure of the spaces H". Even in the simplest case of the Hardy space
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the analytical theory of the higher-order Hankel forms is a bit recalcitrant. How-
ever there are algebraic relations between the higher-order forms and the classical
forms. It may be that the algebraic structure can be used to carry the analytical
results from the classical forms to the higher-order forms. The only instance of
this so far is a Kronecker theorem (Theorem 2.12 below), which perhaps doesn’t
really qualify as an analytical result. A more intriguing possibility of doing this
is discussed in Remark 4.4 (page 176). Also, there appears to be a rich, but not
well understood, relation between algebraic aspects of the theory of higher-order
Hankel forms and algebraic aspects of the theory of higher-order commutators.
This is particularly intriguing because the commutators considered need not be
linear. Here we present analogous algebraic results for the two topics side by
side (in Sections 2 and 3) as a step in developing this relation.

The results for Hankel forms are in Section 2. We will look at bilinear forms
on a space, K, of holomorphic functions. We show that, roughly, for each n
there is a natural identification of the quotient space H"™/H™ with the space
of derivations mapping K into H"/H"~!. By iterating this result we find that,
roughly, all elements H™ are built from elements of H! and differential opera-
tors of order at most n — 1. This gives a new proof of the Kronecker theorem
characterizing higher-order Hankel forms of finite rank which was first proved in
[Rochberg 1995]. We will also be able to extend that theorem to new contexts.

In Section 3 we discuss commutators. A basic example involves the nonlinear
operator A defined densely on L?(R) by Af = fIn|f|. Let P be the Cauchy—
Szegd projection, the orthogonal projection of L?(R) to H?(R), and for any
b € L>=(R) denote by M, the operator of pointwise multiplication by b. It is easy
to see that the nonlinear operator [Mj, A] = MyA — AM, is bounded on L?(R).
Less obvious, but also true, is that the operator [P, A] is bounded on L?(R). This
commutator is, in a sense discussed a bit more fully in Section 3, a nonlinear
analog of a Hankel operator acting on H?(R). In this analogy the boundedness
of [P, A] is analogous to the basic boundedness result for Hankel operators on
H?(R). Recently there has also been consideration of higher-order commutators
such as [My, [My, Al], [My, [My, [My, A]]], etc., which we also consider here. These
operators arise in the study of the internal structure of interpolation theory
but they also have applications to classical analysis; see for instance [Cwikel
et al. 1989; Iwaniec 1995; Pérez 1996]. In Section 3 we show that many of the
algebraic results of Section 2 for higher-order Hankel forms have analogs for
higher-order commutators. In my opinion the main conclusion of that section
is not those relatively straightforward algebraic observations, rather it is the
evidence of a possible systematic relation between higher-order Hankel forms and
higher-order commutators. Another reason for interest in the algebraic structure
of commutators is in the hope of extracting analytical information. The theory
in [Milman and Rochberg 1995] proves, for instance, the boundedness on L?(R)
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of an operator whose main term is
R =[P,A*] — A[P,A]. (1-3)

This is a higher-order extension of the boundedness of [P,A]. Estimates on
operators such as R have been less useful in analysis than the more elementary
boundedness result for [P, A]. The interaction of nonlinearities makes it quite
difficult to extract analytical information from estimates on R. It may be that
the algebraic viewpoint can help.

The last section contains some brief further comments.

For a broader view of the topics of higher-order Hankel forms and higher-order
commutators as well as for further references we refer to [Peetre and Rochberg
1995; Milman and Rochberg 1995]. For more recent work see [Rosengren 1996;
Cwikel et al. > 1997; Carro et al. 1995a; 1995b] and the references listed there.

2. Higher-Order Hankel Forms

Background and Notation. Let K be a Hilbert space of holomorphic func-
tions defined on some domain D in CV. We assume that K contains a dense
subalgebra, A, of bounded functions, and that for all a in A and k in K we have
the norm estimate

lak|lx < llalloo [kl (2-1)
The choice of the Bergman space of the open unit disk as K and of H*°, the
algebra of bounded holomorphic functions on the disk, as A is a basic example.
That is, K equals

A%(D, dx dy) = {f . f € Hol(D) and | f||? :/ |f)? dady < oo}.
D

We emphasize that we do not assume that A, or even K, contains the polynomials
or even the constant function. In particular, we want to include the Bergman
space of the upper half-plane as an example, namely,

K = A*(R?,dx dy) = {f : f € Hol(R%) and || f||* = /R |f|?dx dy < oo}.
+

In this case a convenient choice for A would be the polynomials in (z + )~!.
The Bergman spaces of the disk and the half-plane and their standard weighted
variants are the type of examples we have in mind. But many of the results have
analogs on, for instance, the Fock space, where there is no natural choice for A
that would have the norm estimates (2-1).

Let Bilin(K') be the space of continuous bilinear maps from K x K to C.

DEFINITION 2.1. For a € A and B € Bilin(A), define the elements aB and Ba
of Bilin(A) by setting, for all f,g € A,

(aB)(f,g9) = B(af,g), (Ba)(f,g) = B(f,ag).
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DEFINITION 2.2. For each a € A, define §, to be the map of Bilin(A) to itself
given by 6,B = aB — Ba. Thus

5aB(f7g) :B(afvg) 7B(f7ag)

We now collect some computational properties of these maps, which follow di-
rectly from the definition.

PROPOSITION 2.3. For all a,b € A and all B € Bilin(A4) we have:

(1) 3,048 = 6,0, .
(2) 6,8 = a(6,B) + (6,B)b = b(6.B) + (6, B)a.
(3) 0apB = a(0,B) + b(6,B) — 640, B.

We now define Hankel forms and higher-order Hankel forms. In [Peetre and
Rochberg 1995] several different definitions were offered; although it was clear
that they agree on the standard examples, the general story is not clear. Here
we use the definitions in [Peetre and Rochberg 1995] that are based on pairs
(A, K).

DEFINITION 2.4. (1) H° = {0}.

(2) We say B € Bilin(K) is a Hankel form if §,B = 0 for all a € A. We denote
the collection of all such forms by H*.

(3) Forn=2,3,..., we define H", the set of Hankel forms of type (or order) n,
to be the set of all B € Bilin(K) such that §,B € H""! for all a € A.

(4) Forn=1,2,...,set J* = H"/H" 1.

Using part (1) of Proposition 2.3 and induction it is easy to check that
B e H" if and only if (6,)"B =0 for all a € A.

Here are some examples. Let K be the Bergman space of the upper half plane,
U, and let A be the bounded analytic functions on U. Let u be a finite measure
supported on V', a compact subset of U. Define the bilinear forms B and C on
K by B(f,g9) = [ fgdp and C(f,g) = B(f',9) = [ f'gdup. The fact that V is
a compact subset of U insures that both B and C are continuous. It is then
immediate that B € H', and it follows from the product rule for differentiation
that C € H2. It is also clear how to continue and construct elements of all the
H™ and that similar constructions will work as long as the functions in K and
their derivatives have good bounds on compact subsets of D. Part of the content
of Theorem 2.5 is that, in some sense, this method of constructing elements of
H? from elements of H' gives all of H? and similarly for the higher-order forms.

Modules. Fix K and A. The elements of A multiply the elements of K on
the left and on the right; thus K is a bimodule over A. For a € A we will
use L, or juxtaposition to denote left multiplication by a acting on K. Thus,
for B € Bilin(K) and f,g € K, we have (L,B)(f,g9) = (aB)(f,g) =B(af,g).
Similarly for right multiplication: (R.B)(f,g) = (Ba)(f,g) =B(f,ag).
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For any a,b,c € A, the three operations J,, Ly, and R, on Bilin(K) all
commute. Using this it is easy to check that, for each n, both left and right
multiplication map each element of H™ to another element of H™, and thus that
H™ is an A-bimodule. It then follows that there is an induced bimodule structure
on the quotients, J". Here however even more is true. We observe that, given
a € Aand B € H", then L,B — R,B = 6,B € H"™!'. Thus, using the same
notation for the induced maps on J", we see that L, = R, as operators on J";
that is for, 7 € J™ and a € A, we have aj = ja as elements of J".

For normed spaces V and W we denote by Map(V, W) the space of continuous
linear maps from V to W.

If X is an A-bimodule, an element D € Map(A4, X) is called a derivation if
D(ab) = aD(b) + D(a)b for all a,b € A. We denote the space of such derivations
by Deriv(A, X). For instance, M = Map(Bilin(K), Bilin(K)) is an A-bimodule
if we define left and right multiplication by

(am)(B) = a(mB) and (mb)(B)= (mB)b

for all a,b € A, m € M, and B € Bilin(K). If we now define a map, D,
of A into M by setting D(a) = §,, part (2) of Proposition 2.3 implies that
D € Deriv(A4, M).

Given B € Bilin(K), we define A(B) € Map(A4, Bilin(K)) by

A(B)(a) = 8,B.

Now fix a € A. We define a mapping V,, that takes Map(A, Bilin(K)) to densely
defined bilinear forms by the following rule: For A € Map(A4, Bilin(K)),

Va(A)(f,9) = A(f)(a,g).

Thus Va(A) is defined for f € A and g € K; recall that A is dense in K. If
1 € A, the choice a =1 is a natural one to consider.
The next theorem concerns the properties of these two maps.

THEOREM 2.5. Forn =1,2,... we have:

(1) A: J" — Deriv(4, J7).

(2) V, : Deriv(A, J") — Jntl,

(3) Va(A(B)) = aB for any B € J"!, and A(V,(D)) = aD for any D €
Deriv(A, J™).

REMARK 2.6. We are abusing the notation slightly when we use A and V, for
induced maps. This should cause no problem.

REMARK 2.7. Informally, and most clearly for the case a = 1, the theorem says
that J" ™ = Deriv(A4, J").
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PROOF OF THEOREM 2.5. (1) We know that A(B) takes A to bilinear forms.
Pick B € H"*1. By (3) in Proposition 2.3 we know that, for all a,b € A4,
A(B)(ab) = (SabB = aébB + béaB — (5a6bB
= a(A(B)b) + b(A(B)a) — §,6,B.

The second line shows that A(B)(ab) is in H™. Now note that 6,0,B € H"1;
and hence, as a map into the quotient J", A(B) satisfies

A(B)(ab) = aA(B)(b) + bA(B)(a).

Recall that left and right multiplication by A agree on J™. Hence the previous
equation establishes that A(B) is a derivation. Finally note that, if we change B
by an element of H™, the range of A(B) changes by elements of H"~!. Hence,

as an element of J", the image is unchanged. Thus our map is well-defined on
JntL,

(2) We start with D € Deriv(A4, J™). Define B by
B(z,y) = Va(D)(z,y) = D(z)(e, y).
Certainly B is bilinear. Pick a € A. We have
(0 B)(,y) = Blaz,y) — B(x, ay)
= D(az)(e,y) — D(x)(ev, ay)
= (aD(z) +xD(a))(e,y) — D(x)(a, ay).

Here we used the fact that D is a derivation and the fact that its range is J”, a
module on which left and right multiplication by A agree. We continue with

(0aB)(,y) = D(z)(ac, y) + D(a) (e, y) — D(x)(a; ay)
= da(D(2))(a, y) + D(a) (e, y).

We want to show (6,B) € H™. D(a) is in H™, hence so is the mapping from
(x,y) to D(a)(ax,y). To finish we need to shown that C, defined by C(z,y) =
da(D(2))(a, y), is in H"~1. We do this by induction on n. First note that if
n = 1 then D(z) is in H!, hence 6,(D(z)) = 0 and we are fine. Suppose now
that we are fine up to index n — 1. It is direct to check that D € Deriv(A, J")
implies that the map d, o D taking = to §,(D(z)) is in Deriv(A, J"~1). Hence,
by the computations in the proof of the case n — 1 of the theorem, we know that
Va(6s 0 D) € H" 1. Unwinding the definition of V,, we find that this is what
we needed. Finally note that, if the choice of the representative of D(x) in J"
is changed, then &,(D(z)) changes by an element of H" =1, so we get the same
image of VoD in J""!; that is, the choice of representative doesn’t change the
outcome of the computation.

(3) Suppose B € J" . We have
Va(A(B))(I?y) = A(B)(l‘)(a7y) = (61B)(a’y) = B(axvy) - B(oz,xy).
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The bilinear form that takes (x,y) to B(a, xy) is in H!. Hence the previous com-

putation shows that V,(A(B)) = aB as maps into J""!. As before, note that

the outcome doesn’t depend on choices made for the representative of A(B)(x).
Now select D € Deriv(A4, J"), a € A, and z,y € K. We have

A(VaD)(a)(x,y) = 6a(VaD)(z,y) = (VaD)(az,y) — (Vo D)(az,y)
= (aD(z) + zD(a))(,y) — D(x)(a, ay)
= D(x)(aa,y) + D(a)(ax,y) — D(x)(a, ay)
= (0 D(2)) (e, y) + aD(a)(z, y).
The second term on the right is exactly what we wanted. We are working with
derivations into J", so we are done if we show that the bilinear map of (z,y)
to (6,D())(a,y) is a map into H" 1. As before, this follows by induction. If

n =1 then §,D(z) is the zero functional. Then we proceed as in the end of the
proof of part (2), to see that V,(d, o D) € H" 1. O

We now refine these calculations to develop structure theorems. When doing
this we make further assumptions: that K is a space of functions of one variable
and that the polynomials, P, are contained in A. The first assumption is for
notational convenience. We return to the second later in the section.

THEOREM 2.8. Suppose P C A andn > 1. If B € H™ then

— (—1)7+1
!

B(p,g) = B(1,pg) + Z i (@2B)(P, g)- (2-2)

forallpe P and g € K.

ProoFr. First we develop a combinatoric formula for d ¢, where f € P. We apply
Proposition 2.3 (3) to the function 2% and obtain §,2 = 22§, + §2. This is our
starting point for an inductive proof that

5p = Z ﬂf(n)y;. (2-3)
n=1

n!

Repeated application of Proposition 2.3 (3) clearly gives
Spzy = Y Anlf)67
n=1

for some linear operators A,,. By Proposition 2.3 (3) we have
5zf = Z(Sf + f6, — 5z5f§ (274)

this insures that

Ai(zf) = 2M(f) + f. (2-5)
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We already observed that A;(z?) = 2z. The required formula for A; for the
remaining monomials follows from (2-5) by induction on degree and then for all
of P by linearity. Equation (2—4) also implies that

for n > 1. We now proceed by induction on n. Suppose the formula for A,,_; is
established. Thus

M) = () + o 70, (26

It follows easily from (2-4) that A,(z¥) = 0 for k < n and that A, (z") =

(—=1)"*1. The formula for general monomials now follows by induction using
(2-6) and, again, for general polynomials by linearity. This gives us (2-3).

The theorem now follows by writing B(p, g) = B(1,pg)—(6,B)(1, g), applying

(2-3) to 0, B, and noting that, because B € H", the series ends after the term

involving 7L (]

REMARK 2.9. Equation (2-3) can be viewed as a formal Taylor series and
summed, yielding 0¢..) = f(z) — f(z — 0.). This formula can also be derived

formally by writing d¢.) = L.y — Ryz) = f(L) — f(R) = f(2) — f(z = d2).

REMARK 2.10. The restriction to functions of a single variable was for notational
convenience. The analog of (2-3), for instance, for polynomials in two variables
is, symbolically,

Jf(?%w) = f(Z,’LU) - f(z - 52711) - 61u)~

REMARK 2.11. From an algebraic point of view, Theorem 2.8 is a complete
structure theorem for Hankel forms. If we also consider topology, the situation
is not clear. Suppose n = 2. If we restrict to polynomials, p, g, then for B € H?

B(p,q) = B(1,pq) + %(523)(1)’,(1).

Formally the map C(p,q) = B(1, pq) is a Hankel form of type 1; that is, 6yC =0
for any polynomial f. Likewise, 0,B is a form of type 1; thus the form of type
2 has been represented as a linear combination of a form of type 1 and a form
of type 1 composed with differentiation (which produces a form of type 2). For
general n the conclusion is that every form of type n is built from forms of lower
type by composing with differentiation in certain explicit ways. Algebraically this
is the whole story. However, it is not clear how to obtain the continuity results
for the new forms: are there estimates of the form |B(1,pq)| < ¢||p| k ||¢]| x and
[(6.B)(0',q)] < cllpllkllallx? (Because each form is a bounded perturbation of
the other, the two estimates are equivalent.) It is not clear if this issue can
be settled algebraically or needs analytical work. We return to this issue in
Remark 4.4, where we settle a minor variation of this question for n = 2.
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We now turn to forms of finite rank. We will say a bilinear form, B, is of rank
k if there are 2k continuous linear functionals, A1, ..., hg,j1, ..., jk, such that

k
B(f,g9) = th(f)kz(g)

for any f, g € K. We denote the set of all such forms by F, and write F = J,, T
If ¢ is a point in D for which all the functionals h;(f) = f®(¢) are continuous
then B(f,g9) = fP(()g 9(¢) is an example of a form in H"*' N F;. The
content of the next theorem is, roughly, that these are the only examples.

We will use the following convexity and continuity hypothesis on K.

CONVEXITY HYPOTHESIS. For each point ¢ ¢ D and each M > 0 there is a
polynomial p € K so that ||p|lxk =1 and [p(¢)| > M.

CONTINUITY HYPOTHESIS. For each ¢ € D and each integer n the functional
which takes f € K to f( () is continuous.

THEOREM 2.12. Suppose P C K and that K satisfies the two preceding hy-
potheses. Given B € H™ N Fy for some n, k > 1, it is possible to find constants
M = M(n,k) and C = C(n, k), points C1,...,(m € D, and scalars ¢; jm such
that

B(f,9)= Y cigm(F9Y(Gn)- (2-7)

j<6imen

REMARK 2.13. The form that takes (f,g) to (f®g)U)(¢n) is of type i + 1,
independently of j. This can be verified by an elementary induction on i. Also
note that it suffices to use only these asymmetric representations because, for
example, fg' = (fg)' — f'g.

Proor or THEOREM 2.12. We work by induction on n. The case n = 1 is in
[Janson et al. 1987, Section 14]. The basic point there is that by restricting from
K x K to P x P we end up with a problem about ideals in polynomial rings,
which can then be analyzed using tools from commutative algebra. We continue
to restrict our attention to the forms acting on P x P and will next show that
forms, B, on P x P that satisfy 6B = 0 for every a € P have representations
of the form (2-7). Suppose B € H? N JF. By Theorem 2.8,

B(f,9) = B(1, fg) + (6.B)(f', 9).

The maps (f,g) — B(f,g) and (f,g) — (6.B)(f’,g) are both in F, hence so
is the form C(f,g) = B(1, fg). Thus, in terms of their action on polynomials,
both C and §,B are in H' NJF . (That is, they are annihilated by J,; we are not
considering continuity.) Hence the result for n = 1, for forms acting on P x P,
can be applied to both of them. This gives the required form. The rank of C
is at most the sum of the ranks of B and §,B and hence at most 3k; thus we
keep control of the ranks. Now we suppose that, as a form on P x P, we have
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B € H3N J; the argument here will make the general induction step clear. By
Theorem 2.8,

B(f.9) = B(1, fg) + (3.B)(f', 9) + ¢(62B)(", g)

(with ¢ = —1). We can write C(f,g) = B(1, fg) as a sum of three terms, all
in JF; hence C(f,g) is in F and we can estimate its rank in terms of k. We now
apply the case n = 1 of the theorem to C' and to 2B, and the case n = 2 to
0B, to obtain the required form. Clearly this approach will also deal with the
general induction step.

We now need to check that the (;’s are in D. Suppose (; ¢ D. Suppose N
is the highest-order derivative of f that is evaluated at (; in the representation.
Pick r € P so that r vanishes at (s,...,(y to order higher than the order of
any derivative being evaluated at (;, for j > 2, and vanishes to order N — 1 at
(1. Pick g € P so that neither g nor any of its first N derivatives vanish at (.
Let p be the polynomial whose existence is insured by the Convexity Hypothesis,
which has unit norm and is large at ¢;. We have B(rp, g) = ¢(r, g, B)p((1). This
isn’t compatible with the boundedness estimate

|B(rp,9)| < callrpll gl < csllpll gl = csllgll

Now that we know that all the points are in D, the representation extends to all
of K by continuity, using the Continutity Hypothesis. O

REMARK 2.14. Again the restriction to functions of a single variable is for
notational convenience. The formulation of the more general result can be seen
in [Rochberg 1995]. Those proofs are more computational than the ones here.

The requirement in Theorem 2.12 that the polynomials be dense precludes such
basic examples as K = A2 (Ri), the Bergman space of the upper half-plane. We
now show how to use the previous result (or rather its proof) to obtain results for
K= Az(Ri). Similar arguments could be used for other simple examples, for
instance the spaces A2 (Ri; y*dx dy) with o > —1, but the story for complicated
choices of K is not clear.

THEOREM 2.15. Let K = A%(R%) and suppose B € Bilin(K). If B € H" N Fy,
for some n,k > 1 then B has a representation of the type (2-7).

PROOF. B is of finite rank; hence we can find linear functionals h;, k; such that
B(f,g) = Zlf hi(f)ki(g), and we may assume that the k; are linearly indepen-
dent. Set

V={f:B(f,g)=0forall g€ K}.

Because the k; are linearly independent, V' = (ker(h;). Let a be a conformal
map of the upper half-plane to the unit disk, and set

W= {f:fiaf,....a" ' feV}={f:h( f) =0}

2]
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From this it is clear that W is a closed subspace of K of finite codimension,
dim(K/W) < kn. We now claim that W is invariant under multiplication by a.
Pick f € W; we need to show that B(a™f, g) = 0 for all g € K. To see this note
that B € H", so §(B) = 0. Hence

n—1
B(Oznf, g) = Z CkB(Oznflfkf? ak+1g).
k=0
Because f € W the right hand side is 0. This shows that aWW C W.
Let X be the closed subalgebra of H> (Ri) generated by 1 and a. Let

Y={feX:8feWforall f € K}.

It is not clear at first glance that Y has any nonzero elements, but we now show
that it is rather large. Certainly Y is a closed ideal in X. We will show that ¥
contains a polynomial in «. Pick f € K\ W. Because W has codimension at
most nk, there is a polynomial, p;, of degree ny < nk, such that p;(a)f € W.
Let Wi = span{f,af, ...,, @™ 1f}. If W@ W; # K we continue, picking
g€ (W e W)\ W. As before there is a polynomial, now ps of degree ngy, such
that pe(a)g € W @ W;. Set Wy = span{g, ag, ..., ,a""1g}. This process must
eventually fill K and we will have

K=wao@w. (2-8)
K3
Set Q1(a) =[] pi(e). If f € K then Q1(«)f € W. To see this, split f using the
decomposition (2-8) as f =g+ g1 + g2+ --- + g;. It is enough to look at each
summand, and gs is typical: multiplication by pa(«) takes go into W @ Wy, and
hence further multiplication by p;(«) takes the product into W. Because W is
a-invariant, multiplication by the remaining factors of Q1 does no harm. Y is an
ideal and we have now seen that @1 € Y. Hence Q1 X C Y. The characteristic
property of @1 is that B(Q1f,g) =0 for all f,¢g € K. In exactly the same way
we can find Q2 such that B(f,Q2g) =0 for all f,g € K. Set Q = Q1Q2.
We now split K as an orthogonal direct sum

K=R®Q(a)K.

The fundamental property of this splitting is that, for any r1,7, € R and fi, f2
in K,

B(r1 + Q) f1, r2+ Q) f2) = B(ry, r2). (2-9)
Suppose that Q(«) vanishes to order n; at ¢; in Ri, fori=1,...,N, and that
this is a complete listing of the zeros of Q(«) in Ri. If k € K and K vanishes
at each (; to order at least n; then k = Q(a)h for some h € K. Hence for each
polynomial S there is a unique k(S) in R that agrees with S to order n; at (;,
for i =1,..., N. We now define a bilinear form on polynomials by setting

B(S,T) = B(k(S), k(T)).
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Let v be an element of U{M(Ri) that agrees with the monomial Z to order n;
at (;, fort =1,..., N. For any polynomial U, we have

k(ZU) = vk(U) (mod Q(a)K).
Hence, taking into account (2-9),
B(ZS,T) — B(S, ZT) = B(vk(S), k(T)) — B(k(S),vk(T)).
Hence, for any polynomial U, and for all S, T,
(65 B)(S,T) = (8¢(,)B) (k(S), k(T)).

Since B € H™, the expression on the right is always zero. This shows that B is
a Hankel form of type n on polynomials. The proof of Theorem 2.12 then shows
that B has the form (2.8), and certainly the ’s that show up in (2.8) must be
among our (;’s. Now note that if k; € K, for i = 1,2, then k; = k(S;) + Q(a)h;
for some polynomials S; and some h; € K. Also k;, k(S;), and S; all agree to
order n; at each (;. Moreover,

B(k1, k) = B(k(S1), k(S2)) = B(S1, S2).

We have seen that the expression on the right is a linear combination of values
and derivatives of the S; of a sort given by (2.8). Hence the expression on the
left must be the same combination of values and derivatives of the k;. That B
has such a representation is what we wanted to show.

To finish we note that the degree of @ is controlled by n and k, and hence so
is the number of terms in (2.8). O

3. Commutators

In this section we develop analogs of the results in the previous section for
certain nonlinear operators. That we worked with bilinear forms before and now
work with operators is not a major change in point of view. Those results for
bilinear forms could have been formulated as results about operators. Given a
bilinear form B on K there is an induced linear map Tg from K to its dual
space K', given by Ts(f)(g) = B(f,g). (We don’t want to identify the Hilbert
space K with its dual using the inner product because that map is conjugate
linear rather than linear.) If we have an algebra A of functions that act on K
by multiplication, we can consider the corresponding multiplication operators
M. (f) = af. Everything in the previous section that was formulated in terms
of operators that send B to aB, Ba, and aB — Ba can be recast in terms of the
operators that send T's to TgM,, M}Tg, and TpM, — M Tp.

Before going further we mention why one might look for such analogies be-
tween the results in the previous sections and commutators.

We'll work on L?(R). For f € L% set A1(f) = fln |f|. For any function a
defined on R let M, be the operator of multiplication by a. Pick an unbounded
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function b in BMO(R). (We need nothing here about BMO except that it con-
tains unbounded functions—for instance, b(z) = In |z|). Let Ay = M. Let P
be the Cauchy—Szegé projection acting on L?(R). For any operators acting on
functions, linear or not, we define the commutator [A, B] of A and B by

[A, BI(f) = (AB — BA)(f) = A(B(f)) — B(A(/))-

It is elementary that both A; and A, are unbounded, that if a is a bounded func-
tion then the operator [M,, A1] is bounded on L?(R), and that [M,, [Ma, A1]] =
[My,As] = 0. Also true, but not elementary, is that [Ay,P], [As, P], and
[A2, [Az, P]] are all bounded on L?*(R). The boundedness of all three can be
given a unified proof using interpolation theory. (I don’t think that [Al, [Aq, P]]
is bounded. The story there is complicated by the nonlinearities. Set Qf =
1 f(In |f|)2. The operator that is bounded is [P, 2] — A1 [P, A1]. ) To see how this
is related to the previous section we define Hankel forms on H?(R) = P(L*(R))
by the natural analog of (1-1), namely

B(f.g) = /R fgb. (3-1)

Now f,g € H?(R) and b is the boundary value of a function holomorphic in the
upper half-plane. It is direct to check that

B(f.9) = (g, (I - P)(bf))-

Hence the properties of B are all to be found in the theory of the linear operator
that takes f to (I — P)(bf). Now note that if we choose for b in the definition
of Ay the function b in (3-1), we have

[A2, PIf = bPf — P(bf) =bf — P(bf) = (I — P)(bf).

Thus, from good information about [As, P] we can derive equally good infor-
mation about the Hankel operator with symbol b. Conversely, for any choice of
b, the commutator [As, P] can be written as an orthogonal direct sum of two
operators, one a Hankel operator and the other unitarily equivalent to a Hankel
operator. In sum, the theories of Hankel operators on 3{?(R) and the theory of
the operators [As, P] are essentially equivalent. This suggests that the results for
higher-order Hankel forms may have analogs for commutators (including possibly
the nonlinear ones involving A, 2, and related operators). The relations be-
tween the two topics, both those mentioned and those we develop in this section,
suggest that there may be deeper connections.

(In another direction, the implication for Hankel operators and their general-
izations of the boundedness of [Ag, [Aa, P]] , as well as higher-order commutators
such as [Ag, [A2, [As, P]]] that are also bounded, is not clear.)

Another reason for suspecting that there may be a connection between the
two topics is a similarity between some of the detailed computations that led
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to the results in [Janson and Peetre 1987] and those that led to the results in
[Rochberg 1996].

Finally, the theory of Hankel forms is related to the study of bilinear forms
on vector spaces that have additional structure; namely, there is a notion of
pointwise products. The Hankel forms are those that only depend on the prod-
uct of its arguments. The higher-order Hankel forms represent, in some sense,
infinitesimal perturbations away from that situation PR. The commutators we
consider arise in interpolation theory in ways related to infinitesimal changes in
Banach space structure. The commutators that arise when working with the
LP scale involve the infinitesimal versions of changes which respect the multi-
plicative structure but not the linear structure. We return to this rather vague
comment in Remark 4.5.

The setup. Our main interest here is in developing algebraic properties. We
will be quite informal about the type of continuity possessed by the various maps
considered.

Let X be a space of functions (on some space that we generally won’t bother
to specify) and let A be an algebra of functions with the property that, for a € A
and x € X, we have az € X and |jaz|x < C|aljal|z||x. For instance, A could
be the bounded holomorphic functions on the disk and X the Bergman space of
the disk, or A could be L>*(R) and X = L?(R). We also assume AN X is dense
in X. (We could get by with less, but for now we just want to capture the basic
examples.)

Suppose A is a map from X to functions and that a € A. We do not assume
that A is linear. We define left and right multiplication as before: for all @ € A
and f € X, we set

(LaA)(f) = (aM)(f) = a(Af),
(RoA)(f) = (Aa)(f) = A(af),
6uA = LoA — R,A.

Continuing the analogy with the previous section we say that A € L' if §,A =0
for all @ € A, and for n = 1,2,... we say that A € L if §,A € L™ for
all @ € A. If we are looking at linear operators this would be the setup for
an operator version of the higher-order Hankel forms. The point now is that
many of the algebraic results of the previous section still go through without the
assumption of linearity.

Elementary properties. The following facts, valid for a,b,c € A and A € L™,
follow immediately from the definitions:

1) L" C L+,

2) LoA, RoA € L™, and §,A € L™ 1.
3)

4)

L., Ry, and 6. commute.

(
(
(
(4) 54y = 6b04.
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(5) Oab = L0y + Rpdq = Lpdg + Ry0p.
(6) Oap = adp + bdg — 0p0q.-
(7) Qe L™ if and only if 672 =0 for all a € A.

L™t and L™ are vector spaces and A-bimodules. Hence the quotient spaces,
It = [nH/Ln are A-bimodules and the induced action of A on the I™ is
commutative; that is, for a« € A and i € I, we have ai = ia as elements of I".

Having collected all of these facts, which are analogous to Proposition 2.3 and
related facts in the proceeding section, we should note that the situation is not
always that simple. Recall that a linear map D of A to itself is called a derivation
if D(ab) = aD(b) + bD(a) for all a,b € A. Given such a D and given A € L1, is
AD € L?? (This construction with the choice D(f) = f’ was used frequently in
the previous section.) We compute

(6a(AD))(f) = a(AD)(f) — (AD)(af) = aA(Df) — A(D(af))
= A(aDf) — A(fDa+ aDY).
If A is linear we can continue with
(6a(AD))(f) = A(aDf) — A(fDa) — A(aDf) = —DaA(f).

Thus 6,(AD) is in L'. Thus we see that the linearity of D is irrelevant but that
this process will construct an element of L? from A € L' only if A is linear. To
go even further and show AD? is in L3 we would also need D to be linear.

Examples. Having just seen that composition with derivations doesn’t neces-
sarily generate elements of L™ for n > 1, we now show how to generate elements
of L' and, more generally, all the L.

PrOPOSITION 3.1. Suppose A is dense in X and suppose D is a derivation on
A. Forn=1,2,... the map A,, given by

is an element of L™+,

REMARK 3.2. Of course A, is only defined on the dense subspace A and for
each f there is a problem on the set where f = 0. We put aside these issues and
concentrate on formal structure.

REMARK 3.3. We do not assume that D is linear.
PrROOF. The case n = 0 is trivial. For n = 1 we compute
(0aA1)(f) = (6aD)(f) = D(af) — aD(f) = aD(f) + D(a)f — aD(f) = D(a)f.

As required, d,A; is an element of L'. It is straightforward to complete the
proof by induction. However, with an eye to later discussion, we take a slightly
less direct route.
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For a € A and ¢t € R we define

T.(a) = aexp(t(22).

LEMMA 3.4. For all a,b € A we have Ty(ab) = Ty (a)Ty(b).

PROOF.
D D D
T:(ab) = abexp (t( C(L[;a) )) = abexp (t (%))
Db Da Da Db
= abexp (t(— + —)) = ab(expt(—)) (expt(—))
b a a b
= Ti(a)T3(b),
as required. O
We write

Ti(a) = Z Ty (a)t™.

We now equate powers of ¢ in the proposition. That gives

To(ab) =Y exlp_p(a)Tk(b) = al'y (b) + Z_: ekl ik (a)Tk(b).

k=0

We now complete an inductive proof of the proposition. We need to show
I, € L™, and the case n = 1 is done. Suppose the cases up to n — 1 are done.

(620)(b) = al'n (b) — T (ab)

n—1
= al,(b) — (aI‘n(b) +> ckl"nk(a)l"k(b)>
k=0

n—1
= Z ckln—1(a)Tx(b).
k=0

By the induction hypothesis this is of the required form, and the proposition is
proved. ([l

To use the proposition to construct examples we need examples of operators D
that are not assumed linear but satisfy

D(fg) = fD(g) — gD(f). (3-2)

Suppose that D is of the form D(f) = fo(In(f)) for some operator ¢. To verify
(3-2) we compute

D(fg) = fgp(In(fg)) = fge(In(f) +In(g)).

Hence we will have the required form if ¢ is any linear operator. Similarly if
D(f) = fe1(In]f]) then (3-2) will be satisfied if ¢; is linear.
Here are some examples of elements of L".
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ExaAMPLE 3.5. If D is a derivation, the proposition tells us that the map of f
to D(f) is in L2.

EXAMPLE 3.6. Suppose A consists of holomorphic functions and set ¢(In f) =
(In(f))’. We have A1(f) = f’. That example was central in the previous sections,
as were the powers A7(f) = f("). However, the fact that the powers have
properties which we can work with rests on the linearity of Ay.

For n > 1 the previous computations give us expressions that are in the
L™ we have A, (f) = f~"F1(f")". We don’t know of other places where these
operators arise.

EXAMPLE 3.7. Suppose D(f) = fei(ln|f]) = fln|f|. We have A,(f) =
f(n|f])™. This series of examples, starting with A1(f) = f1In|f], is used to form
some of the basic examples the nonlinear commutators that arise in interpolation
theory. For instance, with X = L?(R) and P the Cauchy—Szegd projection, the
operator

2P, As] — Au[P, Ay) (3-3)
is bounded.

ExXAaMPLE 3.8. The previous two examples are related to the themes of this sec-
tion and the preceding one. As soon as we move to other examples we encounter
rather unfamiliar nonlinear operators. For instance, suppose D(f) = fo(In(f)),
with ¢(In f) = (In(f))”; then

ffl/ _ f/2

Ao(f):fa Al(f):fa

Derivations. The results in the previous section relating J”*! to derivations
into J" used the fact that the J’s are linear spaces but not the fact that the
elements of the spaces were linear forms. Hence the results go through for I's.
We need to change the details slightly because we are now dealing with operators
rather than forms and we need to be attentive to the fact that the elements of
the I's may be nonlinear. But the similarities are very strong, so we will be
quick.

Let M denote the set of maps from X to functions. Given A € M we define
a map from A to M by

A(A)(a) = d,A.

Pick and fix a € A. We define an operator, V,, that takes a mapping, A, of A
into M to an element of M by

Va(A)(f) = A(f)(a).

Again, if 1 € A the choice o = 1 is a natural one to consider.
We continue to denote by Deriv(A, M) the derivations of A into an A-module
M.

THEOREM 3.9. The following results hold forn=10,1,2,...:
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(1) A maps I"*! into Deriv(A4,I™).

(2) Vo maps Deriv(A, I™) into I™+1.

(3) Va(A(A)) = —aA for all A € 1™ and A(Va(D)) = —aD for all D €
Deriv(A, I™).

REMARK 3.10. Again we abuse notation slightly, in using A and V,, for induced
maps.
PROOF OF THEOREM 3.9. (1) Pick A € L"T!. For all a,b € A, we have
A(A)(ab) = dapA = adp A + oo A — §,0pA
= a(A(A)D) + b(A(A)a) — da0pA.
The second equality shows that A(A)(ab) is in L™. Now §,0A € L™, so
A(A)(ab) = aA(A)(b) + bA(A)(a)

as maps into I"™. Thus A(A) is a derivation. Finally, if we change A by an
element of L™, the range of A(A) changes by elements of L"~!; hence, as an
element of I™, the image is unchanged. Thus our map is well-defined on I™*1!.

(2) We start with D € Deriv(A4, I™). Define A by
A(z) = Va(D)(z) = D(z)(@).
Pick a,x € A. Then
(0a)(x) = aA(x) — Alaz) = aD(z)(a) — D(azx) ()
=aD(z)(a) — aD(z)(a) — zD(a)(a) = —zD(a)(a).
We now recall that the product D is the product in the A-module Deriv(A, I"™).
Thus xD(a)(a) = D(a)(ax), which is an element of I™ applied to . This shows

that the map goes into L™*!. The verification that the coset in I™*! is unchanged
if the choice of D(z) is changed by an element of "~ is routine.

(3) Suppose A € I"1. We have

Va(A(A))(z) = A(A)(z)(a) = (62A) ()
= zA(a) — Alaz) = zA(a) — Ry A(x).
The operator that takes x to xA(a) is in L. Hence the previous computation
shows that V,(A(A)) = —R,A as maps into I"*1. As before, the outcome
doesn’t depend on choices made for the representative of A(A)(z). Finally recall
that I" is a commutative A-module and hence R,A = L,A = aA, as required.
Now select D € Deriv(A,I") and a,z € A. Recalling again that aD is the
module product, we have
A(VaD)(a)(x) = 6a(VaD)(x) = a(VaD)(z) = (VaD)(az)
= a(D(z)(a)) — D(az)(a) = D(z)(aa) — (aD(z) + zD(a))(c)
= (0aD(x))(er) — aD(a)(x).
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As in the previous section, an easy induction shows that the first term is of lower
order and hence drops out when we pass to quotients. O

4. Further Remarks

REMARK 4.1. Some of the results in the previous sections involved derivations of
an algebra of functions A into an A-bimodule. Such results can be reformulated
in terms of module cohomology. At this point we don’t see a direct use for
that viewpoint, so we only offer the observation. Background can be found in
[Ferguson 1996] and the references there.

REMARK 4.2. A Foguel-type operator is an operator of the form

rx =0 )

where S is the unilateral shift on 1?(Z") and X is an operator on 1?(Z"). Such
operators have been considered in the investigation of polynomially bounded
operators (see [Davidson and Paulsen 1997] for details and further references).
One reason is that if X = Ty, the Hankel operator on [*(Z*) with symbol
function f, then polynomials in R(X) are particularly easy to compute. If p is
a polynomial then

HR(Tp) = |

s T p'<5>} - [pw*) Ty ] (1)

0 S Lo ps)
This follows from an elementary induction and the fact that Hankel operators
satisfy S*I' — 'S = 0. Let Lg« denote multiplication on the left by S* and Rg
denote multiplication on the right by S. Set §, = Lg+ — Rg. For any polynomial
p we use the obvious extension of the notation and set d,.) = Ly(s+) — Rp(s)-
We are now in the notational set-up of Section 2, adapted to operators. The
Hankel operators are exactly those X for which §,,)(X) = 0 for all polynomials
p. (Equivalently, 6, (X) = 0.) To describe the general pattern, for any polynomial
p in one variable define a new polynomial by

p(z) —ply)
r—y
A quick induction on the degree of monomials shows that, for any p,
[p(S*) p*(LS*,RS)(X)}
0 p(S)

p*(z,y) =

p(R(X)) =
Writing Lg- = §, + Rg we get

* > (n) n—1
p(R(X)):[P(g“) PO p(qu))az (X)}

_ [p(S*) Do 5?‘1(X)p(")(5)]
0 p(9)
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The linear operators induced by Hankel forms of order k are exactly those X for
which 6¥(X) = 0. For those X the infinite series ends and we have a slightly more
complicated but still quite explicit formula for composition with polynomials.
For instance, if X is a Hankel operator of order 2 we find

S* (S Lls ars
p(R(X)) = p(o ) Xp/( )+p2(Sz)(X)p( )

REMARK 4.3. In Section 3 we defined classes of operators L™ by A € L™
if 97(A) = 0 for all u in some class of functions. However that discussion was
motivated by the study of commutators that arise in interpolation theory and the
results in interpolation theory also suggest another, slightly more sophisticated
point of view. We mention it here because it raises a number of interesting
questions. We don’t pursue it further here because it seems less amenable to
formal algebraic analysis than the ideas in Section 3.

The commutator results which arise in interpolation theory involve operators
A acting on a space X. The operators are generically unbounded and often
nonlinear. The basic results are that for certain linear operators 17" which are
bounded on X it is also true that the commutator [T, A] is bounded on X. Of-
ten the class of T for which this holds includes all operators of the form M,
for bounded functions u. However, the construction of A involves a number
of choices and in [Cwikel et al. > 1997], for instance, the operators A are re-
ally viewed modulo bounded operators. Furthermore, even when it is true that
8u(A) = [My, A] is bounded it is generally not true that 62(A) = 0. This sug-
gests considering bounded operators as being of type 1 and defining an operator
to be of type n if 6"~(A) is a bounded operator for each bounded function
u. This would come closer to the viewpoint of [Cwikel et al. > 1997] and the
results from interpolation theory generate a variety of type 2 operators that are
not type 1. For example, if X is an LP space and ¢ is any Lipschitz function,
A(f) = fe(ln|f]) will be of type 2 (in this sense) and not of type 1. However
it is not generally true that §2(A) = 0, although it is true in the special case
olx) = x.

The difficulty with this approach is that it is not clear how to generate objects
of type 3 other than with the ideas used in Section 3. That is, the examples
An(f) = f(In|f|)™ give examples of objects of arbitrary type in Section 3. It is
not clear what other examples we would have for the variation just described.

In this context we should mention the very interesting results of Kalton [1988],
which say, roughly, that in some circumstances if A has the property that [M,,, A]
is bounded for each bounded function u then [T, A] is also bounded for a much
larger of linear operators 7.

A final word on interpolation. As we mentioned in the introduction it may be
that the computations in Section 3 can be used to extract information from the
boundedness of (3-3) and the more complicated combinations in [Milman and
Rochberg 1995].
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REMARK 4.4. We mentioned after Theorem 2.8 that a flaw in this representation
is that we can’t insure that the individual summands are bounded. For n = 2
we can do that if we accept a more complicated, but also more symmetrical,
formulation. Suppose B € H?. By Theorem 2.8 we know that, for p,q € P,

B(p,q) = B(L,pq) + 5(3:B)(#', ).
A similar argument in the second variable gives
B(p,q) = Blpg,1) — 5(6.B)(p, ¢).
Adding gives
2B(p,q) = Blpg, 1) + B(1,pq) + (6-B)(p',q) — (0-B)(p,d);
which we rewrite as

2B(p,q) = B(pg,1) + B(1,pq) + (6p(6.B))(p, q)-

Computing (6,6,B)(1,1) and recalling that B € H? we get

B(pg,1) + B(1,pq) = B(p.q) + B(g,p). (4-2)
Writing Bsym (p; ¢) = B(p, q) + B(g, p) we have
2B(p, q) = Bsym(p,q) + (0p(3.B))(p, ) (4-3)

which is the representation we wanted. Clearly

|Bsym (P, @) < Cllpll llqll

and hence
|(6p(3-B))(p, )| < Cllp|l llqll-

Using (4-2) we see that Bgym € H'. Thus (4-3) gives a representation of
B as a type 1 form plus a form built from a type 1 form by composing with
differentiation. All the forms are continuous.

Unfortunately it is not clear how to continue this analysis to higher n.

REMARK 4.5. We have mentioned that higher-order Hankel forms are related to
deformation of multiplicative structure. One way to formulate this is to introduce
the family of operators M, defined by M.(f,g) = f(z+¢)g(z —¢€). If we expand
this in powers of € we get

ZBn(fag)€" =fg+(flg—gfe+---.

Hankel forms are those that only depend on By(f, g) = fg; Hankel forms of type
2 are linear functions of By(f,g) and B1(f,¢); and so on.

In Section 3 we introduced the operator Ti(a) = aexp(t(Da/a)) and noted
that Ti(ab) = Ty(a)T:(b) (Lemma 3.4). In the basic example from interpolation
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theory, when D(f) = fIn|f|, this becomes Ty(f) = f|f|*. The reason this
operator plays a crucial role in interpolation theory is that

||f||LP = ||Tt(f)HLp/<1+t)~

The crucial fact is that T3 moves functions through the scale of spaces without
changing the norm. For general scales of spaces the operators A that arise are
the derivative of a family of operators with similar properties. Thus, from the
interpolation theoretic point of view, it is just an accident that the formula for
D(f) = fIn|f] can be used to generate a multiplicative operator. However, this
fact is basic to our algebraic computations.

QUESTION 4.6. Can the algebraic approach in Section 2 be extended to trilinear
forms in a natural way? Cobos, Kithn, and Peetre have developed a theory of
trilinear forms acting on a Hilbert space in [Cobos et al. 1992].
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