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Curvature of Nonlocal Markov Generators

MICHAEL SCHMUCKENSCHLAGER

ABSTRACT. Bakry’s curvature-dimension condition will be extended to cer-
tain nonlocal Markov generators. In particular this gives rise to a possible
notion of curvature for graphs.

1. Definition of Curvature

Let (Q, 1) be a probability space and L a self-adjoint negative but not neces-
sarily bounded operator on Ly (p) given by

Lf(x) := /(f(y) — f(2)K(z,y) p(dy) (1)

where K is a non negative symmetric kernel. Obviously L remains unchanged if
we change K on the diagonal. By P; = e'* we denote the continuous contraction
semigroup on Lo () with generator L. We will assume that P; is ergodic and that
there exists an algebra A C [, dom L™ of bounded functions which is a form core
of L. Then the Beurling—Deny condition implies that P; is a symmetric Markov
semigroup, i.e., P, preserves positivity and extends to a continuous contraction
semigroup on Ly(p) for all 1 < p < co. We will also assume that A is stable
under P;. On A x A define

L(f,9) = 5(L(fg) — fLg — gLf),

Following D. Bakry and M. Emery [BE, B] we define the curvature of L at the
point = € Q by

R(L)(z) :=sup{r €e R:Tao(f, f)(z) = rT(f, f)(z) for all f e A},

and say that the curvature of L is bounded from below by R if R(L)(z) > R for
allz € Q, i.e, Ta(f, f) > RU(f, f) for all f € A. By the definition of R it is clear
that R(AL) = AR(L) for any A > 0. Let us say a a word about the motivation
for this definition. Assume L is the Laplacian on a Riemannian manifold, then
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D(f, f) = |lgrad f||* and Ty(f, f) = Ric(grad f,grad f) + |[Hf||*, where Ric
denotes the Ricci curvature and H f the Hessian of f. Thus R(L) coincides with
the biggest lower bound for the Ricci curvature.

Given I' we can define a metric dr on {2 by

dr(w,y) = sup {|f(z) = f(y)| : T(f, f) < 1}.

If L is the Laplacian on a Riemannian manifold this is just the metric induced
by the Riemannian metric.

From now on we will assume that for all y € Q the function z — /K(z,y)
belongs to the algebra A. In case L is given by (1) we obtain, by putting

V() = Fly) = F(a) and d(2) i= [ K(z,y) ),
I(f.9)w) = § [V, $@)V,9(0)K (o, 0) )
Lol £)e) = § [ Vot ([ Ko 9K, uids) + K(e,)(3d(0) - da) wid)
~ 3 [ [V @V ) )RR . 2) - K (o, 2) ldy) )

For simplicity of notation let us write (f) for the mean [ fdp and (f, g) := (fg).
Suppose that the curvature of L is bounded from below by R > 0, then

((Lf)?) = (Ta2(f, £)) = R(L(f, ),

and by Proposition 6.3 in [B] this is equivalent to the spectral gap inequality
() = ()2 < RYT(f, f)). Thus R < A1, where )\; is the spectral gap of —L.

Now we are going to check that Ledoux’s proof [L1] of the concentration of
measure phenomenon on compact Riemannian manifolds still works in the above
setting.

1. (Bakry) If f € A and if the curvature of L is bounded from below by R > 0,
then by differentiation of the function F(s) := P, T(Pi—sf, Pi—sf) it is easy to
see that F’ > 2RF and hence, for all f satisfying T'(f, f) <1,

(P f,Pf) < 6_2RtPtF(f, f) < o 2Rt @)

2. For f € A and A > 0 we have

(D(f,e)) < MM TS, ) (3)
This follows from the elementary inequality (e¥ —e*)/(y — z) < 1(e¥ + e®).
3. (Ledoux) For A > 0, f € A such that T'(f,f) < 1 and (f) = 0 define

F(t) == (e**F) then

_F/(t) = _>\<LPtf, e)\Pf,f> — A<F(Ptf, e)\Ptf»
S AN TP, Pf)) < Ne2MH(e) = M 2 F (1),
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where we first used (3) and then (2). Thus (log F)'(t) < —A%e2f and since
F(c0) = 1 we conclude that F(0) < e*’/28 which implies the deviation inequal-
ity

plf > ) < emHE (4)

If © is a finite graph with counting measure p we define

Lf(z):=) (f(y) - f(2))-

y~z

y ~ x meaning that y and x are connected by an edge. Suppose that f is 1-
Lipschitz with respect to the graph distance, then T'(f, f)(z) < d(z)/2, where
d(x) is the degree of the vertex x. Also, in this case I's(f, f)(x) only depends on
points whose graph distance to x is at most 2. In this respect the curvature is a
local quantity.

Suppose Ly and Lg are generators of type (1) on La(Q, 1) and La(Qq, 1)
respectively. Let P} and P? be the corresponding contraction semigroups on
Lo(Q, 1) and Lo(Qq,p1). Then L := L1 ® 1 + 1 ® Ly is the generator of
P(f®g) = P/f®Plgand

I“(fog fog) =fPel™(gq9) +I"(f, f) e,
Ti(fog fog) =15 (g,9) +T5(f. f)®g* + 2" (f, f) @ T (g, 9).

For simplicity we assume L = = L,; we will also drop the superscripts. By
induction we obtain, for F' = ® _1 fi

T(FF) =) i@ oT(f,f)effn® - -af)
i

I[o(F, F) = Zf12®'"®fg'2—1®F2(fjafj)®fJ'2+1®'"®f3
J

+2) fi@-@f QT (fi fi)@ A @0 f]
1<J

L(f, [)Ofi0 - 0ff

Let z = (z1,...,2,) € Q" put Z; = (z1,...,2j—1,%j41,...,Tn) and define
F3, : Q2 — R by Fz,(z;) = F(r), then the terms involving I' in the second sum
can be written as

/ / (s (1) — F, (5))2(Fs, (93) — F, (2))2K (1, 90) K (5, 55) (g ().

For z € Q" and y € Q, we define VI F () := F;,(y) — Fz, (x;); then the preceding

J
expression equals

/ VL VI F )2 K (i, yi) K (25,y;) p(dys) p(dy;).-
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n
Hence, for all F' € @Q);_; A

T(F, F)( ZP Fs,, F5)(x;),

F (FF ZF2 ijaFIJ)(m])

+2Z// %ﬁgh 2 K(xi,yi)K(xj»yj)u(dyz‘)ﬂ(dyj)'

We thus have the following analogue to manifolds:

THEOREM 1.1. Suppose the curvatures of Ly, ..., L, are bounded from below by
Ry,...,R,. Then the curvature of

Lil® @1+ +1® - 01X L,.
is bounded from below by min; R;.

Finally let us note a somewhat more convenient formula for I's: For each y € Q)
define X, : A — A by X f(z) = /K(z,y)(f(y) — f(x)).

PROPOSITION 1.2. For all f,g € A we have

M) =4 [ X Xyg i)
To(f.f) =} / P(X,f, X, f) + Xy f(L, X, f pldy),

where [L, X] denotes the commutator LX — X L.

Proor. The first formula is just the definition of X,. As for the second we note
that

LLT(f ) =2 / L(X, f)? u(dy) = & / T(X,f, X, f) + X, fLX, f p(dy)

and thus the formula follows by the definition of I's. O

2. Curvature of Graphs

Let us consider the trivial example K (z,y) = 1. In this case

DD =} [ 98P nlay),

L@ = (3 [ Vi@ i) —2( [ Vs utan) ).

Choosing R = % the inequality Ty (f, f) > RL(f, f) is thus equivalent to

[t ([t
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i.e., the curvature of L is bounded from below by % If Q is a complete graph
of order n then we obtain a slightly larger lower bound for the curvature: R =
1/241/n. In this case the deviation inequality can be obtained much more easily:
following M. Ledoux [L2] and using the elementary inequality (e* —e¥)/(z—y) <
%(e"‘c +eY), we get, for all f € A,

(fel) — (el log(el) < § / / (F(2) = )@ — S D) pu(da) pu(dy)

5[ [ @) = 1) 4 ) o) utay)
(¢ (. 1), )

\ /\

which implies (see [L2]) that u(f — (f) > &) < e~ /% provided T(f, f) < 1. The
latter condition implies that f is bounded: if (f) = 0, then |f] < /2 — (f?).
Ledoux’s point is not this deviation inequality but rather the fact that (5) ten-
sorizes easily. In our context this is reflected by the fact that if the curvature of
L is bounded from below by R, then so is the curvature of L® 1+ 1® L. In the
particular case of the cube @ = {—1,41} and the normalized Haar measure
we get by 4 and Theorem 1.1:

COROLLARY 2.1. Let f: QN — R be a 1-Lipschitz function with respect to the
graph distance. If (f) =0, then un(f >¢) < e‘zEZ/N, where py s the product
probability.

ProoF. Since [(V,f(z))? pi(dy) < 1/2 we get T'(f, f) < N/4. O
More generally:

COROLLARY 2.2. Let Q) be a complete graph of order n with normalized counting
measure p1 and QN the product graph with the product measure pi. Suppose
QN — R is a 1-Lipschitz function with respect to the graph distance such that
(fy=0, then

N(f>e) < EXP(—%Ez)
Now suppose Q = {0,1,...,n — 1} is a finite graph of order n. Any function
f: ©Q — R can be thought of as a vector f = (fo,..., fn—1) € R". By u we
denote the counting measure on 2 and by pg the normalized counting measure.
For any function f :  — R we will also write (f) for the mean of f with respect
to po. Define (Lf); = > .(fi — f;)Ki,j, where K, ; is 1 if and only if i ~ j and
put z; := f; — fo and d; := ", K;, the degree of the vertex i. Then we obtain

n—1
_ 1 2
0=75 E x; Ko
i=1
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and

n—1

La(f, o= x?(ZKl,OKi,l + K 0(3d; — do + 2))
I

i=1

— Y (K j(Kio + K ) — KioKj o).

1<i<j<n—1
Define symmetric matrices A = (a; ;) and G = (g; ;), 1 <4,j <n—1 by
50 KioKi) + 5Kio(3di — do +2) if i =,
" —K; j(Kio + Kjo) + Ki0Ko,; if i # j,

and g;; = K; o and O off the diagonal. Then the curvature Ry at 0 is bounded
from below by

sup{r e R: A—rG > 0}.
In this case we conclude by (4) that for all 1-Lipschitz functions f : Q@ — R

po(f = (f) > ) < e R/ (6)
where R = inf R; and d = maxd;.

The off-diagonal entries of A can take on the values 0, 1 or —1 only:
-1 ifi~jand (i ~0orj~0),
Q5 = 1 ifi¥jand j~0andi~0,
0 otherwise.
For € > 0 let B.(i) be the ball {j € Q:d(i,j) <e}. Let I = B1(0) \ {0} be the

set of vertices, which are connected with 0 and put J = Bs(0) \ B1(0). Then,
for i,j € I with i # j, we get

1,.(3) -1 ifin~y,
N RN L 2 =
Qg 2(01’0 +3d; —do+2) and a,; {—I—l i ot 7,
where CE?O) is the number of 3-cycles containing both 0 and i. If i # j, 4,5 € J,
then

_ 1.0 -
Qi = §pi,O and a; 5 = 0

where pfo) is the number of paths of length 2 joining 0 and 4. Finally, if ¢ € T

and j € J, then
-1 ifi~y,
aij = e
0 ifiqly.
By restricting the vertices to I x I, Jx J, I xJ and J X I, we get four submatrices
Arr, Agg, Aryand Ay = Al g

Arr Arg )
A= .
( Ajyr Ay
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Thus the smallest eigenvalue of Ajr; is a lower bound for the curvature at 0.

Since cl(-?’o) < d;, we conclude that

Ry Sinf{2dj—d0/2+1 ]NO}

Thus the lower bound of the curvature cannot be positive if there exist two
connected points ¢ and j such that d; > 4d; + 2. Another more or less obvious
upper bound for R involves the diameter D of Q:

D= sup{|fi —fili,je, fe Lipl(Q)}.

Since for all € > 0 there exists f € Lip;(Q) such that po(|f —¢| > (D/2 —¢)) >
1/n for all ¢ € [0, D], we obtain, by (6), R < 4dlog(2n)/D? .

Now we turn to a more homogeneous situation: we will assume that for all
i, j € § there exists an isomorphism h; ; from Bs(i) onto Bo(j) such that h; (i) =
j. If follows that each vertex has the same degree d and a lower bound R
for the curvature at any point is also a lower bound for the curvature of L.
Therefore we will call these graphs, graphs of constant curvature. This situation
in particular occurs if there is an underlying group structure that determines
the graph: Let I = {g1,...,94} C G\ {e} be a symmetric subset of a finite
group G with neutral element e. Suppose further that Bi(e) = I U{e} generates
G, ie., U, Bi(e)” = G. Two points z,y € G are connected if there exists a
g; € I such that y = g;x. Obviously the map h, , : Ba(x) — Ba(y) defined by
hyy(2) := zz~ 'y is an isomorphism.

PROPOSITION 2.3. Let V; be the operator V; f(x) := f(g;x) — f(z). Then the
following statements are equivalent.

1. The graph distance is a bi-invariant metric.

2. Forallg,h €1, ghg~t € I.

3. For all j the operator V; commutes with L.

The Ricci curvature of a Lie group with bi-invariant Riemannian metric is always
non negative. The following proposition is the analogue of this fact for finite
discrete groups.

PROPOSITION 2.4. Let G be a finite group, I = {q1,...,94} a symmetric subset
of G\ {e} such that condition 2 of Proposition 2.3 holds. Then R is a lower
bound for the curvature of G if and only if, for all f : G — R,

D (ViVif)? = 2R (V)2
Jk J
In particular the curvature of such groups is always non negative.

Proor. By Proposition 2.3 the commutators vanish and thus the assertion
follows from Proposition 1.2. ]
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A bi-invariant metric on a finite group need not necessarily evolve from a
graph structure: The Hilbert—Schmidt metric

1

dus(m,ma) 1= 5\/(7T1 — ma)(m — m2)*

is a bi-invariant metric on the symmetric group II,, and Bj(e) \ {e} is the set of
all transpositions, but the metric d determined by Bi(e) \ {e} is different from
dys.

It’s very likely that the curvature of (II,,d) is bounded from below by 2.
However, this is too small to recover Maurey’s deviation inequality for IT,,; see
[M] or [MS].

For n > 2 let Q = {e1,ea,...,€n, —€n,...,—e1} be the set of extreme points
of the unit ball of /7. Two points are connected if they are connected by a 1
dimensional face of the unit ball. In this case A is a (2n—1) x (2n—1) matrix
whose diagonal is given by {3(n—1),...,3(n—1),(n—1)}. The off diagonal en-
tries a; ; are 1 if ¢ +j = 2n—1 and —1 otherwise. The curvature of this graph is
bounded from below by n.

The curvature of the icosahedron is bounded from below by (11 — 3v/5)/2.

The curvature of the dodecahedron is bounded from below by 0.

For n > 5 the curvature of the additive group Z, with I = {1,n—1} is
bounded from below by 0.

Let ({1,...,n},d) be a finite metric space. Putting K (i,5) := 1/d(i, j)?, then
dr = d. Thus the curvature can be defined for any finite metric space.
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