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Floating Body, Illumination Body,
and Polytopal Approximation

CARSTEN SCHUTT

ABSTRACT. Let K be a convex body in R% and K its floating bodies. There
is a polytope that satisfies Ky C P, C K and has at most n vertices, where
< ol6d volg (K \ K¢)
- t volg(Bg)

Let Kt be the illumination bodies of K and @, a polytope that contains
K and has at most n (d—1)-dimensional faces. Then

volg(K* \ K) < ed* volg(Qn \ K),

where ¢
n < % volg(K*\ K).

1. Introduction

We investigate the approximation of a convex body K in R? by a polytope. We
measure the approximation by the symmetric difference metric. The symmetric
difference metric between two convex bodies K and C' is

ds(C, K) = voly((C'\ K) U (K \ O)).

We study in particular two questions: How well can a convex body K be ap-
proximated by a polytope P, that is contained in K and has at most n vertices
and how well can K be approximated by a polytope @,, that contains K and has
at most n (d—1)-dimensional faces. Macbeath [Mac] showed that the Euclidean
Ball BY is an extremal case: The approximation for any other convex body is
better. We have for the Euclidean ball

2

¢1 dvoly(BHn™ 71 < dg(P,, BY) < ¢y dvoly(Bd)n~ 71 (1.1)

)
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provided that n > (c3 d)(dfl)/ 2. The right hand inequality was first established
by Bronshtein and Ivanov [BI] and Dudley [Dq,D2]. Gordon, Meyer, and Reisner
[GMR;,GMR3] gave a constructive proof for the same inequality. Miiller [Mii]
showed that random approximation gives the same estimate. Gordon, Reisner,
and Schiitt [GRS] established the left hand inequality. Gruber [Grz] obtained
an asymptotic formula. If a convex body K in R? has a C2-boundary with
everywhere positive curvature, then

inf {ds(K,P,) | P, C K and P, has at most n vertices}

is asymptotically the same as

dt1 5
1 d—1 1 a-1
1dely_q K(x) T du(x) (—) ,
oK n

where dely_; is a constant that is connected with Delone triangulations. In this
paper we are not concerned with asymptotic estimates, but with uniform.

Int(M) denotes the interior of a set M. H(x,£) denotes the hyperplane that
contains = and is orthogonal to . H¥(z,¢) denotes the halfspace that contains
the vector x — &, and H ™ (z,€) the halfspace containing « + €. e;,i = 1,...,d
denotes the unit vector basis in R?. [A, B] is the convex hull of the sets A and
B. The convex floating body K; of a convex body K is the intersection of all
halfspaces whose defining hyperplanes cut off a set of volume ¢ from K.

The illumination body K" of a convex body K is [W]

{z e R | voly([z, K]\ K) < t}.

K is a convex body. It is enough to show this for polytopes. Let F; denote the
faces of a polytope P, £; the outer normal and z; an element of F;. Then

1 n
volg([z, P]\ P) = p Z max{0, (&, x — x;)} volg_1 (F}).
i=1
The right-hand side is a convex function.

2. The Floating Body

THEOREM 2.1. Let K be a convex body in R Then, for every t satisfying
0<t< ie“r’ voly(K), there exist n € N with

n < el6d vola(K'\ K4)
- t VOld(Bg)

and a polytope P, that has n vertices and such that

K, CP,CK.
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We want to see what kind of asymptotic estimate we get for bodies with smooth
boundary from Theorem 2.1. We have [SW]

2
2 1 d+1 a+1 1
vola(K\ K) 1 (T )T e dute)
' 2 \volg_1(B§™) oK

~ t%d/ H(l‘)d%rl dp(x).
K

Since
1
n~ds n volg(K \ Ky),
we get
2
a4 1 d+1
voly(K \ K) ~d (d2 voly (K \ Kt)> / K(x) =T dp(x),
n oK
volg(K \ Kt)% ~ d2n_%/ k() T dp(z).
OK
Thus we get

d+1
d—1

volg(K \ P,) < volg(K \ K}) ~ d?n~ 71 </a k(z)THT du(x))

When K is the Euclidean ball we get
volg(BY\ P,) < cd®n~ T volg(BY),

where ¢ is an absolute constant. If one compares this to the optimal result (1.1)
one sees that there is an additional factor d.

The volume difference voly(P) —voly(P;) for a polytope P is of a much smaller
order than for a convex body with smooth boundary. In fact, we have [S] that it
is of the order ¢|Int|?~L. In [S] this has been used to get estimates for approxi-
mation of convex bodies by polytopes.

The same result as in Theorem 2.1 holds if we fix the number of (d-1)-
dimensional faces instead of the number of vertices. This follows from the same
proof as for Theorem 2.1 and also from the economic cap covering for floating
bodies [BL, Theorem 6]. I. Birdany showed us a proof for Theorem 2.1 using the
economic cap covering. The constants are not as good as in Theorem 2.1.

The following lemmata are not new. They have usually been formulated for
symmetric, convex bodies [B,H,MP]. Lemma 2.2 is due to Griinbaum [Grii].

LEMMA 2.2. Let K be a convex body in R and let H(cg(K), &) be the hyperplane
passing through the center of gravity cg(K) of K and being orthogonal to §. Then
we have, for all ¢ € OBY:

(i) 1- ﬁ)dvold(l() <volg(KNH"(cg(K),£)) < (1—(1- d—_h)d)vold(K).



206 CARSTEN SCHUTT

(ii) For all hyperplanes H in R? that are parallel to H(cg(K), &),

(1 ! )dilvold_l(KﬂH)gvold_l(KﬂH(cg(K),g)).

S d+1
The sequence (1 — ﬁ)d, d = 2,3,... is monotonely decreasing. Indeed, by
2
Bernoulli’s inequality we have 1 — 2 < (1 — L)? or &=L < (£21)4. Therefore

we get (%)dg (4=1)4=1, which implies (1 — dil )< (1= Lyt
Therefore we get for the inequalities (i)

évold(K) <volg(K N HY(cg(K),&)) < (1 - é)vold(K). (2.1)

By the preceding calculations, (1 + é)d is a monotonely increasing sequence.
Thus (1 + 3)4~! < e. For (ii) we get
volg_1 (K NH) <evolg_1(KNH(cg(K),E)). (2.2)

PROOF. (i) We can reduce the inequality to the case that K is a cone with a
Euclidean ball of dimension d — 1 as base. To see this we perform a Schwarz
symmetrization parallel to H(cg(K),¢) and denote the symmetrized body by
S(K). The Schwarz symmetrization replaces a section parallel to H(cg(K),§)
by a (d—1)-dimensional Euclidean sphere of the same (d—1)-dimensional volume.
This does not change the volume of K and K N H " (cg(K),£) and the center of
gravity cg(K) is still an element of H(cg(K),§). Now we consider the cone

[z, S(K) N H(cg(K),¢)]
such that
volg([z, S(K) N H(cg(K),£)]) = vola(K N H™ (cg(K),§))

and such that z lies on the axis of symmetry of S(K) and in H™ (cg(K),&). See
Figure 1.
The set

K = (KN H(cg(K),£)) Uz, S(K) N H(cg(K),€)]

is a convex set such that voly(K) = volg(K) and such that the center of gravity
cg(K) of K is contained in [z, S(K) N H(cg(K),£)]. Thus

volg(K N H T (cg(K),€)) > volg(K N HF (cg(K),€)) = volg(K N HY (cg(K), €)).

We apply a similar argument to the set S(K) N HT(cg(K),¢) and show that we
may assume that S(K) is a cone with z as its vertex. Thus we may assume that

K=1[(0,...,0,1), {(z1,..,24-1,0) | 207} z;2 <1}] and €=(0,...,0,1).

1
vola(K) = - volg_1(B4™1)
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H(cg(K),€)

Figure 1.

and

1 ! ! 1
dry =d tl—tdildt:d/ 1—s)s tds = ——.
) J radea=a [ 4010 R

‘We obtain

1 d
vola(K N H (eg(K), (0,...,0,1)) = (1 - dT1) vola().

(ii) Let H be a hyperplane parallel to H (cg(K), €) and such that voly_1 (KNH) >
volg—1 (K N H(cg(K),£)). Otherwise there is nothing to prove. We apply a
Schwarz symmetrization parallel to H(cg(K),&) to K. The symmetrized body
is denoted by S(K). Let z be the element of the axis of symmetry of S(K) such
that

[2, S(K) N H] N H(cg(K),§) = S(K) N H(cg(K),§).

Since volg—1 (K N H) > volg—1(K N H(cg(K),§)) there is such a z. We may
assume that Ht(cg(K),&) is the half-space containing z. Then

[2, S(K) N H] N H™ (cg(K),§) € S(K) N H™ (cg(K), ),
[z, S(K) N H| N H (eg(K),€) 5 S(K) N H (cg(K), £).

Therefore
cg([z, S(K) N H]) € H* (cg(K), ).
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Therefore, if h., denotes the distance of z to H(cg(K),§) and h the distance of
z to H, we get as in the proof of (i) that

1
> - ).
hcg*h(l d+1)

Thus we get

volg—1 (K N H(cg(K),§)) =volg—1(S(K) N H(cg(K),£))
1

>(1 d+1) volg—1(S(K) N H)
1
=(1— m)d’lvold_l(KﬂH). 0

LEMMA 2.3. Let K be a convex body in R? and let ©(€) be the infimum of all
positive numbers t such that

volg—1 (K N H(cg(K),§)) > e voly—1 (K N H(cg(K) +t&,§)).

Then

T;vold(K) < O(&) volg_1 (KN H(eg(K),§)) < e voly(K).

PRrROOF. The right hand inequality follows from Fubini’s theorem and Brunn-—

Minkowski’s theorem. Now we verify the left hand inequality. We consider first
the case in which, for all ¢ such that ¢ > ©(¢),

KNH(cg(K)+t,¢) =02.

Then, by (2.1) and (2.2),

é volg(K) < volg(K N HF (cg(K),€))

o(8)
= /o volg—1 (KN H(cg(K) +t&€,€))dt
< e O(¢) vola—1(K N H(cy(K), ).

If, for some ¢ such that t > ©(&), we have K N H(cg(K) + t£,€) # @, then, by
continuity,

volg_1 (K N H(cg(K),§)) = e volg_1(K N H(cg(K)+ O(£)E,€)).

We perform a Schwarz symmetrization parallel to H(cg(K),&). We consider the
cone

[2, S(K) N H(cg(K), €)]

such that z is an element of the axis of symmetry of S(K) and such that

[2, S(K) N H(cg(K), )] N H(cg(K) +O(£)E, &) = S(K) N H(cg(K) + O(£)¢, €)-
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L H(cg(K).¢€)

cg(K) 4+ 6(£)¢,¢)

Figure 2.

Let Ht(cg(K), &) and HT (cg(K)+0(£)E, €) be the half-spaces that contain z.
Then, by convexity,

[z, S(K) N H(eg(K),&)] N H (cg(K) + O(£)8,€)
D S(K) N H* (cg(K) +O(£)§,€).  (23)
We get by (2.1)
é volg(K) < volg(K N H (cg(K),€))
= volg(K N H " (cg(K),&) N H (cg(K) + O(£)E,€))
+volg(K N H* (cg(K) + O(6)E,€))
= volg(S(K) N H" (cg(K),&) N H (cg(K) + O(£)E, )
+ volg(S(K) N H (cg(K) + O(£),€)).
By the hypothesis of the lemma we have, for all s with 0 < s < ©(¢),
volg—1 (K N H(cg(K),§&)) <evoly_1(K N H(cg(K) + s&,€)).

Using this and (2.2) we estimate the first summand. The second summand is
estimated by using (2.3). Thus the above expression is not greater than

e? vola([z, S(K) N H(cg(K), )] N H™ (cg(K) + O(£)E. £))
+vola([z, S(K) N H(eg(K),§)] N H* (cg(K) + O(8)E, €))-
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This is the volume of a cone with the base S(K)NH (cg(K), ). By an elementary
computation for the volume of a cone we get that the latter expression is smaller
than

2¢ volg([2, S(K) N H(cg(K), )] NH™ (cg(K) + O(£)€, €)).

Since in a cone the base has the greatest surface area, the above expression is
smaller than

2e?0(€) volg_1 (K N H(cg(K),&)). O

LEMMA 2.4. Let K be a convex body in R%. Then there is a linear transform T
with det(T) = 1 so that, for all ¢ € OBY,

d
1
x, & de:f/ z,e;)|? d.
/T(K)K )| a Jroe, i§=1|< )|

We say that a convex body is in an isotropic position if the linear transform T’
in Lemma 2.4 can be chosen to be the identity. See [B,H].

PrOOF. We claim that there is a orthogonal transform U such that, for all
i,j=1,...,d with i # j,

/ (x,e;)(z,e;)dx = 0.
U(K)

( /| <x,ei><x,ej>dm>

is symmetric. Therefore there is an orthogonal d x d-matrix U so that

Clearly, the matrix
d

4,j=1

d

U</K<x,ei><:r,ej> dx)l _ Ut

i,j=1

is a diagonal matrix. We have

d
U</K<x,ei><x,ej> dx) rlUt = </K > il e) (@, eg)un, dx)

Q= I,k=1

d

1,7=1
d

- < / (. U ), Ut(ek»dx)
K k=1

d
- (/ (y,e)(y, ex) dy) .
U(K) l,k=1

So the latter matrix is a diagonal matrix. All the diagonal elements are strictly
positive. This argument is repeated with a diagonal matrix so that the diagonal
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elements turn out to be equal. Therefore there is a matrix 7" with detT = 1
such that

0 if i # j,
d
/ (@ €i)(z, e5) dr = 1/ 2 e
T(K) - [z, e;)?dx ifi=j.
d Jr(x) ;
From this the lemma follows. 0

LEMMA 2.5. Let K be a convex body in R? that is in an isotropic position and
whose center of gravity is at the origin. Then, for all £ € OBY,

1

d
1
- 3 < 2= A2
5010 Vola(K)? < vola_1 (K 0 H(cg(K),€)) d/}{;ux,em dx
<6 e voly(K)3.

PROOF. By Lemma 2.4 we have, for all ¢ € 0BY,

1 2 NP 2
i 2wl = [ (e.0P

By Fubini’s theorem, this equals
oo ()
/ t* voly_1 (K N H(t&,€)) dt > / t* voly_1 (K N H(t€,€)) dt,
0

—00

where O(§) is as defined in Lemma 2.3. By the definition of ©(¢) the above
expression is greater than

1 e(¢) 1
- vold,l(KﬂH(cg(K)@))/o 2 dt > I O(¢)° volg—1 (K N H(cg(K),€)).

By Lemma 2.3 this is greater than

1 VOld(K)S
24e10 volg_1 (K N H(cg(K),€))?

Now we show the right hand inequality. By Lemma 2.4 we have

o0

d
Cli/Kizzl|<xaei>|2d$:/K|<$7§)|2dx:/_oot2 volg—1 (K N H(t,€)) dt

o) %
:/ #2 vold_l(KﬂH(tf,g))dt+/ t% volg_1 (K N H(tE,€)) dt
0 e(8)
0 e(=¢)
+/ 2 vo1d_1(KmH(tg,§))dt+/ t* volg_1 (K N H(t¢,£)) dt.
e(—¢) —00
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By (2.2) this is not greater than

o0

g@(f)gVoLi—l(Km H(cg(K),§)) +/ t* volg_1 (K N H(t€,)) dt
o(g)

e e(=¢)
+3 O(—=£)? volg_1 (K N H(cg(K),£)) +/ t2 volg_1 (K N H(t€,€)) dt.

— 00

The integrals can be estimated by
2 0(8) voly—1 (K N H(cg(K),§)) and 2 O(=€)° voly—1 (K N H(cg(K),£)),

respectively. We treat here only the case &; the case —¢ is treated in the same
way. If the integral equals 0, there is nothing to show. If the integral does not
equal 0, we have

volg—1 (K N H(cg(K),§)) = e volg—1(K N H(cg(K) + O(8)E,€)).
We consider the Schwarz symmetrization S(K) of K with respect to the plane
H(cg(K),£). We consider the cone C that is generated by the Euclidean spheres
S(K) N H(cg(K),§) and S(K) N H(cg(K) 4+ O(£)E,€). We
S(K) N HT (cg(K) +0(£)E.€) C C

and the height of C' equals
o)

l—e 1
Since (14 15)%"! < e, we have 1 — e TT > L. Thus the height of the cone C
is less than d ©(§). Thus, for all ¢ with ©(¢) <t < d 6(¢),

d—1
vola-1 (K 1 H(eg(K) +1€,6)) < (1 - ﬁ@) voly_1 (K 11 H(cg(K), €)).

Now we get

/OO t2 volg_1 (K N H(t€,€)) dt
o(8)

d ©(¢) ¢
2 — —— )4 1yoly_
< /@ o PO )" vola (K N H o), €)

< volg_1(K N H(cg(K),£))(d @(5))3/0 s2(1— )% lds

2

= voly_1(K N H(cg(K),£))(d @(5))3m

< 2 voly_1 (K N H(cg(K), €))0(&)".
Therefore

d
%/K ; (z, ) |* dz < (g + 2) (©(£)? + ©(—£)?) volg—1 (K N H(cg(K),€)).
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Now we apply Lemma 2.3 and get

VOld(f()3
VOldfl(K n H(CQ(K)7 5))2 .

2(z +2)e? O

3
LEMMA 2.6. Let K be a convex body in R? such that the origin is an element
of K. Then

2
d+4+2

d
1 da
E/ > e dx > d+d2 volg_1 (9B~ % voly (K) .
K i=1

PROOF. Let r(£) be the distance of the origin to the boundary of K in direction
&. By passing to spherical coordinates we get

1 ‘ 2 1 r© d+1 1 d+2
- M de =~ dpdg = ——— d
d/}(;mw v d/aBg/O o1 dp dg d<d+2>/aBg’”“> ¢

By Holder’s inequality, this expression is greater than

VOld_l(aBg) 1 )
d(d+2) (vold_l(aB;l) /BBg r(£) df)
dd

T d+2

The following lemma can be found in [MP]. It is formulated there for the case
of symmetric convex bodies.

a+2
d

2
d4+2

volg_1 (0B~ voly(K) ™ . O

LEMMA 2.7. Let K be a convex body in R? such that the origin coincides with
the center of gravity of K and such that K is in an isotropic position. Then

1
B(eg(K), 5= vola(K)#) € K1, 1,00,

An affine transform can put a convex body into this position.
PROOF. As in Lemma 2.3, let O(§) be the infimum of all numbers ¢ such that
volg_1 (KN H(cg(K),§)) > e voly—1(K N H(cg(K) +t€,£)).

By Lemma 2.3,

1 volg(K)
o) = 2¢3 voly_1 (K N H(cg(K),£))

By Lemma 2.5 we get

1 11 ) :
0) 2 s s (Vold(K)d/K;@,em dx) .

7'(% W(dfl)/Q(Qe)%
d S d+1 9
rEg+1) d—=

‘We have
volg(BY) =
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2
Vold(Bé'l)é < \/%.
Therefore, by Lemma 2.6,

1 dh volg(K) 1\ 7 1
o) > > Lo(K)7.
© = 2e3/6e3 Vd 1 2 (vold_l(aBg)> Z T35 VlalK)

On the other hand,

and thus

al=

()

L volg—1 (K N H(cg(K) +t&,€)) dt,

vola(K N H™ (cg(K) + %@(5)5,5)) = /6(5)

where H™ (cg(K)+ %@(f)f, €) is the half-space not containing the origin. By the
definition of ©() this expression is greater than
o)
2e
By Lemma 2.3 we get that this is greater than
1
4764 VOld(K) .

Therefore, every hyperplane that has distance

volg_1 (KN H(cg(K),&)).

=

1
Saer g7 Ol

from the center of gravity cuts off a set of volume greater than 4 volg(K). O

PrOOF OF THEOREM 2.1. We are choosing the vertices z1,...,x, € 0K of the
polytope P,. N(z) denotes the normal to 0K at xzy. x; is chosen arbitrarily.
Having chosen x1,...,z;_1 we choose xj such that

{z1,.. sz} NInt(K N H ™ (2 — ApN(xg), N(xg)) = 9,
where Ay is determined by
vola(K N H™ (z, — ApN(zx), N(2k))) = t.

If the normal at zj, is not unique it suffices that just one of the normals satisfies
the condition. It could be that the hyperplane H(xy — AN (xg), N(zy)) is not
tangential to the floating body K3, but this does not affect the computation. We
claim that this process terminates for some n with

164 Vola (K \ Ky)

= T voly(BY) 24)

This claim proves the theorem: If we cannot choose another z,1, then there
is no cap of volume ¢ that does not contain an element of the polytope P, =
[1,...,2,]. By the theorem of Hahn-Banach we get K; C P,. We show now
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H(z — ApN (), N(x))

Figure 3.

the claim. We assume that we manage to choose points z1,...,z, where n is to
big that (2.4) does not hold. We put

Sp=KNH (z, — AyN(zy), N(xy)) (2.5)
and
Sp=Kn < ﬁ H*(x; — AiN(mi),N(xi))> NH™ (xr — ApN(x), N(xg))
i=k+1
for k=1,...,n—1. For k # [, we have
volg(Skr NS;) = 0.

Let kK <1 <n. Then

SeNS =KnN < N H+($i_AiN(xi)aN(mi))> NH™ (z—ApN(zg), N(zk))
i=k+1

NKN ( N H*(xiAiN(:z:,;),N(xi))> NH™ (z;— AN (1), N(x;))
i=l+1

C H+($17AZN(JZ1),N(I1)) ﬂHf(xlfAlN(:cl), N(xl))
= H(l’l—AlN(S(:l), N(SL‘[))

Thus we have

volg (S N Sl> < VOld(H(l‘l — A1N<3;‘l), N(xl))) =0. (2.6)
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The case k < [ = n is shown in the same way. We have, for k=1,...,n —1,

n

Sr,=Kn < ﬂ H+(l‘i — AzN(!EZ%N(.’l?l))) ﬂH_(:Ek - AkN(:I:k),N(a:k))
i=k+1

D [z, K¢) N H™ (2 — ApN(xk), N(x))
D) [.Z’k, (K N H_(.’Bk — AkN(.’L‘k>, N(.’Ek))t] NH™ (-T]c - AkN(l‘k% N(mk))7

where A, is determined by
volg(K N H™ (2, — ApN(z1), N(z1))) = 4e’t.
By Lemma 2.7 there is an ellipsoid £ contained in
(K N H™(z1, — AN (zx), N(21)))e
whose center is ¢g(K N H™ (x; — ApN(x), N(x))) and that has volume

4et d
VOld(S) = W t VOld(B2>
Since (K NH™ (x) — AN (), N(xy))); is contained in K, & is contained in K.
Thus
Sk D [zk, E]N H™ (w — ApN (zk), N(zk)).-

We claim now that [z, ] N H™ (xx — ApN(21), N(z1)) contains an ellipsoid £
such that

~ 4et 1 d
vola(€) = (24¢5/m)d (4€5)d t vola(Bz),
and consequently
4et 1 d 4et d
VOld(Sk) Z (2465\/E)d (465)d t VOld(B2) = W t VOld(BQ). (27)

For this we have to see that Ay < 4e5 Ay. By the assumption t < ie_s’ voly(K)
we get

voly(K N H (2 — AN (), N(zx))) < é voly(K).

Therefore, by (2.1), cg(K) € HY (xx — AN (zx), N(xx)). We consider two cases.
If

VOld_l(KﬂH(Ik - AkN(fEk), N(:ck))) < VOld_l(KﬂH(l’k - AkN(.Tk), N(Ik))),

the theorem of Brunn—Minkowski implies that, for all s in the range Ay < s <
Ag, we have

volg_1(K N H(cg(K),N(x))) < volg_1 (K N H(xy, — AN (), N(zp)))
<volg_1 (K N H(zy — sN(x), N(z))). (2.8)
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We get, by (2.2),

Ay > !
= volg—1 (K N H(cg(K),N(xx)))

By (2.8),

(Ap—Ay) voly_1 (KN H(cg(K), N(z1)))
< volg(KNH ™ (xx—AgN (z1), N(zx))) = vola(K N H ™ (k= Ak N (z1), N(zx))).

This implies

< (4et — 1)t
A — A < .
¥ b= volg—1 (K N H(cg(K), N(zx)))
Therefore
~ (4e* — 1)t 5
A < Ar < 4de’ Ay
S ol (K N Hcg(K), N(zp)) ok = % 5k
If

VOldfl(Kﬂ H(xk — AkN(SCk), N(.Z'k)>) < wvolg_1(KnN H(a:k — AkN(ajk), N(xk))),

the theorem of Brunn—Minkowski implies that, for all u in the range 0 < u < Ay,
and all s in the range Ay < s < Ay, we have

VOld_l(K N H(l‘k - UN(.Tk),N(Ik))) < VOld_l(K N H(Zk — AkN(.Z’k),N(Ik)))
< VOldfl(K n H((Ek — SN(.Tk),N(xk)))

We get
> t
- VOldfl(K N H(l‘k — AkN(.’L‘k), N(xk)))
and )
< de* — 1)t
Ak B Ak = V01d71(K N H((l‘k - A]C)N(l‘k), N(l’k))) ’
Therefore

4 _

+ Ay < de*Ay.
"= Voly 1 (K N H(z, — AN (zp), N(z))) F = *

We have verified (2.7). From (2.6) and (2.7) we get

VOld(K \ Kt > VOld U ZVOld Sk t VOld(Bg).

96ewf )d

Thus we get the desired equation (2.4):

volg(K \ Ky) > e 1%4n, t voly(BY). O
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3. The Illumination Body

THEOREM 3.1. Let K be a convex body in R? such that
1
;Bg C K C B3,
1

Let 0 < t < (5eyep) "4 voly(K) and let n € N be such that

(gﬁ)(d—nm <n<

1 t
o577 Vola(K"\ K).

Then we have, for every polytope P, that contains K and has at most n (d—1)-
dimensional faces,

volg(K*\ K) <107 d?(c1c2)*t 77 volg(P, \ K).

We want to see what this result means for bodies with a smooth boundary. We
have the asymptotic formula [W)]

k) 1 ( ity ) [ )7 duta.

VOld_l (BQd

lim

VOld (Kt)
t—0 t

2
d+1
Thus

volg(K") — volg(K) ~ o K,(.I‘)ril du(z).
oK

And by the theorem we have

1
n~ %Vold(Kt \ K).

Thus
2

volg(K") — voly(K) ~ d(% volg(K* \K)) dH / K‘,(Jj)r}'l du(x),

or

By Theorem 3.1 we now get

voly(Py \ K) > %(é) tra (%) T (/dK () T du(gc)) -

By a theorem of F. John [J] we have ¢1ca < d.
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The following lemma is due to Bronshtein and Ivanov [BI] and Dudley [D,
Ds]. It can also be found in [GRS].

LEMMA 3.2. For all dimensions d, d > 2, and all natural numbers n, n > 2d,
there is a polytope @, that has n vertices and is contained in the Euclidean ball
BY such that

16 < VOld_l(aBg) )dl __2
— 5 n

'mB -1,
A (@n. B) < 7 \volg_1 (B
‘We have
da
lg_1(0BY) = d voly(BY) = d—1——
volg—1(9B3) voly(B5) F(%—&—l)
Nt +1
= dﬁ% volg_1(B&™Y) < dy/m volg_1(BI™Y).  (3.1)
I'(g+1)
Since 71 < 4 and (1-t)?>1-adt, (3.1) yields
d 2
(B27Qn) S 7 < f) < 771'71 Td-T, (32)

PROOF OF THEOREM 3.1. We denote the (d — 1)-dimensional faces of P, by F},
for i =1,...,n, and the cones generated by the origin and a face F; by C;, for
i=1,...,n. Take x; € F; and let &, with [|§;]]2 = 1, be orthogonal to F; and
pointing to the outside of P,. Then H(z;,¢&;) is the hyperplane containing F;
and H'(x;,&;) the halfspace containing P,. See Figure 4.

We may assume that the hyperplanes H(x;,&;), ¢ = 1,...,n, are supporting
hyperplanes of K. Otherwise we can choose a polytope of lesser volume. Let A;
be the height of the set

Kt ﬁH_(l‘i,fi) nG;,
that is, the smallest number s such that
K'NH™ (24,&)NCi C HY (25 + 56, &).

Let z; be a point in K N C; where the height A; is attained. We may assume
that BY C K C c¢Bf where ¢ = c1cz. Also we may assume that

P, C 2cBY (3.3)

if we allow twice as many faces. This follows from (3.2): There is a polytope
Q@ such that 1B2 C Q. C B¢ and the number of vertices k is smaller than
(1287)[d=D/2 Thus Qj satisfies B§ C Q; C 2B§ and has at most (1227)(d=1)/2
(d—1)-dimensional faces. As the new polytope P, we choose the intersection
of cQj, with the original polytope F,. Since we have by assumption that n is
128
7

greater than (1287)(@=1)/2 the new polytope has at most

volg(K'\ K). (3.4)

16 edt
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Zi

H(zi, &)

K

Figure 4.

(d — 1)-dimensional faces.
We show first that for ¢ with 0 <t < (5¢d) "4 !volg(K) and alli,i=1,...,n

we have

1
A; < p (3.5)

Assume that there is a face F; with A; > é. Consider the smallest infinite

cone D; having z; as vertex and containing K. Since H(x;,&;) is a supporting
hyperplane to K and K C ¢ BS we have

K C -Dz ﬂH+(£L'i7£i) ﬂH_(LCZ' — 2052761)
and
Di mH_(.’II“f) = [ZiaK] ﬂH—(szf)
We have

t = volg([zi, K]\ K) > volg([zi, K] " H™ (z4,&)) = volg(D; N H™ (x4, &)) =

1 1
EAZ VOldfl(Di n H(ZCZ, fz)) Z ﬁ VOldfl(Di n H(LCZ, 52))

Thus
volg_1(D; N H(z;,&)) < d*t (3.6)
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Since (3.5) does not hold we have

2C + Al
Ay

< (2cd 4 1) volg_1 (D; N H (24, &)).

volg_1(D; N H(x; — 2c¢€;,&)) = ( )5 volg—1 (D; N H(x,&))

By (3.6) we get
volg_1(D; N H (z; — 2¢&;,&)) < (2¢d + 1) d%t < (3ed)?d>t.

Thus
volg(K) < volg(D; M H (24, &) N H™ (z; — 2¢&;,&;))

< 2¢(3ed)? 1 d%*t < (3ed) Pt
and we conclude that
t > (3cd) =4 voly(K).

This is a contradiction to the assumption on ¢ in the hypothesis of the theorem.
Thus we have shown (3.5). We consider now two cases: All those heights A; that
are smaller than 2dt/volg_1 (F;) and those that are greater. We may assume that
A;, i =1,...,k are smaller than 2dt/voly_1(F;) and A;, i = k+1,...,n are
strictly greater. We have

volg((K*\ P,) N C) = /OAi volg_1((K"\ P,) N C; N H(z; + s&,&)) ds.
Since B§ ¢ K C P, we get
volg((K*\ P,) N Cy) < /OAi volg_1(F)(1+s)"tds < Aj(1+ A voly_y (F).
By (3.5) we get

d—1
voly(K*\ P) N Cy) < A (1 + é) vola_1 (F)).

Fori=1,...,k we get

volg((K*\ Py Cy) < — 2% (1 n l)d_l voly_1(F,) < 2edt
d n i) = VOldfl(Fi) d d—1\1L7) > .
Thus
k
volg ((Kt \P.)n Y Cl) < 2kedt < 2nedt.
i=1
By (3.4) we get
k
voly <(Kt \ P,)N U C’i> < tvolg(K'\ K). (3.7)
i=1
Now we consider the other faces. For i = k 4+ 1,...,n, we have
2dt
A; > (3.8)

- VOldfl(Fi) '
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We show that, for i = k + 1,...,n, we have
1
5¢c VOld_l(Fi) a-1
A; <be| ———————F= . 3.9
=0 ( 2d voly(K) (39)
Suppose that there is a face F; so that (3.9) does not hold. Then
A;
t =volg([z;, K]\ K) > volg([z:, K|NH™ (;,&;)) = i volg—1([zi, K|N H(x;,&;)).
Therefore we get, by (3.8),

dt

< KZ VOld_l(Fz‘). (310)

N | =

volg—1([zi, K] N H(x;,&;)) <

Since K C B we have
K cD;n H+(£C“€Z) N H_((El — 2052761)

Thus
volg(K) < volg(D; WH™ (z; — 2¢&;,&5))-

The cone D; N H™ (z; — 2¢€;,&;) has a height equal to 2¢ + A;. Therefore

N d—1
volg(K) < $(2C+Ai)<2c%él> volg—1(D; N H (z4,§;)).
By (3.5) we have A; < 1. Therefore we get

voly(K) < 2¢ (ﬁ

d \A;
e (30
d \A;

d—1
) VOld_l(Di ﬂH(Infl))

)" Vol ([ K] 0 H i 60).

By (3.10) we get
3c ( 3¢\t
volg(K) < ﬁ(E) volg—1(F;),
which implies (3.9).

Let y; be the unique point
yi = [0, 2;] NV H (4,&;).

We want to make sure that y; € F;N[z;, K]. This holds since z; € C;NH ~ (x4, &;)
and A; > 0. Since y; € F; we have

volg_1(BS™1) / d—1
—_— T du(n),
VOldfg(aBgil) 8B2d*1 (77) M(’?)

where 7;(n) is the distance of y; to the boundary 0F; in direction 7, n € 8B§_1,
and, since y; € F; N [z;, K], we have

VOld_l (Fz) =

VOld_l (B;l_ ! )

oly_1(F; N[z, K]) = ~2d=102 ) A du(n),
wolaa (70 [z K)) = SRR / o PO it
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where p;(n) is the distance of y; to the boundary O(F; N [z;, K]). Consider the
set

Ai ={n| (1= F)rin) < pi(n) }.
‘We show that
1 . (Bdfl)
1 voly_1(F, <M/ ra(m)&Y = pi(m)&td 3.11
1 volg—1( )_Vold_2(aBg_1) . (n) pi(m)“ " du(n) (3.11)
We have
volg_1(BS™)

voly_» (9B 1) /A/_ ri(m) " = pi(n)*~" du(n)

VOldfl(Bg_l) oNd=171 (1 _ 1yd—
< ) [ a1 0= ) duta

< 1 volg_1 (B
~ 4voly (0B

i

/A. ri(n) " du(n) < § vola—1(F).

Therefore
volg_1(BS™)

Vold_z(agg—l)/m ri(m) ™ = pi(n)* " dpu(n)

volg_1 (B3 ") / d—1 d—1
> = r — pi d
% voly 2(0BT ) Joms (n) pi(n) " du(n)

VOldl(Bgl)/ d—1 d—1
el 5 St S , .y d
volu 2055 /. 7i(n) pi(n) w(n)

Z VOld_l(Fi) - VOld_l(E n [Zi, K]) — %vold_l(Fi).
By (3.10) this is greater than } volg_1(F;). This implies
1, Bd71
Lvoly_1(F;) < Vodl—(2d_1)
volg—2(0B5 ™)

Thus we have established (3.11).
We shall show that

volg((K'\ P,) N Cy) < 10° ed?c>T 77 voly((P, \ K) N C;). (3.12)
‘We have

[ = i) dut)

volg(D§ N H* (24,&) N C;) < vola((P, \ K) N Cy).
Compare Figure 5. Therefore, if we want to verify (3.12) it is enough to show
that
volg(K*\ P,) N C;) < 10° ed?c>T a1 volg(DS N H (1,&) N C;).

We may assume that y; and z; are orthogonal to H(z;,&;). This is accomplished
by a linear, volume preserving map: Any vector orthogonal to §; is mapped onto
itself and y; is mapped to (&;,y;)&;. See Figure 6.
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Zi

yi +ri(m)n

Figure 5.

Zi

LY+
Y ﬁ@@ vi + i ()

Figure 6.
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Let w;(n) € Df N HY(2;,&) N C; such that w;(n) is an element of the 2-
dimensional subspace containing 0, y;, and y; + 7. Let 0;(n) be the distance of
w;(n) to the plane H(x;,&;). Then

1 voly_ (Bgil) . »
dmm_iaBg—w/A:W”)d — pi(m)*=1)0i(n) d(n)

< VOld(l);»c N H+(l‘i7 fz) n CZ)
Thus, in order to verify (3.12), it suffices to show that
volg((K'\ P,) N C;)

1 volg_1(B§ )

<108 ed?c>taT
- dvoly_o(0BJ™1)

/A () = i) ). (313

In order to do this we shall show that for all¢ = k+1,...,n and all n € A there
is w;(n) such that the distance §;(n) of w; from H(x;,&;) satisfies

(3.14)

= 9

A, {32dc if0<a; <7,
5 S

1
160 de? ((5cvola 1 (F)\ 7T ¢« .
( 2d vol (K) if <o <%

The angles «a;(n) and §;(n) are given in Figure 6. We have for all n € A¢
sin(a;) sin(5;)

sin(m — a; — ()’ (3.15)

A; =p; tan oy,

6; =(ri — pi)

with 0 <y, 3; < 5. Thus we get

Ai Pi Sin(’ﬂ' — QG — ,67,)

= < Pi
d; ~ r; — pi cos(ay)sin(f;)

(ri — pi) cos(ay) sin(B;)

<

By (3.11) we have p; < (1 — 4—1d)ri. Therefore

Ai_ 4
8; ~ cos(a;)sin(B;)

Since B§ C K C P, C 2c B we have tan3; > --: Here we have to take into
account that we applied a transform to K mapping y; to (&, y;)&;. That leaves
the distance of F; to the origin unchanged and 7;(n) is less than 4c. If 3; > §
we have sin §3; > L Ifg < 7 then i <tanp; = sinfi V/2sin B;. Therefore

/2 cos B =
we get
Ai _ 16v/2 de
0; — cosoy
Therefore we get, for all 0 < a; < 7,
= < 32dc.

S

?
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By (3.9) and (3.15) we get

&< 1 sin(ﬂ'—ozz'—ﬂi)5 5¢ volg_1(F}) =
5, = ri—pi sin(a;)sin(B) O\ 2dvoly(K) )

We proceed as in the estimate above and obtain

1

A;  16V2dc  5e (50 VOldl(Fi)>dl

— <
51‘ T SiIl(Ozi) 2d VO]d(K)

Thus we get for % <q; < g

& - 32 dc 5¢ voly—_1(F;) [
2d VOld(K)

51‘ - T
We verify now (3.13). By the definition of A; we get

VOld_l(Bg_l)

et [ o ) )
VOlg_2 2 ¢

1, Bd—l
> (1= ey YolemnlBs ) 2d71)
VOld,Q(aBz )

/ ri(n)* 18, du(n).
A

We get by (3.14) that the last expression is greater than

1 A VOld—l(Bgil)
320dc " voly_»(0BI 1)

1
_ 1 2d volg(K) \ 7T
d—1 d d
4+ —  —— L ).
% (/ Af TZ u+56 (56 VOld_l(Fi)) /Aq 7"2 /J)

i i
a; < >

i

By (3.11) we get that either
1, Bd71
Vodl—(gd_l)/ rd—1 dp > % VOldfl(Fi)
vold_2(882 ) A

or

L. Bd*l
Lhd_l)/ T,?71 d,LL 2 % VOldfl(FZ').
vold_2(832 ) AC

volg_1(BS™)

mld_Q(aBd—l)/m(n(mdl — pi(m) )8 (n) du(n)

VOld((Kt \ Pn) n Cz)

VOld_ 1 (Fz)

> — > 1
2560dc 2560edc

The last inequality is obtained by using (3.5): Since B C K we have, for all
hyperplanes H that are parallel to Fj,

VOldfl(Kt NHN Cz) < (1 + Ai)d_l VOldfl(Fi).
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By (3.5) we get volg_1(K'NHNC;) < e volyg_1(F;). In the second case we have

VOld—l(Bg_l) . o )
R [ s

>i 2d volg(K) LS A‘Vold—l(Bg_l)/ ey
= e \Bevoly 1(F))  320de" voly_p(0B ) ) 4 TN

a;> %
) a4
1 ( 2d voly (K )d—l LN volg_1 (B / a1
> — i . Tiooap
5¢ \ 5¢ volg—1( 320dc (Vold_2(8351_1))ﬁ a;‘;%
1
1 2d VOld =T A d—1\—-1— /1 A
_ 1, 1(B a1 (= volg_q1(F;)) a1
~ 5c (5cvold 1( ) 320dcvod 1Bz ) (8V0d 1(F3))
1
1 d volg(K TN
= — vol,— FZ
5¢ (200 volg_1 (B3~ 1)) 256040 “Ola-1(F)

VOld((Kt \Pn) n Cz)

21 ( d volg(K) )dl
5¢ \ 20¢ voly_ 1 (B3™1) 2560edc

Since BY C K we get

voly_1 (B! - B
Volj_g((BBzi_l))/g(n(n)d ! —pi(n)d 1)51-(7)) dp(n)

volg((K*\ P,) N Cy)

>1( d voly(B%) )d—l
~ 5¢ \ 20¢ voly_ (B 2560edc

1/ 1\71T 1
> = (= L. ((Kt\ P, ;
= Be (20c> 5560edc VO(EANFa) N C)

(10% ede®t 7)1 voly (K1 \ P,) N CY).

v

The second case gives a weaker estimate. Therefore we get for both cases

volg((K'\ P,) N C;)

1 volg_ Bé1 _ _
< 10° edc2+d—1voldl(;§d1)>/ (rs(m)™" = pi()*=1)8; dpa().-
d—2 2 i

Thus we have verified (3.13) and thereby also (3.12). By (3.12) we get

n

V01d<(Kt\Pn)m U CZ> § 106 ed2cz+ﬁ V01d<< U C> P \K))

i=k+1 i=k+1
< 10% ed? T 7T volg((P, \ K)). (3.16)
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If the assertion of the theorem does not hold we have

vola((P, \ K)) < YA K).

. 3.17
T 107 ed2c*t AT (3.17)

Thus we get
voly ((Kt \ P,)N CJ Ci> < 5 volg(K* \ K).
i=k+1
Together with (3.7) we obtain
volg(K*\ P,) < 2 volg(K'\ K) < L{voly(K'\ P,) +vola(P, \ K)}.  (3.18)
By (3.17) we have
volg(K' \ K)

107 ed2c2t a1
s volg(K'\ K) < $volg(K* \ P,) + % volg(P, \ K).

voly(P, \ K)

IN

IN

This implies
volg(P, \ K) < voly(K* \ ).
Together with (3.18) we get now the contradiction

volg(K'\ P,) < 2 voly(K* \ P,). O
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