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The Extension of the Finite-Dimensional Version
of Krivine’s Theorem to Quasi-Normed Spaces

ALEXANDER E. LITVAK

ABSTRACT. In 1980 D. Amir and V. D. Milman gave a quantitative finite-
dimensional version of Krivine’s theorem. We extend their version of the
Krivine’s theorem to the quasi-convex setting and provide a quantitative
version for p-convex norms.

Recently, a number of results of the Local Theory have been extended to
the quasi-normed spaces. There are several works [Kall, Kal2, D, GL, KT,
GK, BBP1, BBP2, M2] where such results as Dvoretzky—Rogers lemma [DvR],
Dvoretzky theorem [Dv1, Dv2], Milman’s subspace-quotient theorem [M1], Kriv-
ine’s theorem [Kr|, Pisier’s abstract version of Grotendick’s theorem [P1, P2],
Gluskin’s theorem on Minkowski compactum [G], Milman’s reverse Brunn—Min-
kowski inequality [M3], and Milman’s isomorphic regularization theorem [M4] are
extended to quasi-normed spaces after they were established for normed spaces.
It is somewhat surprising since the first proofs of these facts substantially used
convexity and duality.

In [AM2] D. Amir and V. D. Milman proved the local version of Krivine’s
theorem (see also [Gow], [MS]). They studied quantitative estimates appearing
in this theorem. We extend their result to the ¢- and quasi-normed spaces.

Recall that a quasi-norm on a real vector space X is a map ||- || : X — R*
satisfying these conditions:

(1) |lz|]| > 0 for all = # 0.

(2) |ltz|| = |t]||z| for all ¢ € R and x € X.

(3) There exists C' > 1 such that ||z + y|| < C(||z|| + [|y||) for all 2,y € X.
(

If (3) is substituted by

(3a) ||z +yl|? < ||z]|? + ||ly||? for all z,y € X, for some fixed g € (0, 1],
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then || - || is called a g-norm on X. Note that 1-norm is the usual norm. It is
obvious that every g-norm is a quasi-norm with C' = 2/9=1. However, not every
quasi-norm is g-norm for some ¢. Moreover, it is even not necessary continuous.
It can be shown by the following simple example. Let f be a positive function
on the Euclidean sphere S"~! defined by

flz) = {|x| for z € A,

2|z| otherwise.

Here A is a subset of S"~! such that both A and S"~!\ A are dense in S"1.
Denote ||z|| = |x|f(z/|z|). Because f is not continuous it is clear that || - || is not
g-norm for any ¢ though it is the quasi-norm.

The next lemma is the Aoki-Rolewicz Theorem ([KPR, R]; see also [K, p. 47]).

LEMMA 1. Let || - || be a quasi-norm with the constant C in the quasi-triangle
inequality. Then there exists a g-norm || - || for which

zllg < [lz]l < 2Cz(,
with q satisfying 2971 = C. This q-norm can be defined as follows
n 1/(] n
|4 inf{(2||xi||q> :n >0, IZ:E}
i=1 i=1

We refer to [KPR] for further properties of the quasi- and g-norms.

THEOREM 1. Let {e;}} be a unit vector basis in R™, || - ||, be a l,-norm on R™,
ie | o0 aiell, = (X \ai|p)1/p, for 0 <p<oo. Let | - | be a g-norm on R™
such that
Or Hzlly < llz)l < Collzlly 1)
for every x € R™. Then for every e > 0 and C = C1Cy there exists a block
SEqUENCE UT, U, - - -, Um, Of €1,€2, ..., e, which satisfies
1/p 1/p
(1—¢) <Z|al|p> < U (1+¢) (Z|al|p> (2)
for all ay,az,...,a, and m > C(e,p,q) (n/logn)”, where
Qe
=————— for p<1 and v= or p>1;
€0 +p+ e for p 250—1—1 for p
/q
. B qe/2 P
a =min{p,q}, ¢&o= (1—}—0‘112(1/P> .

REMARK 1. If p > 1 in this theorem, then we have the well-known finite-
dimensional version of Krivine’s theorem with some modifications concerning
change of the usual norm to the g-norm. In this case for small enough g we get
g0 ~ (qg/4)"? and v ~ &.
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The case p < 1 is more interesting. We get an extension of the finite-
dimensional version of Krivine’s theorem. To provide an intuition for the behav-
ior of the constant in the theorem we point out that for small enough p and ¢
with p = ¢ we can take g9 = ¢¢/30 and v = &g.

REMARK 2. By Lemma 1 in the case of quasi-norm with the constant Cy the
inequality (2) is substituted with

m m 1/p
(1—¢) (Z |ai|p) <2(1+¢)Co <Zai|p) -

Due to the example above, we can not remove the constant Cy in this inequality.

1/p
u

The proof of the theorem consists of two lemmas.

LEMMA 2. For every n > 0 there exists a constant C(n) > 0 such that if || - || is
a g-norm on R™ satisfying (1) then there exists a block sequence y1,ya,...,yk of
e1,€ea, ..., e, which is (14 n)-symmetric and k > C(n, q,p)n/logn.

LEMMA 3. If y1,9y2,...,Y% is a 1-symmetric sequence in a normed space satis-
Jying
CrHall, < Z aiyi| < Callallp

=1
foralla = (ay,as,...,a;) € R* then for every ¢ > 0 there exists a block sequence
UL, Uy - s Uy Of Y1, Y2, .-, Yk Such that

m

(L —e)llall, < Zazuz (1+¢)llallp

for all a = (a1, as,...,a,) € R™, where m > C(p, q)eP/ 9k,

(6731}
v=——79#9¥—— for p<1l and v=
€0 +p+aeg for p 250+1

ge p/q
a=min{p,q}, co=|—>r—+ .
1+ Ca124/p

At first, D. Amir and V. D. Milman ([AM2]; see also [MS]) proved Lemma 2 for
q =1, p > 1 with the estimate k > C(n, ¢, p)n'/3. Their proof can be modified
to obtain result for 0 < p < 00, ¢ < 1. Afterwards, W. T. Gowers [Gow] showed
that the estimate of k can be improved to k > C(n,q,p)n/Inn. In fact, he
gave two different, though similar, proofs for cases p = 1 and p > 1. The proof
given for case p = 1 strongly used the convexity of the norm and the fact that

for p>1,

p is equal to 1. However, the method used for p > 1 actually works for every
0 < p < oo and even for g-norms. Let us recall the idea of W. T. Gowers. First
we will introduce some definition.
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Let © be the group {—1,1}" x S, where S,, is the permutation group. Let
VU be the group {—1,1}* x S. For

n k
b:ZbieieR", a:ZaieiERk, (e,m) €, (n,0)e T
i=1 i=1

set

n k
ber = Zsibieﬂ(i), Opo = Zmaied(i).
i=1 i=1
Let h-k=mn. Fori <k, j<h put
€ij = €(i—V)h+j> Eij = E(i=1)h+j> Tij = T((1 — 1)h 4 7).
Define an action of ¥ on 2 by
U,,((e,m)) = (et,7!), where ailj = Ni€o(i)j> 7rilj = To(i)j-

For any (e,7) € Q define the operator

k k h
(I)Eﬂ— : Rk — R"™ by (I)Eﬂ. (Z aiei> = Z Z Eijaie’n’ij .
i=1

i=1 j=1

For every a € R* by M, denote the median of ®., (a) taken over Q. Finally, let
A={aecll: |all, <1l,a1 > ay>--->a >0}

The following claim, which W. T. Gowers proved for case p > 1 and ¢ =1, is
the main step in the proof of Lemma 2.

CraM 1. Let || - || be a g-norm on R™ satisfying ||z||, < ||z|| < B||z||,. There is
a constant Cy = C(p, q,0, B) such that given A > 0 for every a € A

1 1
Proba {3(0.0) + [[0or(ay) = M2 > Sialal it/ | < 178

with k = C'O#gn and N = k.

The proof of this claim can be equally well applied for all 0 < p < oo and
0 < g < 1. The only change that we have to do is to replace the triangle
inequality

1/
Nzl =Nyl < lle =yl by [lzl = lyl1)] < lz =yl

The following two claims are technical and can be proved using ideas of [Gow]
with small changes, connected with replacing p > 1 by p < 1 and the norm by
g-norm.

CramM 2. Let 0 < p < oo and § > 0. There exist a constant X\, depending
on p and § only, such that for every integer k the set A contains a §-net K of
cardinality k*.
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CLAM 3. Let || - || be a g-norm on R™ satisfying ||z||, < |z|| < Bl|z||p. If there
is (e,m) € Q such that for every a in some §-net K of A

1€ ()"~ | @er (o) ] < Sllall,h'”
for every (n,0),(m,o1) € ¥ then the block basis
{@er(e)}i
of R®, ||| is (1 + 6 (B&)")"/*-symmetric.
These three claims imply Lemma 2 in the standard way (see [Gow] for the de-
tails).

PROOF OF LEMMA 3. Our method of proof is close to the method used in [AM1],
but our notation follows that of [MS, chapter 10].

First, we will give the Krivine’s construction of block basis. Let a and N be
some integers which will be specified later. Let us introduce some set of numbers
{A;}7. We will say that set

{Bjitjerier
if card I = 1 then we have only one index j) is {\;}j-set if

1) Bj; C{1,...,n} for every j € Ji€ I,
2) Bj;, are mutually disjoint,
3) card B;; = \; for every j € J, i € I.

(
(
(
(
Let us fix some {[p/]}-set

{Aj,s}ogjngl,lgsgm

for p=1+1/a.
For0<j< N —1and1<s<m,define

ij,s = Z Yi

iGAJ‘,S
and
N-1 _
= 3 PNy
§=0
Clearly, ||z1]] = ||z2]l = - = ||zm||- The integer m will be defined from
N-1
. 1INV
kam Y [pN P mpN(p— 1) = ma(&: ) :
§=0

Finally, we define the block sequence {us}™ ; by

us = 25/ 2]-

Now, as in [MS], we will establish the necessary estimates.
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Fix NM e{T+1,T+2,...,m}and t, € {0,...,T} for s € {1,...,m} such

that
M

S ot =14, with |yl =1.

s=1

Then
M M N-1
Z p—ts/pz Z p(N—J—ts)/ij7S
s=1 s=1 5=0
N—-1+4T —1+T
D Y WED S o}
i=0 s<M, jSN—1 l€A; leB;
jHte=i

for some {a;}-set {B;}1 o' *T, where

a; = Z [p*], for0<i<N—-1+T.
s<M, j<N-1
jHta=i
Therefore, we can choose a vector z which has the same structure as z; (i.e.,
z = Z;V " p(N Nivy ca, Yi for some {[p/]}-set {A;}o<j<n—1) such that the
difference A is
N—1+4T

M N-1
Azzlpfts/pzs,zzzlp /pzler Z p(N z)/pzyl
S= s=

leC; 1€C;
for some {b;}-set {C;} N7, where
b — {I[pj—aﬂl for0<j<N-1,
! a; for N<j<N-1+T.
Using techniques from [MS, pp. 66-67] we obtain
JA] < Cop™/P (4T + Nig| + NMp~T)Y7 and |2 > (1/Cy)p/P(N/2)1/7.

Hence

M q
—tg

E p /Py,

s=1

M q

—1
s=1

Al 8T s
=<” H) S(Clcz)q<N+2|77|+2MP_T> .

121l

Thus
q

—ts/Py < Cq(1250)q“’,

provided T < Neg, |n] < &9, and Mp_T < mp‘T < gg, for some gy3. Assume
T = [NEo].



FINITE-DIMENSIONAL KRIVINE’'S THEOREM FOR QUASI-NORMED SPACES145

Case 1: p < 1.

Let >, Jas|P = 1 and as = |as|. Let a = min{p, ¢} and § = Eé/p/ml/
Take B, = p~*/P or B, =0, t, € {0,1,...,T} such that |a, — Bs| < & for every
s. It is possible if p_T/” <dand1-— p_l/p < 4. Since p <1 it is enough to take
a such that it satisfies following the inequalities

[Neo]
()™ ew - g g L
a+1 mp/ pla+1)

Take a = [1/(0p)] = {ml/a/(ps(l)/p)} Thus § > +1)7

\Zp*ts—l\:(ZﬂS—lﬂS]Z(asw)”—l\

S’Z(ag—i-ép)—l‘:épmgao

sUs - as"us

m q
5 QsUs
s=1

q
< §%m < VP

m

>

s=1

<o

Hence

< el/P(1+ 01129/,

if mp/e < eo(H—“)[NEO] and ma(1E2)N < k, when a = [":1/;;} . Choose N such
p

0
that (%)= is of the order go/m?/*. Then

ml/e [ pla\ % 141 atp/(aso) .
pey/? ( €0 ) B eo/Ppey/< '

Thus, since 1/ > max{1/p,1/q},
@EgQ

m ~ &g (pk) Eo+p+a50 ~ gok eo+tptacg

and for e, = £4/” (1+ qung/p)

(=)' (@), < |3 s <

holds. For &1 small enough (g7 < 29 — 1) we obtain 1 —e1/¢ < (1 — 61)1/‘1 and
1+42e/q> (1+¢e)"9. Take e = 2, /q, then

o qe /2 r/q
07\ 1+ Ca12d/p

m > C(p, q)ep/QkTU‘:;iTaao'

< (L+e0) (),

and
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Case 2: p > 1. We use the same idea. Let Y . |ag[P = 1 and as = |a].
Let § = £0/(CPm). Take B, = p~%/P or B, = 0, t, € {0,1,...,T} such that
la? — 8P| < 6 for every s. It is possible if p=7 < § and 1 — p~! < 4. These two
conditions are met if

a [NEO] o 1
<§= d 6> .
(a—l—l) - CPm an “a+1

Take a = [1/0] = [CPm/eo] . Thus

St = = D@ )~ 1| = om < =,

Since
m 1/p
Zus < 01027” iz Uslly < C1Cy <m2p il }> =Cm!/?
p— (B[ 1211
and
1B — as| < |87 — a}|"P < 5P,
we obtain
m q m q m q
Zﬂsus - Z QslUs < Z ‘/89 - as|u5
s=1 s=1 s=1
m q
< §9/p Zus < §9/PCUmMalP < 88/1’.
s=1
Hence

< e¥P(1 4 cu129/7),

m q
E sl

if m < &2 (2)Neol and ma(£2)N < k, when a = [CPm/eo]. Choose N such
that (15, b )NEU is of the order go/(CPm). Then

1 1+1
m CPm [ CPm\ Y _ (e /e m2t/e0 o g
€0 €0 €0

Thus

m > %k%
and, for e; = sg/p (1+ C9129/P),

(1= (@)l < || aus| <

holds. For €; small enough (g7 < 29 — 1) we obtain 1 —&;/q < (1 —&;)"/? and
142 /¢g>(1+ 61)1/q. Take e = 2¢1/q, then

B q5/2 r/q
0=\ 15 coroalr

(L +e)" ()l
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and
m > C(p, q)gp/qkizg;oﬂ ) |
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