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Random Points in Isotropic Convex Sets

JEAN BOURGAIN

ABSTRACT. Let K be a symmetric convex body of volume 1 whose inertia
tensor is isotropic, i.e., for some constant L we have [, (z,y)? dz = L%|y|?
for all y. It is shown that if m is about n(logn)3 then with high probability,
this tensor can be approximately realised by an average over m independent
random points chosen in K,

1 m
m <
i=1

Our aim is to prove the following fact:

PROPOSITION. Let K C R™ be a convex centrally symmetric body of volume 1,
in 1sotropic position, i.e.,

/ (z,ei)(w,e;) dv = L?6;; where L = Lg(>1). (1)
K
Fiz § > 0 and choose m random points x1,...,T, € K, where

m > C(8)n (logn)®. (2)

Then, with probability > 1 — 6,
1 & 2
1-06)L% < — < (1+06)L? 3
(1-9) m;Kfv v < @+9) 3)

for ally € St = [ly| = 1].

We first use the following probabilistic estimate:

LEMMA 1. Let fi1,..., fm be independent copies of a random variable f satisfying
/ f2=1, (4)
[fllyy < C (where 11 (t) =€), (5)
I flloe < B. (6)
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(Here and in the sequel we use ¢ and C' to denote positive constants, not neces-
sarily the same each time.) Let € > 0 and assume B > 1/ say. Then

mes [(1 —e)m < iff <1+ s)m} >1—e CB™, (7)

PROOF (standard). For real A (to be specified),

/emzzzl(f?fl)) _ </ eA(le)) , (8)

JECaE R RS SE PO LTS (9)

j>27"

By (4)

From (5) and (6),

Jas 1 <mincp®, 1+ BY (). (10)

for each j. Hence, substituting (10) in (9),
/e’\(fQ_l) <1+ Y (CA(jAB) <14CN (11)

j>2
provided

c
c 12
A< (12)

for an appropriate ¢. Thus (8) < (1+ CA2)™ < ¢“*™ and from this fact and
Tchebychev’s inequality

RS 2 —Ame ,CA? —cg
— E P >l <eT MMt < e BT 13
mes Um i:1(fl )| >¢ e e e (13)
for appropriate A satisfying (12) (and since 1/ < B). O

Recall the important fact (following from the Brunn—Minkowski inequality) that,
for K convex with Vol K = 1, there is equivalence

16y 2 Lon ¢,y ~ (1Y )] 22 (¢ (14)
(with an absolute constant). Hence, in our situation
Iy, )| Lo (1¢.d0y) < CLiE Jy| = lyll2 < 1. (15)
It follows that
mes([z € K | |z| > ALvn] < e * for A> 1. (16)

The next estimate may be refined significantly in terms of an estimate on the
(2-operator norm (see remark at the end) but for our purposes the following
cruder form is sufficient.
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LEMMA 2. Let K be as above and x1,...,%,, random points in K. Then, with
probability > 1 — 9,

< C(8) L logn(|E|"2n/? + |E|) (17)

S

el

holds for all subsets E C {1,...,m}.
ProoF. Write

:Z|mi|2+2 Z <-Tial'j>- (18)

i€E i£j
i,jEE

S

icE

From (15), we may clearly assume
|z;] < CLlogny/n forall i=1,...,m.

Hence the first term of (18) may be assumed bounded by C L?(logn)?n |E|.
To estimate the second term of (18), we use a standard decoupling trick.
We can find subsets E1, Fy of F satisfying E1 N Ey = &, |Ey| > |Fs|, and

i£j,i,jEE i€E; JEE,

Hence we are reduced to bounding expressions of the form (19).

Rewrite
> (o S o)| = | £ 1] 3l ol (20)
1€EFL JEES JEES 1€ Eq
where
_ J€k2 . _
yEz(:L’) e ; thus |yE2|—1. (21)
JjEE>

Observe that the system (x;);cp, is independent of Yp,» since B4 N Fy = &. Fix
size scales |E1| ~ my, |Ea| ~ma, m > my > mg > 1.

Thus for fixed my > ma, (F1, E3) run over at most mC™ pairs of subsets of
{1,...,m}. For given y, |y| = 1, (15) easily implies that

/e% Lier [l TT day < 21515 (22)
i€ Fy

hence, for u > C,

mes [(ﬂfi)lgz‘gm €K™ | Y iy, (@) > pL|E|| <e Pl (23)

1€F,
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Consequently, from (20) and the preceding, we may write

Z <xivj€ZE:2 $j> Z T

i€E; jEE,
for all |Ey| ~ mq, |E2| ~ mq, E1 N Ey = & provided

< L |E| (24)

mC™ eTHML < 97M1 thus u ~ logm ~ logn. (25)

Thus, letting o ~ logn, (24) may be assumed valid for all Fy, By C {1,...,m}
with E1 N Fy, = @.

Substituting (19), (24) in (18) thus yields, for all E C {1,...,m},
2

le < CL*(logn)*n|E|+ CL(logn)|E| max Z x; (26)

icE JEES
and (17) immediately follows. O
ProPOSITION. Fiz § > 0 and choose random points x1,...,x, € K, with
m > C(8)n(logn)3. Then with probability > 1 —§

1 m
1-0)L* < — sy 2 < (L+6)L nyes . 27
(1-9) <m;|<x,y>| (1+0)L7 for all y € (27)

PROOF. Restrict y to a %—dense set Fs in the unit sphere S"~!, #F; < (%)n
Fix y € F and define

l .
f=fiz) = { i@y if ‘<5U»y>| < Cy(logn) L, (28)
0 otherwise
(with C to be specified).
Thus
1
- /f2 _ 72/ (2, y)Pde < e~e1'o8m. (29)
L? Jrol(e.)1>C1 togn) 1]
Applying Lemma 1 with B = Cylogn, e = 1%, it follows that for a random choice

T1,..., &, of points in K, with probability > 1 — e~¢(e/legn)m

/f2—€<;§:fy(xi)2<(/f2+€>; (30)
=1

hence, by (28) and (29),

1 2 2
‘1_L2m g {(mz,y> ||<xi,y>\<C1L10gn} <5+<1—/f) < 2. (31)
Letting
n 1 1
(%) ecE/logmm 1 je, m > - log g(logn)n, (32)

we may then assume (31) for all y € F;.
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On the other hand, from Lemma 2, a random choice {z; |[i =1,...,m} of m
points in K will also with probability > 1— ¢ satisfy (17) for all E C {1,...,m}.
This permits to estimate #Eg, where for given y satisfying |y| = 1,

Eg=Eg(y)={i=1,....m|[{zi,y)| > B}, B>Ci(logn)L.  (33)

Indeed, it follows from (17) that

1B|Es| < C L logn (|Eg|"/*n'/? + |Eg|) (34)
hence
L?(logn)?n
|Eg| < C — 5 (35)

from the choice of 5. Consequently

! 1
%Z{@Cmy)? | [{zi,9)| > C1 Llogn} < i Z 8% 4|
n>B>Cq Llogn

B dyadic
n )

< C(%) (logn)*— < — 36

() (logn)* ™ < = (30)
by the choice of m.

Finally, combining (36) and (31), it follows that for all y € Fj
1 & 5 0

1——— )P <2+ — < = 37

L2m;<x AR T R (37)

and therefore also (27). O

REMARK. By refining a bit the method of proof of Lemma 2, one may obtain
the following result: Let x,...,x, be a choice of n independent vectors in R"
according to a probability measure p on R™ satisfying

1 .
[z, ), ., (1)) < 7 for all y € ™1 (38)

Then, with probability > 1 — §, one gets for the matrix (z1,...,z,) the bound

(@1, 2l Bez) < C(9) </ <1rgzagxn |mi|>du + 1>. (39)

This is the same estimate as one would get assuming an L¥?-bound

1 n—
H(J?, y) Hng (u(dx)) < % for ye st (4())

instead of (38).
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