


Convex Geometric Analysis
MSRI Publications
Volume 34, 1998

On the Constant in the Reverse
Brunn—Minkowski Inequality for p-Convex Balls

ALEXANDER E. LITVAK

ABSTRACT. This note is devoted to the study of the dependence on p of the
constant in the reverse Brunn—Minkowski inequality for p-convex balls
(that is, p-convex symmetric bodies). We will show that this constant is
estimated as ¢1/P < C(p) < C(2/P)/P for absolute constants ¢ > 1 and
C>1.

Let K C R™ and 0 < p < 1. K is called a p-convex set if for any A, u € (0,1)
such that AP 4+ p? =1 and for any points z,y € K the point Az + py belongs to
K. We will call a p-convex compact centrally symmetric body a p-ball.

Recall that a p-norm on real vector space X is amap ||-|| : X — R™ satisfying
these conditions:

(1) ||z|| > 0 for all = # 0.
(2) |[tz|| = |t|||=|| for all t € R and = € X.
@) [l +ylI? < lz]|” + [[y||* for all z,y € X.

Note that the unit ball of p-normed space is a p-ball and, vice versa, the gauge
of p-ball is a p-norm.

Recently, J. Bastero, J. Bernués, and A. Pefia [BBP] extended the reverse
Brunn—Minkowski inequality, which was discovered by V. Milman [M], to the
class of p-convex balls. They proved the following result:

THEOREM 0. Let 0 < p < 1. There exists a constant C = C(p) > 1 such that for
alln > 1 and all p-balls A1, Ay C R"™, there exists a linear operator v : R™ — R"
with |det(u)| =1 and

[udy + Ag|V™ < (1AM + | A7), (1)

where |A| denotes the volume of body A.
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Their proof yields an estimate C(p) < Con@/p)/P*
We will obtain a much better estimate for C(p):

THEOREM 1. There exist absolute constants ¢ > 1 and C > 1 such that the
constant C(p) in (1) satisfies

/P < C(p) < ce//p,

The proof of Theorem 0 [BBP] was based on an estimate of the entropy numbers
(see also [Pi]). We use the same idea, but obtain the better dependence of the
constant on p.

Let us recall the definitions of the Kolmogorov and entropy numbers. Let
U : X — Y be an operator between two Banach spaces. Let k£ > 0 be an integer.
The Kolmogorov numbers are defined by the following formula

dp(U) = nf {|QsU|| | S C Y, dim S =1k},

where Qg : Y — Y/S is a quotient map. For any subsets K1, K5 of Y denote by
N(Kj, K5) the smallest number N such that there are N points y1,...,yy in Y
such that

N
Ky C (v + K).
i=1
Denote the unit ball of the space X (Y) by Bx (By) and define the entropy
numbers by

ex(U) =inf {¢ >0 | N(UBx,eBy) < 2" '}.

For p-convex balls By, By C R", with 0 < p < 1, we will denote the identity
operator from (R™,| - |l1) to (R™, | - ||2) by By — B, where || - ||; (i = 1,2) is
the p-norm whose unit ball is B;.

THEOREM 2. Given o > 1/p — 1/2, there exists a constant C = C(a,p) such

that, for any n and any p-convex ball B C R™, there exists an ellipsoid D C R™
such that, for every 1 < k <n,

max{dp(D — B), ex(B — D)} <C(n/k)" .

Moreover, there is an absolute constant ¢ such that

c/p 8/6
2 1 3(1—p) 3(1—p)
< — = <
C(a,p) < (p> (1 —6> for a > T o o p <

L@

and

c/p2 =25
2 1\ 11 1/p—1/2
< — _— = =
C(a,p) < (p) <1€> for a>p 5 € ” (3)

REMARK 1. In fact, in [BBP] Theorem 2 was proved with estimate (3). Using
this result we prove estimate (2).
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In the following C(c, p) will denote the best possible constant from Theorem 2.
The main point of the proof is the following lemma.
LEMMA 1. Letp,q,0 € (0,1) such that1/q—1 = (1/p—1)(1—-0) and v = o(1-6).
Then
Clap) < 272070 (e/(1 - 0)*Cop Ty, )V O,
where
o r(1+01-p)/p)
T+ = p)/p)D(1+ (1= 6)(1—p)/p)

For the reader’s convenience we postpone the proof of this lemma.

T' is the gamma function.

PROOF OF THEOREM 2. Take ¢ =1/2, 1—60 =p/(1—p). Then Cpg = (1—p)/p
and, consequently, by Lemma 1,

e\ 1\ /7 ap 1
C a’p S ‘ () 22/p () C ( ’ ) -
(e.p) P P 1-p 2

Inequality (3) implies

8/5 B
¢ ﬂ,l <c 1 , whereézw.
1—p 2 1-6 2pa

Thus for @ > 3(1 — p)/(2p) and p < 1/2 we obtain

com= () (L) u

PROOF OF THEOREM 1. By B. Carl’s theorem ([C], or see Theorem 5.2 of [Pi])
for any operator u between Banach spaces the following inequality holds

sup k%eg(u) < po sup k%dg(u).
k<n k<n

One can check that Carl’s proof works in the p-convex case also and gives
Pa < Cl/p(ca)c‘a

for some absolute constant C'. Let us fix « = 2/p. Then, by Theorem 2, we have
that for any p-convex body K there exists an ellipsoid D such that

max{e, (D — B), e,(B — D)} < O @2/p)/p.

The standard argument [Pi] gives the upper estimate for C,,.
To show the lower bound we use the following example. Let B} be a unit ball
in the space [;, and B3 be a unit ball in the space 3. Denote

BRIVt T/ (L 4nfp) 02

Ai - T a7
[Br[U/n T TUn(1+n/2T(A+1/p) = ° \/1/p

where Cj is an absolute constant.
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Consider a body

K = AB}.
We are going to estimate from below
\UBy + K|V |UBy + K['/"
[UBg |V + K[V 2Byt

for an arbitrary operator U : R™ — R™ with |det U| = 1.

To simplify the sum of bodies in the example let us use the Steiner sym-
metrization with respect to vectors from the canonical basis of R™ (see, e.g.,
[BLM], for precise definitions). Usually the Steiner symmetrization is defined
for convex bodies, but if we take the unit ball of [j and any coordinate vec-
tor then we have the similar situation. The following properties of the Steiner
symmetrization are well-known (and can be directly checked):

(i) It preserves volume.

(ii) The symmetrization of sum of two bodies contains sum of symmetrizations
of these bodies.

(iii) Given an ellipsoid UBY, a consecutive application of the Steiner sym-
metrizations with respect to all vectors from the canonical basis results in
the ellipsoid V B, where V is a diagonal operator (depending on U).

That means that in our example it is enough to consider a diagonal operator U
with [detU| = 1.

Let b € (0,1) and P; be the orthogonal projection on a coordinate subspace
of dimension n — 1. Then direct computations give for every r > 0

by
UBy +rBY| > 2/ \PLUBY + brPyBY| dz > 2rby | PLUBY + brPy B,
0

where b, = (p(1 — b))"/?. Since P,K = ABJ~1, by induction arguments one has
UBy + K| > (24b*-9/2p )" | P.UBY + b* P,K]|,

where Py is the orthogonal projection on an arbitrary (n—k)-dimensional coor-
dinate subspace of R™. Choosing b = exp(—2/(kp)), Px such that |P,UBZ| >
|By~*| and k = [n/2] we get

B3|

1/n
> L(24e 17 (2/k) /7)1 ()

|UBy + K|/
Clp) = n
B3|

= aBgp
> eV (1))
for sufficiently large n and an absolute constant ¢;. That gives the result for p

small enough, namely, p < ¢g, where ¢ is an absolute constant. For p € (¢, 1]
the result follows from the convex case. O
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To prove Lemma 1 we will use the Lions—Peetre interpolation [BL, K] with
parameters (6,1).

Let us recall some definitions.

Let X be a quasi-normed space with an equivalent quasi-norms || ||o and |- ||1-
Let X; = (X, | - l)-

Define K (t,x) = inf{||zollo + t|jz1]l1 | * = zo + 21} and

T K(t,x)
Jollo = 61— 0) o,
0
for 6 € (0,1).
The interpolation space (X, X1)g,1 is the space (X, || - |lg,1)-
CLam 1. Let||-|lo=1-li =1 -] be p-norms on space X. Then
1
—_— < <
CngﬂCll < lzflo, < [l

for every x € X, with Cpg as in Lemma 1.
PROOF. ||z]g,1 < ||z| since

inf {[lzollg + tllz1lly | 2 =0+ 21} < min(1, ) [J]|

and
T K (t, ) +°° min(1,t)
lalloa =6-6) [ SEae<oa-0) [ PG folde = o,
0 0
By p-convexity of the norm || - || for a = ||y||/||z]] < 1 we have
lyll + tllz — yll 1 t p
e 0V S S S W I
o] >a+t(l—adP) Z A5 o) where s =
Hence
t
K(t,z) = inf {[|zolly + tllally [z =wo+ a1} =[] RESDLL
and
oo 1— 1—
blos g gy [ (120 0) 00
E SNETaEET s s)
(O/T(0/5)(1=0)/9T((1=0)fs) 1
(1/s)T(1/s) Cpo’
where B(x,y) is the beta function. This proves the claim. O
CramM 2. Let || -llo=|-llx = || - || be norms on X. Then ||z|lo,1 = ||z| for every
zcX.
PROOF. In case of norm K (¢,x) = min(1,¢)||z|. So, ||z]le,1 = ||z||- O

The next statement is standard (see [BL] or [K]).
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Cramm 3. Let X;,Y; (i =0,1) be quasi-normed spaces. LetT : X; — Y; (i =0,1)
be a linear operator. Then

IT : (X0, X1)o,0 — (Yo, Y)oall < IT: Xo — Yo' | T : X1 — 11|’
CLAIM 4. Let X; (i =0,1) be quasi-normed spaces. Then for every N > 1,
(Z{V (XO) y Z{V (Xl))g’l = l{V((XO’Xl)G,l)
with equal norms.

PROOF. The conclusion of this claim follows from the equality

N
K(tv Tr = (I17$2,. . 'a‘TN)a l{V(X0)7 Z{V(Xl)) = ZK(t7xi7X0aX1)' U

i=1

CLAM 5. Let X; (i = 0,1) be quasi-normed spaces, Y be a p-normed space. Let
T:X; (i=0,1) =Y be a linear operator. Then for every ko, k1 > 1

i, —1 (T (X0, X1)o1 = V) < Cpody, *(T: Xo = Y)d], (T : X1 —Y).

PROOF. As in the convex case [P], fix ¢ > 0. Consider a subspace S; C Y
(¢ =0,1) such that dim S; < k; and

1Qs, T : X; — Y/S;|| < (1+¢)dy, (T X — Y).
Let S = span(Sp,S1) CY. Then dim S < ko + k1 — 1 and
1QsT : X; = Y/S| < Qs T : Xi — Y/Sil|.

Note that quotient space of a p-normed space is again a p-normed one. Because
of this, and by Claims 1 and 3,

1QsT : (X0, X1)o.1 = Y/ S| < CppllQsT : (Xo, X1)o1 — (Y/S,Y/SG)ol
< CpallQsT s Xo — Y/S|'~|[QsT: X, — Y5’
< CpollQsy T Xo — Y/ So|' | Qs, T: X1 — Y/ 51|
< Cpo(1 4 )27y (T: Xo— Y) ' dy, (T: X1 - V)",
This completes the proof. ([
PROOF OF LEMMA 1.
Step 1. Let D be an optimal ellipsoid such that
di(D — B) < C(a,p)(n/k)* and er(B — D) < C(a,p)(n/k)“

for every 1 < k < n.
Let A = C(a,p)(n/k)“.
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Step 2. Now denote the body (B, D)g1 by Bg. By Claim 5 (applied for ky = 1),
for every 1 < k < n we have

di(By — B) < Cyol| B — B||'"*(di(D — B))’ < Cpp’.

It follows from the definition of entropy numbers that B is covered by 2F~1

translates of AD with centers in R™. Replacing AD with 2AD we can choose
these centers in B. Therefore there are 281 points x; € B (1 <4< 2k_1) such
that

2k—1
Bc | (zi+2AD).
i=1
This means that for any z € B there is some x; € B such that ||z — z;||p < 2.
Also, by p-convexity, ||z — 2;||p < 2'/P. By taking the operator u, : R —
X, uzt = ta for some fixed z, and applying Claim 3 (or see [BL], [BS]) it is clear
that
Izl 5o < llzlls° 211
Hence, for any z € B there exists x; € B such that

Iz = zills, < (2/7)'70(22)%,

that is,
ex(B — By) < 20=9/p(2))8

Thus, we obtain
di(By — B) < CppA? and ey(B — By) < 2020-9)/p )0
for every 1 < k < n.

LEMMA 2. Let B C R™ be a p-convex ball and D C R™ be a convex body. Let
0<6<1and By = (B,D)g1. Then there exists a q-convex body B such that
By C BY C 2Y/9By, where 1/qg—1= (1/p—1)(1 —6).

PROOF. Take the operator U : [3(R™) — R" defined by U((x,y)) = x +v. Since
lz +yllp < 2Y77 Izl + lyllp)  and e +ylp < (l2llp + yllp)
and by Claims 3, 4 we have
lz +yllp, <2002 (2] 5, + llyll,) -

But by the Aoki-Rolewicz theorem for every quasi-norm ||-|| with the constant
C in the quasi-triangle inequality there exists a g-norm

n 1/‘1 n
-1l =inf{ (aniw) n>0, xzzxz}
i=1

i=1
such that ||z, < ||lz|]| < 20|z, with ¢ satisfying 21/971 = C ([KPR, R]; see
also [K], p.47).
Thus, By C B? C 21/9By, where B? is a unit ball of g-norm || - ||,. O
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REMARK 2. Essentially, Lemma 2 goes back to Theorem 5.6.2 of [BL]. However,
the particular case that we need is simpler and we are able to estimate the
constant of equivalence.

Note that Lemma 2 can be easily extended to the more general case:
LEMMA 2. Let B; C R™ be a p;-convez bodies for i = 0,1 and By = (B, B1)o1-
Then there exists a q-convex body BY such that By C BY C 2Y/1By, where
1 1-6 6
= +

¢ Do ]71
REMARK 3. N. Kalton pointed out to us that the interpolation body (B, D)g 1
between a p-convex B and an ellipsoid D is equivalent to some ¢-convex body
for any q € (0, 1] satisfying

1/g=1/2>(1/p—1/2)(1 -0).

To prove this result one have to use methods of [Kal] and [KT]. Certainly, with
growing g the constant of equivalence becomes worse.

Step 3. By definition of C(«, p) for B? from Lemma 2 and v = a(1 — ) there
exists an ellipsoid Dy such that for every 1 < k <n

di(Dy — BY) < C(v,q)(n/k)Y and er(BY— D1) < C(v,q)(n/k)".

By the ideal property of the numbers di, e; and because of the inclusion By C
BY C 21/9By, for every 1 <k <n

d(D1 — By) < 21/9C(v,q)(n/k)” and ex(By — D1) < C(v,q)(n/k)".

Step 4. Let a = 1+ [k(1 — 0)]. Using multiplicative properties of the numbers
di, er we get

dp(D1 — B) < dg+1-o(D1 — Byg)do(Bg — B)

< CpoA?2'/9C (v, q) (n/k) <(1_91>1—9g0>

e
1-6

a(l1-0)
<)’ (195) Cw2/"COLa)mn/h°

and
ex(B — D1) < ept1-a(B — Bg)ea(By — D1)

1 «
< 909(1=0)/p\0 v _
<22 AC(v,q)(n/k) <(1 9)1990>

e

SC(O"p)e(1—9

By the minimality of C(c,p) and since 1/g <1+ (1 —0)/p we have

a(l1-0)
) 22 Cy, g n/k),

e

1-46

a(l1—0)
O n) < Clon) (755) " o2 1920 a) /b
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That proves Lemma 1. O
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