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Localization Technique on the Sphere and the
Gromov—Milman Theorem on the Concentration
Phenomenon on Uniformly Convex Sphere

SEMYON ALESKER

ABSTRACT. We give a simpler proof of the Gromov—Milman theorem on
concentration phenomenon on uniformly convex sphere. We also outline
Rohlin’s theory of measurable partitions used in the proof.

The purpose of this note is to present a localization technique for the sphere S™
on an example of the Gromov-Milman theorem [Gr-M] about the concentration
phenomenon on uniformly convex spheres. This result was obtained in [Gr-M] in
a some more general setting. Our approach follows the same general reasoning,
but is simpler and more direct than the original approach. We also outline
Rohlin’s theory of measurable partitions, which is used in the proof. Note that
the terminology of “localization” was introduced for R™ by L. Lovasz and M.
Simonovits [L-S1, L-S2]. [Gr-M] did not use such terminology and also did not
put the scheme of localization explicitly.

NotTE. K. Ball has informed us recently that he, jointly with R. Villa, found
an extremely short proof of the Gromov—Milman theorem for uniformly convex
sphere as an application of the Prekopa—Leindler inequality (see, e.g., [P]).

1. Related Definitions and Formulation of the
Gromov—Milman Theorem

DEFINITION 1.1. Let us say that a finite dimensional normed space X =
(R™*1||-|) has modulus of convexity at least §(g) > 0 for € > 0, if for all vectors
z,y € X such that ||z = |ly| =1 and ||z — y|| >  we have || ZF¥[| < 1—4(e).

We may assume 6(¢) to be a monotone increasing function of positive e.
Denote by K(X) :={x € X : ||z|| < 1} the unit ball of X and by S(X) :={z €
X : ||z|| = 1} the unit sphere of X.
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For any subset A C S(X), let us denote A := Uo<t<1t-A. Now define
a probability measure i on S(X) induced by the standard Lebesgue measure
vol,+1 on R™*1 : for any Borel subset A C S(X), let

fi(A) == vol, 1 (A)/vol, 11 K(X).
We will prove the following theorem, due to Gromov and Milman [Gr-M].

THEOREM 1.1. Let 6(e) be the modulus of convexity of the normed (n + 1)-
dimensional space X and let i be the probability measure on S(X) as above.
Then, for every Borel set A C S(X) such that i(A) > L, and every ¢ > 0,

29
a(Ag) > 1 — exp(—a(e)n),

where A, = {z € S(X) : dist(xz, A) < e}, dist(z, A) := infyeq ||z — y||, ale) =
8((e/8) — 0,,), where 0, is such that §(6,) =1 — (1/2)Y/(n=1) x log2

n—1"

2. Rohlin’s Theory

Following [Gr-M], we will use some results of Rohlin’s theory [R]. Let (M, Q,,,v)
be a complete measure space, i.e. M is a set, (), is a o-algebra of subsets of M,
and v is a complete probability measure on €2,,.

Let ¢ be some partition of M into pairwise disjoint subsets, whose union is
equal to M.

DEFINITION 2.1. A partition ¢ of M is called measurable, if there exists a count-
able family ¥ = {S,}52; of measurable subsets of M such that each element
C € ( has the form C' = ﬂzozl R, where for all « either R, = S, or Ry = Sy,
where S, denotes the complement of S,,.

Obviously, each element of a measurable partition is measurable.

Denote by H¢ the canonical homomorphism from M onto the factor set M/(.
Then M/ turns out to be a complete measure space, if we introduce a measure v,
by setting a subset X C M/ to be measurable in M/( iff HC_I(X) is measurable
in M and v¢(X) = I/(Hc_l(X)).

We will need the following theorem due to Rohlin:

THEOREM 2.2 [R] Let M be a metric separable complete space, v be a complete
Borel probability measure on M and ¢ be a measurable partition of M generated
by a countable family ¥ = {S,}52, (in the sense of Definition 2.1). Then there
exists a canonical family of complete Borel probability measures {vc}cen/c on
M satisfying these conditions:

(1) Foruve-a.e. element C € M/(, ve is concentrated on C C M, i.e. vo(C) =1
(here we denote both the element C of M/( and its preimage Hgl(C) in M
by the same letter C).

(2) For every v-measurable subset A C M, vc(A) is a vc-measurable function
of C € M/¢ and
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(3) v(A) = fM/C ve(ANC)dv(C).

(4) The canonical family {vc} is unique, i.e. if {vp} satisfies (1)~(3), then
vo = vg forve-a.e. C.

(5) Furthermore, the family X', which is an image of ¥ under H¢, generates the
o-algebra of ve-measurable subsets of M/(.

COROLLARY 2.3. Let M,v,( be as in Theorem 2.2. Let f € Li(M,v) be an
integrable function.
Then the integral |, f dve = [ f dve is a v - integrable function of C € M/

and
/Mfdl/ = /M/C (/Cfduc> dve(C).

PROOF (standard). This corollary is obvious for the step functions. In general,
we may assume f > 0.
For k,j € NU {0}, define

. . 1
Agj = {IGM:;’CS‘]”(I)<HHH <]2k ,k)}

(obviously, Ay; = @ for j > k2%) and

oo .
J
TXA‘W' )
§=0
where x 4,; are characteristic functions of Ay;. Clearly, fr are step functions,
0 < fi(z) < f(x) for every x € M, the sequence {fx(z)}ren is nondecreasing,
and fr — f everywhere on M and in L;(M,v). For f;, we have:

/M/C (/ fkdUC> dve(C) = fkdy</ fdv.

Set ¢ (C fc fr dve. Tt is well defined for ve-a.e. C € M/(. Clearly, {¢x(C)}
is nondecreasmg and supy IM/C o1 (C) dve(C) < const < co.

Hence by B. Levy’s theorem {¢y} converges v¢-a.e. and in Ly (M/C,v¢) to
some function ¢(C) € L1(M/¢,v¢), and ¢1(C) < ¢(C). Then for ve-a.e. C,

/Cdec = kli_{go/cfk dve = ¢(C)

again, by B. Levy’s theorem applied to the measure v¢.
Thus we obtain

d dyy, = C =1 d d
[ (L) ave= [ oy =tim [ ([ s )

= lim/ frdv = fdv. O
M

k—oo Jar
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If the partition ( is generated by the family ¥ = {S,}52 ,, denote by Fy a finite
(0 -) algebra of sets generated by {S,}Y_,, and let T be its image in M /¢ under
H¢. So FiCTFyoC-- CFy C---. Let Foo be the minimal complete o-algebra
containing |Jo~; Fn. By Theorem 2.2 (5), T coincides with the o-algebra of
ve-measurable subsets of M/(.

For every element C € M/¢ and every N € N, denote by ®x(C) the unique
minimal element of Fy, which contains C (clearly, ®n(C) = Hc(ﬂévzl R,),

where R, = S, or S,). Denote its preimage in M by ®x(C).

COROLLARY 2.4. Let M, v, ¢, f be as in Corollary 2.3. Then, for ve-a.e. C €
M/c,

1
fdve = lim 7/ fdv.
¢’ 0T N (@ (0)) Jano

PrROOF. The function ¢(C) = [ fdvc is Fo-measurable by Corollary 2.3.
Then, by the classical P. Levy martingale convergence theorem (see, e.g., [L-
Shy),

49

¢ =" lim E(¢|Tn).

But
= 1
B (015N)(C) = g [ o) duc(Ch),
ve(@x(C)) Jan(e) :
By the definition of v¢, v¢(®n(C)) = v(®n(C)). Using Corollary 2.3, we easily
check that
| eevanen=[ s
en(C) on(C)

SoE (¢|Fn)(C) = m ﬁI’N(C) f dv and the corollary is proved. O

3. Convex Restrictions of Measures

Let K be a convex bounded (not necessarily compact) subset of R,

DEFINITION 3.1. A function v : K — R is called a-concave (o > 0), if v/
is concave.

Assume that K ¢ R* ¢ RY and dimK = k. Let p be a nonnegative Borel

measure on R, which is absolutely continuous with respect to the standard

dp

Lebesgue measure my, and let g := T

DEFINITION 3.2. A measure v on K is called a convex restriction of the measure
i, if there exists an (n — k)-concave function v on K such that dv = g-v-dmy,
where my, is the Lebesgue measure on R¥.

REMARK. Our definition of the convex restriction of measures is different from
that given in [Gr-M], but both definitions are equivalent.
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LEMMA 3.3. Assume that Ko C K; C RY and dimK; = k;. Let a measure
vy on K be a convex restriction of a measure p. Let a measure vy on Ky be a
convez restriction of vy.

Then vs is a convex restriction of .

Proor. If du = gdmpy, then dvy = g1 dmy, and dve = g1 y2 dmg,, where
v1 is an (N — kq)-concave function on K, 75 is a (k1 — ko)-concave on Ks. Set
Ol:kal andﬁ:klfkg

It is sufficient to show that ;-2 is an (a+3)-concave on K5 [Gr-M, Appendix,
Lemma 1]. Indeed, using the Holder inequality with p = (a + §)/a and ¢ =
(a+ 8)/3, we obtain for every x,y € Ko and every 0 < 6 < 1,

011 (2) v ()] D +(1=6)-[y1 (y) 12 )]/ )
< (071 (@) (1=0)-31 (y) /] [0y ()P 4 (1= 0) -y (y) 1/ 7]/ (2 +0)

< (B +1-0)y) /Ty (B4 (1-) y) /), 0

Later we will need the following result:

LEMMA 3.4. Let a measure p on RY is such that du = f-dmy, where f is
continuous, f > 0 my-a.e., and suppose we are given a decreasing sequence
of convex compact sets K1 D Ko D --- D Ky, D -+ of full dimension N. Let
K :=N,_, Ky, k:=dim K. Define a sequence of probability measures {\,} such
that for any Borel subset A C RN\, (A) := % (note that our assumptions
imply that u(K,) # 0).

Then one can choose a subsequence {n;} such that {\,,} converges weakly to
a measure concentrated on K, which is a convex restriction of u.

PROOF. Let E be the affine hull of K, and put k£ = dim F.
Consider new convex sets

K, = {(z,y) e E® E*: (2, vol (K, )Y/ (N =R) ) e K}

By the Cavalieri principle, vol(K,) = 1. Replace K,, by its (N — k)-dimensional
Schwarz symmetrization K, with respect to E. Then K, are also convex com-
pact bodies, vol(K),) =1 and K|, D K. This and their rotation invariance imply
easily that K/ are uniformly bounded. Hence by the Blaschke selection theorem
one can choose a subsequence {n;} such that K7, converges to some convex com-
pact set M with respect to the Hausdorff metric. Obviously, M is also invariant
with respect to rotations around E, vol(M) =1, M D K, and M NE = K,
because (), Ky, = K.
Consider a function v on K:

v(x) = voly i (M N (z + EL)) .
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Then v is (N — k)-concave by Brunn’s theorem. We will show that for every
continuous function u on RV

e [ @ @dnx (@) — [ ul) f@) (@) dm o).
(Ko, Ky, K
This will prove the lemma.

Denote v := u- f and consider a function v'(x) := v(Prg z), where Prg is the
orthogonal projection onto E. Since v = v’ on K, for any € > 0 there exists an
open neighborhood U of K such that |[v —v'| < e on U. But K,, C U for large
n, hence

1 / ,
—_ v—2v)dmy — 0, n — o0.
Wi J, A
By the Fubini theorem,
1 / / !/
— v'(x)dmpy(z) = / v'(x)dmy(z) —
(Ko Jre, / )

ny

(@wmmszﬂgwwwwmmz/uwﬂmmeMm 0

K

4. Convex Partitions

Assume that M C R¥ is a convex compact body, dimM = N > 3, M > 0.
Let p be a probability measure on M, which is absolutely continuous with respect
to the Lebesgue measure my, du = fdmy, where f is continuous and f > 0my-
a.e. on M.

Fix A;, A, disjoint closed subsets of M such that A; := Uo<i<r t-Ai, i =1,2
(A1) o
1(Az)

Using the idea of [Gr-M], we will construct a measurable (cf. Definition 2.1)
partition ¢ of the convex set M satisfying the following properties (in the notation

of Section 2):

have nonzero measure u. Set A :=

(4.1) Every element C € ( of this partition is a convex subset of M and has the
form C = Jy<yp<q t-(C NOM).

(4.2) vo iSA the c_or;vexArestriction of p to C for ve-ae. C € (.

(4.3) ve(A1) = Ave(Ag) for ve-ae. C € (.

(4.4) Moreover, if the measure p is homogeneous of degree @ > 0, i.e. for every
Borel subset T C M and every t € [0,1] u(t-T) = t*-u(T), then ve is also
homogeneous of degree « for v¢-a.e. C' € (.

The construction of such partition uses the Borsuk—Ulam theorem.

Let SV~1 be the Euclidean sphere in RY. For x € SN~! denote H} :=
{y eRN: (y,2) > O} the closed half-space. So H; := RY — H} is an open
half-space. Then M T := M N H} and M~ := M N H, are convex sets.
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It will be more convenient to consider M~ as a compact set. Namely, replace
M by a new set, where the hyperplane H, = {y | (y,z) = 0} is considered
as a “double” set, that is, one copy of it belongs to M ™ and another to M~
(this is similar to the situation where, if we consider the dyadic points of the
unit interval as “double” points, we obtain the Cantor set). In the steps that
follow, each hyperplane we construct will be considered as “double”. This will
not change M and its factor set by the partition constructed below, since these
spaces are Lebesgue spaces in the sense of [R].

Consider a map ¢ : S¥~! — R? such that

P(z) = (M(Al NH), H(AQ n H;))

Since ¢ is continuous and N > 3, we can apply the Borsuk—Ulam theorem and
find 2 € SN such that u(A;NHF) = 2u(A;), for i = 1,2. Now apply the same
argument to M+ and M~ separately, replacing A; by Af = A, N Hf ¢ M~
and setting A; := A; N H; C M~ correspondingly. So after the second use of
the Borsuk—Ulam theorem we obtain a partition of M into four disjoint convex
subsets M+ M+~ M=t M~~. By construction pu(A; N M*t+) = Xpu(4y N
M™*1), and this holds for all the other elements of the partition.

Repeating this procedure infinitely, we obtain a partition ¢ of M, which is
obviously measurable and satisfies (4.1) by construction. The property (4.2)
follows immediately from Corollary 2.4 and Lemma 3.4. Corollary 2.4 implies
also (4.3).

In order to prove (4.4), recall that the Borel o-algebra of subsets of RY is
generated by a countable number of sets {7 };’il Since for ve-a.e. C v is the
convex restriction of u, v is absolutely continuous with respect to the Lebesgue
measure on C; hence it is sufficient to check (4.4) only for ¢t € Q. So we have to
prove (4.4) for fixed T and ¢. And this again follows from Corollary 2.4.

By Theorem 2.1, u(A;) = fM/C vo(Ay) dve(C). Hence we can choose C' such
that ve(A; N C) = ve(AL) > u(Ay), and C satisfies (4.1)-(4.4). Let us show
that dimC' < N. Indeed, C' = (N}, Vi, where V, denotes the unique element of
the partition of M constructed on the k-th step as above, which contains C. All
Vi are convex, hence if dim C' = N, then dim V;, = N. By Corollary 2.4 and the
construction,

. 1 : : 1
vo(Ar) = klirgo Al p(ANVg) = khir;O AR u(Aq).

Since we have assumed that dfn—“N > 0mpy-a.e., (Vi) > p(C) > 0. So the right
hand limit is equal to 0, contradicting the choice of C.

Let us fix such a C' and denote it by M;. Denote also v¢ by p1. Now we come
back to the situation where M = K(X) is the unit ball of X = (R™! ||-|),
i is the normalized Lebesgue measure on M, and A;, As C OM = S(X) are
compact and disjoint. Thus p; is a convex restriction of the Lebesgue measure,
and it satisfies (4.4) with « =n + 1.



24 SEMYON ALESKER

Since ,ul(fil NM) = )\,ul(/ig NM;)>0 (recall that A = iE’:;; = ::EE?;;),
we have dim M; > 2. Obviously, M is convex and compact.

If dim M; > 3, the use of the Borsuk—Ulam theorem is possible and by the
same procedure we construct a convex compact subset My C M; and a convex
restriction y5 of the measure yuq satisfying (4.1)-(4.4) with o = n+1 and A pa (AoN
My) = pa(Ay 0 M) > iy (A 0 M) > p(Ar) = mygq (Ay).

By Lemma 3.3, u9 is a convex restriction of m, 1. Repeating this argument,
after at most n — 1 steps we obtain a 2-dimensional convex compact set N C M
and a measure v on N such that:

(4.5) N = Up<yer t- (NN S(X)) and N is contained in some half-plane (by
constructionj. -

(4.6) There exists an (n — 1)-concave function v on N such that dv = vy dma
(where my is the Lebesgue measure on R? ).

(4.7) Av(Ay N N) = v(A; N N) > mpp1(Ay) (= fi(A1)), where A = % as
above.

(4.8) v is homogeneous of degree n + 1, i.e. for every Borel subset 7' C R? and
every ¢ € [0,1],

v(t-T) = t" T u(T).
Note that (4.6) and (4.8) immediately imply

(4.9) v is homogeneous of degree n — 1, i.e. y(t-z) = t"~L~(z) for every x €
N, te[0,1].

Clearly, by (4.5) NN S(X) is a spherical segment. Denote it by I = [a, b]. Since
the Banach—Mazur distance between any 2-dimensional normed space and the
Euclidean ball is at most v/2, we can find a Euclidean norm |-| on span N such
that

1

V2

For every two points x, y € I, denote by p(z, y) the length of the segment
[, y] C I with respect to ||-||, i.e. if [z, y] is parameterized by some parameter
T € [0,1], then

(4.10) lz| < ||z|| < |z|, Y& € span N.

k—1
plz,y) = sup Y [ — 1l
0S7-1<”'<Tk§1j:1
Similarly, denote by d(z, y) the length of [z, y] with respect to |-].
By a result of [9],
Il —yll < plx, y) <2z —yll.

Thus we obtain

(4.11) o —y| < d(z, y) < V2(x, y) <2V2 ||z —y| < 2V2]x —y|.
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On I we have a measure ¥ such that 7(A4) := v(A), where A C I is any Borel
subset and A = Uogtglt'A' Then di = f, dt, where dt is an element of the
Euclidean length and f, is a continuous function. By (4.6) and (4.9),

() = [ yima =

S t)dt.

So f, = #—17' The rest of the paper closely follows [Gr-M].
For z, y € I, (4.6) implies

(4.12) =) (w + y) o MO (@) + 4V D ()
. SE : .

Set z = ZHU /|| 224 || € [z, y]. By (4.9) and the inequality

”x—i—y
2

I < 1= 5(llz gl
we have
(4.13) (55 = = 8(lw = g™ e).

It easily follows from the inequality (4.11) that for some absolute constant
ace (0, 1),

(4.14) d(z, z) > ad(z, y), and d(z, y) > ad(z, y).

Let us parameterize the segment I = [a, b] by the Euclidean length of the
segment [a, ], namely if x corresponds to t;, it means d(z, a) = t;. Let y
corresponds to to > t1, then d(x, y) = to — t;. Clearly, (4.12)—(4.14) imply

0 0) + 1V (1)
2

<(1=5(lz—y|)- L (2)Y/ (n=1)
<@ =z —yl)) ze[t1+a(t2—122)i,}ig—a(tg—tl)]f (2)

(4.15)

Then easily f, has no local minima and at most one local maximum inside
I (this local maximum must be global). Denote the global maximum of f,
by to € [0, 1] (where | = d(a, b)). Then obviously f, increases on [0, to] and
decreases on [to, {].

For any ¢ € [0, o] and any 6 such that 0 <t — 6 < t < tp, (4.15) and the
monotonicity of f, on [0, ¢o] imply

folt=0) < (L =6(lz —yI)" " £ (1),

where 2 corresponds to t — 0, and y corresponds to ¢t. But by (4.11) ||z — y|| >
ﬁ d(z, y) = %, and we obtain

(4.16) Ft—0) < (1 _ 5(2\9/5>Y1 £.(0).
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Similarly, if tg <t <t+6 <, then

(4.17) Jult+0) < (1 —5(%))%1 20!

Hence, for tg —260 > 0,

([0, to — 206]) = /Otozefu(t) dt < (1 - 5(25’&»7” /;00 () dt

< (1 _ 5(23§>>n1 ([0, to — 20]) + ([t — 206, t0 — 0])) .

Thus
n—1
(1 - 5(L))
n—1
1 (1 —5(%))
In the same way, for tg 4+ 26 < [ we have
1—-0(5%
< ( (2\/5) _
1-(1-9(5%))

Adding (4.18) and (4.19) and using ([0, []) = 1, we obtain:

3

(4.18) ([0, to — 20]) < D([to — 20, to)).

n—1

N—

(4.19) D ([to + 20, 1)) D ([to, to + 20]).

n—1
LEMMA 4.20. D(I — [to — 20, to +20]) < <1 - 5(%)) ~ ¢ %z (1)

5. Proof of Theorem 1.1

(We repeat the argument of [Gr-M].)
Let A C S(X), i(A) > L (the measure i was defined in Section 1). Fix
€(0,1). Set Ay := A, Ay := S(X) — A.. Hence we can find a compact convex
2-dimensional set N with a probability measure v satisfying (4.5)—(4.9). Let ¢
be the point on I with the maximal density of o.

If 0, is such that §(6,) = 1 — (3)V/=D ~ 982 then pf{z € I : d(z, c) <
4v/26,} > 1. By (4.7), (A1 NI) > L; hence there exists z' € 4; NI such that
2" —¢|| < d(2', ¢) < 4v/26,,. Now let us take 6 such that ¢ = 4v/2 (0 + 6,,).
For an e - neighborhood of {z'} (with respect to the original norm |-|| ), we
have {z'}. D {c}, /54 and {2'}. N Ay = @. Therefore, again by Lemma 4.20 and
(4.11)

D(AsNI) < DI —{z:d(z, ¢) < 4V20}) < (1 —5(0))" !

~ exp(—8(0) (n — 1)) = exp (—5(435 - 9n) (n— 1)) .
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By (4.7),
v(AyNI)

LA A S PN ) Sexp (-5(4\5/5 - 9n> (n — 1)) . O

u(Az) =
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