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Introduction

The notion of quantum matrices has interesting and important connections
with various topics in mathematics such as quantum group theory, Hopf algebra
theory, braided tensor categories, knot and link invariants, the Yang-Baxter
equation, representation theory and so on.

This course is an introduction to quantum groups. I have made an effort
to have the exposition as elementary as possible. I intended to talk in some
informal way, and did not intend to give detailed proofs. The present notes
have somewhat more formal and rigorous flavor than the actual lectures, in

These notes are based on a course given at University of Munich in Summer, 1997 with
arrangements by H.-J. Schneider and financial support from the Humboldt Foundation and
the Graduiertenkolleg of University of Munich.

383



384 MITSUHIRO TAKEUCHI

which I tried to visualize and illustrate connections with knot theory by using
transparency sheets.

I begin with introducing 2 x 2 g-matrices in Section 1. They are characterized
in two ways, one by the ¢g-adjoint matrix (Proposition 1.3) and the other by the R-
matrix Ry (Proposition 1.6). Each of them admits an interesting interpretation
in the theory of knot invariants, and this is illustrated in Section 2 by talking
about a basic knot invariant, called Kauffman’s bracket polynomial.

The 2 x 2 g-matrices have the remarkable property that their n-th powers are
q"-matrices. This fact was found around 1991 by several physicists. I reproduce
Umeda and Wakayama’s elegant proof in Section 3. The first characterization
(Proposition 1.3) plays a role in the proof.

General g-matrices of degree n are introduced in Section 4 as well as a brief
exposition of fundamental facts involving the R-matrix R,, the g-symmetric and
g-exterior algebras, the ¢g-determinant, the g-adjoint matrix and so on. The ¢-
matrix bialgebra O,(M(n)) and the coordinate Hopf algebras O,(GL(n)) and
04(SL(n)) of quantum GL and SL are also considered in this section.

The material of Section 4 leads to a g-analogue of linear algebra. In Section 5,
I reproduce J. Zhang’s result on a g-analogue of the Cayley—Hamilton theorem
which will be one of the most interesting topics in this area.

The R-matrix R, introduced in Section 4 plays a remarkable role in the con-
struction of the so-called Homfly polynomial which is a two-variable invariant of
oriented links. This is illustrated in Section 6 following Kauffman’s idea.

In Sections 7 to 9, we talk about some Hopf algebraic properties of O,(GL(n))
and O4(SL(n)). In Section 7, we talk about the duality of two quantum Hopf
algebras O4(SL(n)) and Uy(sly). Details are exposed in case n = 2 and ¢ is not
a root of unity.

We show how to determine all group-like and skew-primitive elements of
04(GL(n))°, the dual Hopf algebra of O,(GL(n)), in Section 8. This technical
result is used to describe all quantum group homomorphisms SL,(n) — GL4(m)
in Section 9. We explain the main result (Theorem 9.13) when ¢ is not a root of
unity, since this case is very easy to handle. However, we note that the result is
also valid at roots of unity.

These nine sections were delivered in six consecutive lectures in Munich, while
the remaining part came out from my rough draft written in Japanese with
translation into English by A. Masuoka.

In Section 10, we introduce 2-parameter quantum matrices and construct
the bialgebra O, g(M(n)) and the Hopf algebra O, g(GL(n)) as generalizations
of 94,(M(n)) and O4(GL(n)). If we take (o,3) = (1,q), the Hopf algebra
01,4(GL(n)) defines the Dipper—Donkin quantum GL whose polynomial rep-
resentations become equivalent with comodules for 01 4(M(n)). This idea leads
to a g-analogue of the Schur algebra which is discussed in Section 11 as well as
the Hecke algebra.
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Y. Doi has introduced the idea of cocycle deformations of a bialgebra through
his study of braided and quadratic bialgebras. The notion of a braided bialge-
bra is dual to Drinfeld’s quasi-triangular bialgebras. These items are explained
briefly in Section 12 and I reproduce my own result on determining all cocycle
deformations of the bialgebra O, g(M(n)).

This course ends with a short remark on 2 x 2 R-matrices in Section 13
including my student Suzuki’s new results.

These lecture notes were written up by B. Striiber who has made an excellent
job, especially when he made my rough drafts and transparency sheets into a
formal and rigorous exposition. I thank him most warmly for his efforts. I would
also like to thank H.-J. Schneider who invited me to Munich and arranged my
lectures.

Section 14 was added after acceptance of this exposition in this publication
in order to update the contents. I introduce E. Miiller’s and E. Letzter’s cur-
rent results concerning the quantum Frobenius map in this addendum. Finally,
Section 15 is a short annotated bibliography.

1. (2 x 2) g-Matrices
Throughout this paper, let k be a fixed base field, k* := k\ {0} and ¢ € k*.

DEFINITION 1.1 (g-MATRICES). Let A = (¢ Z) be a (2 x 2)-matrix over some

C
k-algebra. We call A a g-matriz if its entries satisfy the following relations:

ba = qab, de = qed,
ca = qac, db = qbd,
cb = be, da —ad = (¢ — q 1)be.
(The last relation implies ad — ¢~ 'bc = da — gbc.) We call this expression the

g-determinant of A and denote it by |A|, (for ¢ = 1, this is just the usual
determinant).

DEFINITION 1.2. The g-adjoint matriz of any matrix A is defined as
Am( A7)
—q ¢ a

1

It is easily verified that A is a ¢~ -matrix, if A is a g-matrix.

PROPOSITION 1.3. (a) For any g-matriz A, we have:
= = -1
Al = Al A= () A (o 7).

(b) A matriz A is a g-matriz, with § = |Al,, if and only if AA =6 = AA.

PROOF. Part (a) is immediate. Part (b) follows by comparing the matrix coef-
ficients of

- ad — ¢~ tbc  ba — qab - da — qbe db — qbd
AA - AA = .
<cd —q¢'de da-— qcb) ’ <qlca +ac ad—q lch
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COROLLARY 1.4. Let A, B be g-matrices over the same algebra.

(a) The g-determinant 0 of A commutes with the entries of A.
(b) If§ is invertible then A is invertible and A~ = §~1 A, which is a ¢~ '-matriz,
with determinant

A7 1 = 62 |A] - =671 = A

(¢c) If every entry of A commutes with every entry of B, then AB is a g-matriz,
with |AB[q = [Alq|Blg-

PROOF. Part (a) follows from A = AAA = A§. Part (b) is easily obtained
from Proposition 1.3. To show (c), observe that

(AB) = (L Y AB) (0 1) = (L0 ) B'A (0 1) = BA.
Hence, writing ¢ := | 4|, and ¢’ := |B|,, we get:
ABAB = ABBA = A§'A = AAS' = 68'1.

Similarly, ABAB = §6'I. This proves the claim. (I
We give an equivalent description of g-matrices, in terms of “R-matrices”.
DEFINITION 1.5. In the following, we identify My (k) with My (k) ® May(k), by

Bk, oy = Eij @ Epg.
For a (2 x 2)-matrix A = (a;;) over some k-algebra, we write

A®) = (ajane) ax) o)
which is a (4 x 4)-matrix with rows and columns indexed by (11), (12), (21),

(22).
‘We write:
q O 0 0
0 0 1 0
R, :=
4 01 g—qg* 0

00 0 ¢

PROPOSITION 1.6 (THE R-MATRIX R, AND ¢-MATRICES). (a) R, is invertible
and satisfies the following equation in Mz (k) @Ma (k) @Ma (k) (called the braid
relation or the Yang-Baxter equation):

(Rg@II®Ry)(Ry®I)=(IQRq)(Rg@I)(I®Ry). (1-1)

(b) We have (R, — qI)(Ry +q 1) = 0.
(c) A (2 x 2)-matriz A is a g-matriz if and only if AP R, = RZAP).

The proof is easy and straightforward, but tedious, so we omit it.
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2. g-Matrices and Kauffman’s Bracket Polynomial

There is a close relation between R-matrices and polynomials associated to
diagrams of links.

It is not easy to give a formal definition of a link diagram, so we illustrate this
concept with some examples:

O (D &

Trefoil Hopf link Fiaure 8 knot

Figure 1. Some link diagrams

DEFINITION 2.1 (KAUFFMAN’S BRACKET POLYNOMIAL). Let L be a link dia-
gram. Kauffman’s bracket polynomial (L) € Z[t,t~!] is defined by the following
rules:

(a) </ ) =t)0 +t7<(=);
(b) (O...Q ) =d", for d:= —t2 —t=2 (for n circles).

It is an easy exercise to determine the bracket polynomial for a given link dia-
gram, using these rules. We have, for example

(Hopf linky = (—t* —t™")d, {(Trefoil) = (—t° —t73 +t79)d.

Kauffman’s polynomial is invariant under operations which transform a link
diagram in another diagram of “the same” link.

The operations shown in Figure 2 are called Reidemeister moves of type II
and III, respectively.

an iy

=)L =R

Figure 2. Reidemeister moves of type Il and Ill

PROPOSITION 2.2. Kauffman’s bracket polynomial is invariant under Reidemeis-
ter moves of type II and III, i.e., under regular isotopy.

PrROOF. We give the proof for type II, the same method applies to type III.
By replacing successively the crossings { \/\ > by either ()() or (=), we get the
skein tree shown in Figure 3.
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Figure 3. Skein tree for Reidemeister move Il

\

L2

>C/

Cc

~
~

)( e

Now we can apply the rules of Definition 2.1 to get the desired result:

(Ly =t(L1) +t71{L2)
=t(t{U) +t7 L))+t (#{U0) +t{U))
= (2 +t7UY + L)y +d{U)y ={L). O

There is another method to compute (L), closely related to the R-matrix R,.
Any link diagram L can be decomposed into elements of the form { (arc), N
(cap), U (cup), \/\ , /\/ (crossings). Consider the following example:

b c

d e

Figure 4. Decomposition of the link diagram of co

The bracket polynomial (o) can be calculated as
a \ C e
Z<a Mp >< Ud ><lc)l \e><cmf >< Uf >7

where a,b,c,d, e, f range over {1,2}, if one associates suitable values to the
factors {C'), where C denotes a labelled element of the link diagram.

THEOREM 2.3 (KAUFFMAN). The bracket polynomial (L) of a link diagram L

8

(L) = Z (H(<C> | C is a labelled element of L) | all labels in {1,2}) ,
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where {C, for a labelled element C of L, is defined as
("W )t = dab,
(alp )i ={"U") = M,
e \/\ bt = t0acba +t Moy Mg =: RS,

/ _ —ab
G\ 4> =1""6acbba + tMapMeq =: Ry,

withM::( 0 it) and 1% = —1.

—it=1 0

DEFINITION 2.4. Let R := (R%)(4p),(cq) denote the (4 x 4)-matrix, with entries
in Z[t,t=1], defined by

a - a
ch = taac(de +t 1Jw’ab]u'cd = <c /\ Z>

Hence,
t 0 0 0
0 O 1 0
R= 0t t—t=3 0]’
0 0 0 t

which means that for ¢ := t2, we have (cf. Definition 1.5)
R=t"'R,. (2-1)

Recall that a matrix A is a g-matrix if and only if A® commutes with R,
(Proposition 1.6(c)). This can be interpreted as a certain compatibility condition
with link diagrams. In the following, we allow link diagrams to contain “nodes”,
labelled with matrices in some algebra.

DEFINITION 2.5. Let A = (4;;) be a (2 x 2)-matrix with entries in some algebra
K. By defining

|| |
SOJORR IR EATC

[ [ i,9,k,0€{1,2} \

we associate a bracket polynomial (in K[t,t71]) to link diagrams which may
contain nodes with the matrix A.

We examine the invariance conditions given on Figure 5.

PROPOSITION 2.6. Let q := t? and let A be any matriz with entries in some
k-algebra.

(a) Conditions (1) and (2) are satisfied if and only if A is a g-matriz, with
|Alg = 1.

(b) Condition (3), condition (4) and the condition that A is a g-matriz are equiv-
alent.
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€] a b

@ a b
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< 5 = < > <Q’>—<U>
?E& a b

b @ a

L L
@ @@ QP - <o

Figure 5. Invariance conditions for link diagrams with nodes

_/

o
o
o
o
o

PRrROOF. (a) Using (2-2) and Kauffman’s theorem, the left hand side of condition
(1) is
> AiaM;jAy = (A'MA),
i5€{1,2}

Hence, (1) is satisfied if and only if A“M A = M. Now M? is the identity matrix
and A = MA'M. Therefore, condition (1) is equivalent to AA = 1.

It is shown similarly that (2) is equivalent to AA = I. Now part (a) follows
from Proposition 1.3 (b).

(b) It easy to check that (3) is equivalent to the condition that A(?) commutes
with R, and that (4) is equivalent to R = R™1. Recall that R = t~'R,, by (2-1).
Now (b) follows from Proposition 1.6(c). O

Proposition 2.6 means that the bracket polynomial is invariant under the action
of the quantum group SL,(2), with ¢ := t.

3. Powers of (2 x 2) g-Matrices

THEOREM 3.1 (POWERS OF (2 X 2) ¢-MATRICES). If A is a (2 X 2) g-matriz
then A™ is a q""-matriz, and its q"-determinant is:

A" [gn = |Al7-
PrROOF (Umeda, Wakayama, 1993). Let A = ( ) be a (2 x 2) g-matrix and
J:= (1 q). Writing 7 :=a + ¢~ 'd and ¢ := |A|,, it is easy to check that

A% = 1A —q103% (3-1)

Since the transpose Af is a g-matrix as well, with the same g-determinant, it
follows that

(A")? = 1dA" — ¢~ 167> (3-2)
We show by induction that for all n > 0:

(At)n — 3n—1(An)t81—n. (373)
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The cases n = 0,1 are obvious. Assume (3-3) is true for n, n + 1. Then

(a2 O rg(anytt - g lagral)”
(3;3) Tgn+1(An+1)t3—7L _ q—1637l+1(A7L)t31—n
— Hn+1(7_(An+1)t3 o q71§(An)t32)3717n. (374)
()

From (3-1), it follows that
An+2 —_ THAn+1 _ q_1(582A".

Hence, the expression (x) is equal to (A""2)" and (3-4) implies
(At)n+2 — 3n+1(An+2)t3—1—n

which proves the induction step.
By Proposition 1.3, we have AA = AA = §I. Since § commutes with the
entries of A, we get

AMA" = AmA™ = 57T (3-5)
It follows that
Ar= (L 1) Ay (q—l _1)
gy ()
- (e (e )=

Using (3-5), this implies

—_~

A"(A") = (An) A" = 671,

which means A” is a ¢"-matrix, with ¢"-determinant 6™ (cf. Proposition 1.3(b)).
O

4. The Quantum Linear Groups GL4(n) and SLg4(n)

DEFINITION 4.1 ((n X n) ¢-MATRICES). Let A = (a;;) be an (n x n)-matrix,
with entries in some k-algebra. We call A a g-matriz, if every (2 x 2)-minor of
A is a g-matrix.

A (2 x 2)-minor of A is a (2 x 2)-matrix obtained from A by removing some
rows and columns.

Similar to Proposition 1.6, we can describe (n X n) ¢g-matrices using an R-matrix.
The next definition generalizes Definition 1.5.
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DEFINITION 4.2. We identify M,,2 (k) with M, (k) ® M, (k), by
Eir),jo) = Eij @ Epe.

For an (n x n)-matrix A = (a;;) over some k-algebra, we write

AP = (ajane) x) o)

which is an (n? x n?)-matrix.
The matrix R, € M, (k) ® M,,(k) is given by

—qZEncaE”JrZEw OE;i+(q—q Y)Y Ej; @,
i#] i<j

PROPOSITION 4.3 (THE R-MATRIX R, AND ¢-MATRICES). (a) R, is invertible
and satisfies the Yang—Baxter equation (1-1).

(b) We have (R, — qI)(Ry+ ¢ *I) = 0.

(c) An (n x n)-matriz A is a g-matriz if and only if A R, = RZAP)

We omit the proof since it is easy but tedious.

COROLLARY 4.4. Let A, B be (n x n) g-matrices (over the same algebra), such
that every entry of A commutes with every entry of B. Then AB is again a
q-matrix.

PrOOF. Since (AB)? = A B®) the claim follows from Proposition 4.3. [

DEFINITION 4.5 (THE ¢-MATRIX BIALGEBRA). Let M := O,(M(n)) denote the
k-algebra generated by elements x;; (1 < ,j < n), subject to the relations that
X := (z5);,; is a ¢-matrix. We call M the g-matriz bialgebra.

PRrROPOSITION 4.6. The following algebra maps make M a bialgebra:

A:M—MM, fL'zHZ —1Tis ® Tsj,
e:M —k, Tij > O4j.

PROOF. The matrices A := (z;; ®1); ; and B := (1®x;;),,; are both g-matrices
over M ®M. Since every entry of A commutes with every entry of B, the product
AB = (A(z5))s,; is also a g-matrix. Hence, A is a well-defined algebra map.
Since the identity matrix is a ¢g-matrix, ¢ is well-defined, too. The bialgebra
axioms are easily checked on the generators. ([

PROPOSITION 4.7 (THE ALGEBRAIC STRUCTURE OF M). The algebra M is an
integral domain, which is non-commutative, if n > 1 and q # 1.

It is a polynomial algebra in x11,...,%Tpn, i.e. the ordered monomials in
X11,s .- Tnn (with respect to any total ordering) form a basis of M.

The proof is not easy and requires some calculations. We omit it here.
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Let V,, be an n-dimensional vector space with basis {ej,...,e,}. It becomes a
right M-comodule by

Q:Vn—>Vn®M,ej»—>Zei®xij. (4-1)
i=1
The tensor algebra T'(V,,) is a right M-comodule algebra by the algebra map
extension of ¢ : T(V,,) — T'(V,,) ® M,
9(6j1 L ejr) = Z [ PRI o7 (24 $i17j1 L ZL’ith. (4*2)
i1y

The appropriate restriction of ¢ makes V;, ® V,, into an M-comodule. (For a
general survey of comodules and comodule algebras, see for example Section 4 of
Montgomery’s book Hopf algebras and their actions on rings, CBMS Regional
Conference Series in Mathematics 82, AMS, 1993.)

LEMMA 4.8 (THE R-MATRIX INDUCES A COLINEAR MAP). The linear map
R,:V, @V, =V, YV, defined by R, € M,,(k) @ M,,(k) is given as follows:

e; ® e, ifi <y,

ei®ej = ge; R ey, ifi =7,

ej@eit(@—q ei®e;, ifi>].
It is an M -comodule map.
PROOF. The ((ik), (j¢))-component of X(?) is, by definition, Z;jTre. Since

oe; @er) =Y (ei @ ex) @ wijhe,
ik

the relation X @R, = R,X® implies the claim. O

It follows that the kernel and the image of (R, — ¢I) are M-subcomodules of
V., ® V,,. They are given explicitly as follows:

Im(Rq —qI) = k{ej & e; — qe; ®6j | 7 <j},
Ker(R, —gI) = k{e; ®ej,e;@ej+qej @e; | i < 5}
This motivates the following definition:

DEFINITION 4.9 (DEFORMED SYMMETRIC AND EXTERIOR ALGEBRAS). Let Ig
denote the ideal of the tensor algebra T'(V},) generated by the image of (Rq—¢I),
and I, the ideal generated by the kernel of (R, —qI). We call Sy(V,,) :=T'(V,,)/Is
the g-symmetric algebra and A (V) :=T(V,)/IA) the g-exterior algebra.

It is not difficult to show that S,(V;,) has the basis
{ef*-...-e;n|alls; >0},

and A, (V») has the basis

{eg «oooves, |1<iy <-or <y <}
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They are made into graded algebras by defining the degree of all e; to be 1.

COROLLARY 4.10 (THE COACTION OF M AND THE ¢-DETERMINANT). (a) The
algebras Sy(Vy) and A, (V,) are right M-comodule algebras by the coaction
induced by o.

(b) There is a unique g € M such that o(e1 -...-ep) = €1 -...-ep ® g, where
er- ... en € N\ (Vi), namely
g = Z (_q)ié(g)xa(l),l Cee To(n),n
oc€Sy

(where £(o) denotes the number of inversions of a permutation o).

PRrROOF. The ideals Ig, I, considered in Definition 4.9 are M-subcomodules by
Lemma 4.8. This implies (a).

All homogeneous components of S¢(V;,) and A (V;,) are M-subcomodules. In
particular, the n-th component of /\q(Vn), which is k-e1-. . .-e,, is a 1-dimensional
M-subcomodule. Hence, there is a group-like element g € M with the required
property. Uniqueness is clear, since g - ... e, # 0 in /\q(Vn).

To calculate g, observe that in A (V,), we have

€o(1) " -+ €o(n) = (_q)—f(a)el T Eny,

for all ¢ € S,,. From (4-2), we obtain the required result:

oler-...-en) = Z €ig ev €y @Tig 1 Tipm

1 ,..0n

)

= Z €o(1) "+ Co(n) @ To(1),1 "+ To(n),n
ocES),

= Z (7Q)7Z(0)61 ren ® LTo(1),1 "+ Lo(n),n
ocES,

(for “(!)”, notice that e;, -...-e;, = 0in A (Vp), if i; = i, for some j # ¢). O

DEFINITION 4.11 (THE QUANTUM DETERMINANT). The element g € M is
called the g-determinant (or quantum determinant) of X and denoted by | X|,.

Note that for n = 2, we obtain the g-determinant as defined in Section 1 (see
Definition 1.1).

DEFINITION 4.12 (THE QUANTUM ADJOINT MATRIX). Let X;; denote the (n —
1) x (n—1) minor of X, obtained by removing the i-th row and the j-th column.
Note that X;; is again a ¢g-matrix. The g-adjoint matriz of X is defined as

X = ()" Xjilg)is-
PROPOSITION 4.13 (QUANTUM ADJOINT MATRIX, QUANTUM DETERMINANT).

We have
XX =XX=|X|,I
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PROOF. Writing €; := €1 ... €;_ 1641 ... €p € /\q(Vn), it is easily checked
that

n

0(6) =& @ Xl (4-3)

i=1
It follows from the relations in A (V;) that
é}ej = (5ilj(—q)i_n61 R (474)

The last two equations imply

n
. (4—4) ~ (4-3) ~
Sp(=q) er- . cen@g = o(Ger) = Y G ® | Xilgwa
i=1
(4-1) ¢ -
=" e en @ (=) Xl g ik
i=1
Comparison of the coefficients of e; - ... - e, yields

Sin(=0) "9 = (=) "1 Xl win,

which means that gI = XX. Similarly, one sees gI = X X by using the fact that
[ X]q = |X"]q- O

Since gX = XXX = Xg, we get:
COROLLARY 4.14. The quantum determinant | X|, is central in M.

THEOREM 4.15 (THE QUANTIZED GENERAL LINEAR GROUP). Suppose that
M :=04(M(n)) and let H := M[g~']. Then H is a Hopf algebra.

Proor. We denote the images in H of the generators x;; € M again by x;;.
By Proposition 4.13, the matrix X is invertible in M,,(H), with inverse

X t=g¢g'X=XgL
In the opposite algebra HP of H, we have
(X7H® = (X e(Xig)any, o = (X))~

This matrix commutes with R, since so does X2 (cf. Proposition 4.3). This
shows that X! is a g-matrix with entries in H°P.
Hence, there is an algebra map S’, defined by

S M — H°P, X + X' (componentwise).

This induces an anti-algebra map S : M — H.
We show that S factors through H. Let C': M — H denote the canonical
map (z;; — x;;). It is easy to check that the relation

SxC=ue=CxS8 (4-5)
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holds on the generators z;;. (Here “x” denotes the convolution product and u,

resp. € the unit of H, resp. the counit of M.)
It is not difficult to deduce that (4-5) holds (everywhere). We apply (4-5) to
g and obtain, since g is group-like:

S(g)g =1=g5(g).
Hence, S(g) = g~', and we can extend S to an anti-algebra map
S:H—H, g—g' g'leug

This is the antipode of H (it suffices to verify the axiom for the antipode on
generators, which is easily done). O

DEFINITION 4.16. The category of quantum groups is, by definition, the opposite
category of the category of Hopf algebras. The Hopf algebra associated to the
quantum group G is denoted by O(G).

DEFINITION 4.17. We write
04(GL(n)) := H, 04(SL(n)):=H/(g —1).

The associated quantum groups GL4(n) and SLy(n) are called the gquantized
general and special linear groups.

5. A g-Analogue of the Cayley—Hamilton Theorem

This section discusses a quantized version of the Cayley—Hamilton theorem,
found by J. Zhang (1991). We start with a few notations:

DEFINITION 5.1. Let A = (a;5) be an (n X n) ¢-matrix with entries in some
k-algebra. We use the abbreviation

q for i < 7,

qij = 1 for i = j,
1

g~ fori>j.
For elements 41 < -+ < i, and j; < --- < jm, of [1,n] :={1,2,...,n}, we write
D(ity o oyim | 1y 0m) = [Afi i} Grseerim } s (5-1)
and define, for j,m € [1,n]:

tri’ = E Qiv g oo Qi D1, | 1, i),
1<i1 < <im<n

tri® 0
™ .— ..
0 tr)’

In particular, trjl =37 gija; and tri =quj- ... anjlAlg-



A SHORT COURSE ON QUANTUM MATRICES 397

THEOREM 5.2 (THE ¢-CAYLEY—HAMILTON THEOREM). For any g-matriz A,
we have:

A" Tt AT e ()T T A (D) = 0.

PrOOF. (1) Take any 41,...,%m,J1,.--,Jm € [1,n]. Writing ¢ := (i1,...,0m),
J = (1, Jm), and io := (iy(1),...,i0(m)) (for a permutation o € S,), we
put (in accordance with (5-1), if i3 < -+ <y and ji < -+ < jp):

S £(i)—€(i
D(i]j)= Y (=) Dai G i s
0ESm

and this term vanishes, unless i1, ...,1,, are distinct and ji,..., j., are distinct.
(Here £(i) denotes the number of inversions in (i1, ...,%m).)

(2) When 44, ..., 4, are distinct and j1, ..., jn are distinct, put {i}, ...,i,}
:= {i1,...,4m}, such that ¢j < --- < i/, and define j; < --- < 7/ similarly.

m?
Writing @' := (¢, ...,4,,) and j' := (ji,...,j.,), we obtain:

D(i| j) = (=)'~ WD( | ). (5-2)
For any k € [1,m], we write
Sk ={o€Sn|o(l)<---<a(k) and o(k+1)<---<a(m)}.
Then the following Laplace expansion formula can be shown (for all 1 < k < m):

D(Z | J) = E (7Q)Z(i)74(i0)D(iU(l)a cee 7i0(k) | j17 cee 5jk)
ceSk . . . .
Dlig(rs1)s-->lo(m) | Jrtis--sdm)-

For (m+1,m) instead of (m, k), we obtain, in particular, for all ig, jo € [1,n]:
D(io, i | i, jo)
= (—q) o) =) D (4 | i)aiy jo

m
+ Z(—q)é(io7i)7£(i07'"’it7""i"”"it)D(i07 cte ’{;7 e 7im | Z) a'ityjf)
t=1

= (7(11'171‘0) T (*qim,io)D(i | Z) Qig,j0

~

m
—|—E D(io,...,it,...,im il,...,it,...,im,it)ait7j0. (5*3)
t=1

(3) For any i,j € [1,n], we write

m o . o .
bij = g D(iyi1, .o ybm | 81y s imyd),

1<iy < <ign <
B™ := (b7)i.;-
It follows from (5-3) that
B™ = (-1)"Ty"™ A+ B™ A
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for all 1 < m < n—1, where B® = A. It follows immediately, by induction, that
B™ = (—1)"Tr"™ A+ (—1)™ 1 Tem AT L (—D) Tt AT 4 AT
hence
Bl = (—1)" I A4 (1) 2T 2 A% 4 (-1 T AT AT
It remains to verify that B! = (—1)"~1Ty".
Because of step (1), we have
bt = > D(iyit ... yin—1 | i1, . in_1,j) =0,
1< <o <ip—1<n
unless ¢ = j. If ¢ = j, however, we get:
Wt =Dy 1,y | i)

(6=2) i1,00,.m)— R AR
2 (g bt

= (=1)" Nqui - o)l Alg
=(-1)

(-1 ”71tr?,
where we have used that £(4, 1, . .. ... ,n)=1i—1land £(1,... s myd) =n—i.
Hence, B"~! = (—1)""1Tx". O

6. The R-Matrix R; and the Homfly Polynomial

The Homfly polynomial can be associated to every oriented link diagram and
is invariant under regular isotopy. The name comes from the initials of Hoste,
Ocneanu, Millett, Freyd, Lickorish and Yetter.

In this section, we use the following abbreviations for parts of oriented link
diagrams:

XAQQ T T

Figure 6. Types of crossings and loops

DEFINITION 6.1 (THE HOMFLY POLYNOMIAL). Let K be an oriented link dia-
gram. The Homfly polynomial of K, denoted by Hy (v, 2) € Z[o,a™ Y, 2,271 is
characterized by the following properties:

(a) If K is regularly isotopic to K’ (denoted as K ~ K'), then Hyx = Hg;
(b) Ho+ = 1;

(C) Hx+ —HX— = ZH)(;

(d) Hpy =aH ., Hp- =a 'H_..
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Using these rules, one can calculate Hy, using so-called skein trees. We illustrate
this procedure with the trefoil.

Tg\jq ; %&)f\ -
) ) S

O u

1 o
S

Figure 7. A skein tree for the trefoil

Using (c), (d) of Definition 6.1, it is an easy exercise to show that, for any K:
HO*K = 5HK7

with § := (o — a~1)z~1. Hence, in particular, Hy = Hp+o+ = 6.
Now we can calculate the Homfly polynomial of the trefoil T as follows:

Hr 9 Hg + 2Hp 2 Hs + 2(2Hs + Hy)

=a+22a+20 =20 —a ! + 22
In general, many skein trees derive from a given K. But the computation always

yields the same polynomial Hy, which is, hence, well-defined.
We prove this using the R-matrix R, introduced in Definition 4.2.

Let ¢ be an indeterminate and R, have size (n + 1)? x (n + 1)2. Recall that

R, = QZEii ® E;; + ZEij QEj;;+(g—q ") ZEjj ® Ey;.
i i#j i<j
Here, we let 4, j range over the set of indices J := {—n,—n+2,...,n—2,n}.
We associate Ry (resp. R; ') to crossings X (positive crossing), resp. X~
(negative crossing).
We write o
Ejj @ Eii =: ()(*),
Ei; @ Ej; =: <z /\j ).
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Thus the summands of R, have the following form (we omit the summation sign
in our symbolic notation)

ZE]'J‘ QE; = <)>(>7

ZEn‘ ®E; = )70,

+
ZEij QE; =)
i#£j

We aim to show that these identifications are compatible with the defining equa-
tions of the Homfly polynomial. Firstly observe that

Ry = (X*) = (g — 4 )OO +a0=0 + (AL,
R = (X = (7~ 900 +0 00 + (A

since
Rt =q" ZEu Q Eqi; + ZEU ®Eji+ (¢ —q) Z]Eu ® By
i i£] i<j

1

The coefficients (¢ — ¢ 1), ¢, (7 — q), ¢~ 1, 1 are called vertex weights.

REMARK 6.2. For z := ¢ — ¢!, the equation in Definition 6.1 (c) is satisfied:
(XT) =X =(a-aH(O)70+)0+)70)
=(a—aHO0-

We apply the following procedures (S1) and (S2) to a given oriented link diagram
K.

(S1) Replace each crossing X, X~ in K by /X, or )(.
For the trefoil, there are three possible results shown in Figure 8.

S EDID S

Figure 8. Procedure (S1) applied to the trefoil

From this step, we obtain oriented link shadows. We only admit link shadows
that have no self-intersection. In Figure 8, this still allows (1) and (2), but rules
out (3).

Let o be any admissible link shadow obtained from K by (S1).
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(S2) Label an element of J (called spin) to each component of o, such that

a) Two components of the same spin do not intersect;

b) If ,)(p in o comes from X* (resp. X ™) in K, then a > b (resp. a < b).

In the example above, we must have a > b for ,)(, in shadow (1) and a > b
for 4)(p in shadow (2).

DEFINITION 6.3 (STATES OF A LINK DIAGRAM). A state of a link diagram is an
admissible link shadow, with spins labelled to its components according to (S2).

The trefoil has three kinds of states of type (1) and states of type (2).

DEFINITION 6.4. Let o be a state of K. Let (K | o) be the product of vertex
weights of o at the crossings of K, i.e. the product of the following values:

(XT1O70)=q-q", (X |O0O)=q¢"~-4q
(XT1O70) =4, (XT[O70> =4,
<X+|;\>:17 <X_|;\‘>:1

(the left hand side symbols the type of the crossing in K, the right hand side
indicates the relation between the spins in o).

Note that conditions (a) and (b) in (S2) imply that always (precisely) one of the
cases in Definition 6.4 holds.
In the example of the trefoil, we obtain (cf. Figure 8):

(T | 0(1)> =q—q ! since a > b,

[ (g—q7")?, ifa>0b,
<T|0(2)>_{ qg, ifCL:b.

1)3

DEFINITION 6.5. For a state o of an oriented link diagram K, define
llo|l == Z(not(()label(é) | ¢is a component of 7),

where not(O") := 1, not(O~) := —1, and label(¢) € J denotes the spin labelled
to /.

DEFINITION 6.6 (THE KAUFFMAN POLYNOMIAL). For an oriented link diagram
K, define Kauffman’s polynomial {K ) as

(K) := Z(<K | oYglol| o is a state of K),
which is a polynomial in Z[q, ¢~!], depending on n.

REMARK 6.7. The polynomial associated to the circle can be calculated as

follows: Z 1o+ Z
OF) =0T 10" ¢ =3 "¢
a€d -1 a€d
n+l _ —n—1
ey B

qg—q!
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if one puts a := ¢! (and § and z as before; cf. the beginning of this section
and Remark 6.2).

Let K denote any oriented link diagram containing a part of the form LT (cf.
Figure 6). By (S1) and (S2), any part of K of the form LT is transformed into
a state of the form

o(a,b) :=5¢,, wherea <b.

Let (LT ) denote the polynomial associated to K and let { — ) denote the
polynomial of the diagram obtained from K by replacing one occurrance of LT
by “—”. Then we get

+ _ ay. ) 4 ifa=b,
(LT o(a,b))y = —=|—=*) {qql if a <0,
lo(a, by = b+ | ==
which implies

(L) = Z (LT | o(a,b)yglo@Dl

a<b
=>. (qq“ +> (g~ q_l)q”) (== g~
a b>a
:qn+1

=q" Y (o=t )T =g ().
a

REMARK 6.8. This coincides with Definition 6.1 (d), for « = ¢"*! (as above).
Similarly, one sees the analogue relation for (L~ ).

THEOREM 6.9 (Kauffman). The polynomial (K ) is invariant under regular
isotopy and satisfies

0ty = 5= qn+1_7q:ln—17 (6-1)
q—q
(X)) —L{X7) = (a-aH)0, (6-2)
(L) = " —=), (6-3)
(L7) = ¢" =) (6-4)

PROOF. We have shown Equations (6-1)—(6-1) in Remarks 6.7, 6.2 and 6.8.
We leave it to the reader to verify that (K ) is invariant under Reidemeister

moves (IT) and (III) for oriented diagrams (Figure 2). This gives invariance under

regular isotopy. O

COROLLARY 6.10. Kauffman’s polynomial and the Homfly polynomial satisfy

(K) ={O")Hy(q", q—q7 ).
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Since the map Z[a,a™ !, 2,271 — Q(q) defined by o +— ¢"*1, 2 +— ¢ —q7 ! is

injective, the Homfly polynomial is well-defined.

It is an easy exercise to verify that Kauffman’s polynomial of the trefoil T is
indeed

(T)=((*+q g —¢ ™ "s=Hr(¢"",q—q")é.

7. Duality with the Quantized Enveloping Algebra Ug(sl,)

In this section, we examine the duality of the Hopf algebra O,(SL(n)) and the
quantized enveloping algebra of the Lie algebra slj.

DEFINITION 7.1 (THE QUANTIZED ENVELOPING ALGEBRA OF sly). For ¢% # 1,
the algebra U,(slz) is generated by elements K, K—!, E, F, subject to the
following relations:

KK '=K 'K =1,

KEK™! = ¢*FE,
KFK~'=¢7?%F,
-1
q—q

PROPOSITION 7.2. The algebra U, (slz) has a basis {F'K*FE’ | i,j > 0,s € Z}.
It carries a Hopf algebra structure as follows:

AK)=K®K, e(K)=1, S(K)=K"",
A(Ey=1® E+E®K, ¢E)=0, S(E)=-EK™,
AF)=K'@F+F®1, ¢F)=0

The proof is not easy and involves tedious computations. We omit it here (see
Section 15).

We examine the relationship of the dual Hopf algebra U,(sl2)® with O,(GL(n)).
Recall the definition of the dual of a Hopf algebra:

DEFINITION 7.3. Let H be a Hopf algebra. Let 7 : H — M, (k) be a finite
dimensional representation of H and 7* : (M,,(k))* — H* be the dual map. The
dual of H is defined as

H° = Z (Im(7*) | m: H— M,(k), as above, n > 1).

DEFINITION 7.4 (TENSOR PRODUCTS AND TRANSPOSES OF REPRESENTATIONS).
Let 7 : H — M, (k) and 7’ : H — M,,,(k) be representations of a Hopf algebra H.

(a) The tensor product 7®7’ is defined as the representation

HAHeH ™ My(k)® My (k) = Mo (k).
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(b) The transpose 7' is defined as the representation

transpose
—

HS H S M, (k) M, (k).

This definition implies that
Im((7@7")*) = Im(7*)Im(x"*), Im((z")*) = S*(Im(7")).

Using the tensor product and the transpose of representations, one can show,
successively:

PROPOSITION 7.5. (a) There is precisely one coalgebra structure on H®, such
that T is a coalgebra map, for all finite dimensional representations © of H.

(b) H® is a subalgebra of H* (with the convolution product).

(c) H® is S* invariant.

(d) H° is a Hopf algebra with antipode S*.

(e) Assume all finite dimensional representations of H are completely reducible.
Let {mx | A € A} be a complete set of (pairwise non-isomorphic) finite dimen-
sional representations of H. Then

H° = (P Im(r3)
A€EA

(cf. the Peter—Weyl theorem in the theory of Lie groups).
We assume ¢ is not a root of unity and char(k) # 2 up to 7.11.

THEOREM 7.6 (REPRESENTATIONS OF U,(slz)) (Rosso). (a) All finite dimen-
sional representations of Uy(slz) are completely reducible.
(b) all finite dimensional irreducible representations of Uy (slz) are exhausted by

T+ Ug(slz) — M1 (k), m, : Ug(slz) — My (),

which are defined as follows:

q" 0
m(E) = 7
0 . ¢ "
0 [n] 0 o0
optlma(E2):= | mE) =T
0 - 0 [l o
[Gpt]F;(K) = ~Tn(K), 7, (E) i= m(E), 1, (F) == —m,(F),
where [i] := qz—iqq:ll

COROLLARY 7.7 (THE DUAL OF Uy(slz)). The dual Hopf algebra of Uy(slz) is

o0

Uy(sle)® = P (Im(m;) & Im((m;,)")).

n=0

PROPOSITION 7.8. The following equivalences hold for representations of Uy(slz):
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(a) m, = T @m, = MR,

(b) 7, = n;

(c) (CLEBSCH-GORDAN RULE) Tp®Tn = Tin © Tmgn—2© ... © Tjpy—n-

In particular, 7, : Uy(slz) — k, K +— —1, E, F + 0 defines an algebra map and,
hence, corresponds to a group-like element v € Ug,(slz)°. This element ~ has
order 2.

It follows from Proposition 7.8 (a) that

Im(m,") = yIm(m;) = Im(m;,)y.

Hence, the following sub-coalgebra is normalized by -y:
(o)
A= @Im(ﬂ':).
n=0
Because of (b), A is S*-invariant. For the case n = 1, we have

7t = inn (q _1> oy, (7-1)

which is easily checked on the generators of Uy(slz). (Here, inn(P) denotes
the inner automorphism induced by an invertible matrix P, that is, inn(P) :
M, (k) — My (k), Y — PYP~1)

The Clebsch—-Gordan rule implies that A is a subalgebra (hence a Hopf sub-
algebra), which is generated, as algebra, by Im(n7).
THEOREM 7.9 (O4(SL(2)) AS A HOPF SUBALGEBRA OF Ug(slz)®). Let m :
Ug(slz) — Ma(k) and A C Uy(slz) be as above and define a,b,c,d € Uy(slz)® by

(Zg;? ch;) =m1(z) for all x € Uy(sly).

Then there is a unique isomorphism of Hopf algebras, given by

©:04(SL(2)) = A, X (%),

PrOOF. We only prove that ¢ is a well-defined, surjective Hopf algebra map
(injectivity can be shown by tedious computational arguments, for which we
refer to the references).

By definition, (a,b,c,d) is a basis of Im(x}). Since 7} is a coalgebra map, it

follows that
(A(a) A(b)) _ (a®1 b®1) (1®a 1®b> (7-2)
A(c) A(d) ) 7 \ e®1 d®1l 1®c 1®d ) -
From the definition of transposed representations, we get for all o € U,(slz):
by (aS@) b(S@)\' _ (S S()
m(z) = (o(S(w)) d(S(w))) - (S(b) S(d)) ().
From (7-1), it follows that

(S s =(, M) en(L )
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Now we obtain, using the transpose of this equation at “(!)”, that
a b\—1 _ [(S(a) Sm)\ () -1 a c q
(c d) _<S(c) S(d))_(q_1 )(b d)(—l )
ac -1 ab
:(—1 q)(b d)(qfl ):(c d)

(cf. Definition 1.2). It follows from Proposition 1.3 that (CCL Z) is a g-matrix with
g-determinant 1. Hence, ¢ is a (well-defined) algebra map.

It follows from (7-2) that ¢ respects the comultiplication as well and is, hence,
a Hopf algebra map (any bialgebra map between Hopf algebras automatically
respects the antipode).

As shown before, (a,b,c,d) is a basis of Im(7}), which generates A as an
algebra. Therefore, ¢ is surjective. O

In the following, we identify O,(SL(2)) with the Hopf subalgebra A of U,(sl2)°.
The conjugation with v on A can be computed as

vt =) (7-3)
COROLLARY 7.10 (THE HOPF ALGEBRA STRUCTURE OF Ugy(slz)®). If q is
not a root of unity and char(k) # 2, the dual of Uy(slz) can be considered as
semi-direct product
U, (slz)® = 04(SL(2)) > Zs
with respect to the action of v € Zy on O4(SL(2)) given in (7-3).
These results may be generalized to O,(SL(n)).

DEFINITION 7.11 (THE ALGEBRA U,(sl,)). For ¢? # 1, the algebra U,(sl,)
is generated by elements K, K;l, E;, F;, (i € {1,...,n — 1}), subject to the
following relations:

KK ' =K 'K, =1,
K,K; = K;K;,
K,E;K; ' = ¢*V Ej,
K,FjK; ' =q “iF},
K, — K !
g—q '’
E,E; = E;E;, ifl|i—j|>2,
EiF; = EiFy,  if i —j] > 2,
E?E; — (¢+q Y)E,E;E; + E;E =0, if |i — j| =1,
F’F; — (¢+q YF,F;F, + F;F} =0, if i — j| = 1.

EZ'Fj — FjEi = (5”‘

Here, a = (aij)i,j denotes the Cartan matrix of the Lie algebra sly:

a;; =2,—1,0 if |i —j| =0,1,> 2 respectively.
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PROPOSITION 7.12. The algebra Uy(sla) carries a Hopf algebra structure, such
that the subalgebras k{KE', E;, F;) are isomorphic to U,(slz).

The proof requires several computations, which are omitted here.

THEOREM 7.13 (REPRESENTATIONS OF U(sl,)) (Rosso). If g is not a root of
unity and char(k) # 2 then all finite dimensional representations of Uy(sl,) are
completely reducible.

The irreducible representations can be given explicitly, but this is rather com-
plicated and we omit it here.

DEFINITION 7.14. The basic representation m : Uy(sly) — M, (k) of Uy(sly) is
defined as the algebra map given by

Ki—I1+(q-DE;+ (¢ = DEit1,41. B = Eiip1, By — Eipa

It is easy, but tedious, to verify that this is indeed a well-defined algebra map.
(For n = 2, it is the map m; defined in Theorem 7.6.)
Theorem 7.9 generalizes to the case n > 2.

THEOREM 7.15 (O4(SL(n)) AS A HOPF SUBALGEBRA OF Uy(sl,)®). Define
ai; € Uy(sln)®, fori,j € [1,n] by

(aij(z))ij :==n(x) for all x € Uy(sly).
Then there is an injective Hopf algebra map given by
¢ : 04(SL(n)) — Ug(sln)®, @ij — ai; foralli,j € [1,n].

PROOF. As before, we only show that ¢ is a (well-defined) Hopf algebra map
(injectivity is not trivial and requires several computations).
As in the case n = 2, the family (a;;);,; is a basis of Im(7*), such that

A((lij) = Z Aip X Qgj . (7*4)
/=1

It remains to show that (a;;);; is an (n x n) g-matrix of g-determinant 1. Its
entries are in Ug(sla)°.

Let V,, be an n-dimensional k-vector space, with basis {ey, ...e,}. In a natural
way, V,, is a left M, (k)-module; and it becomes a left U,(sly)-module via 7.
Hence, V,, ® V,, is a left Uy(sla)-module as well, via the comultiplication A.

It is easy (but tedious) to verify that

Ry: V@V, =V, 0V,

is Uy(sly)-linear (it suffices to do the calculations for generators of U,(sl,) and
basis elements of V,, ® V).

Hence, the g-exterior algebra A (Vn) = T(V,)/Ker(R; — ¢I) and the ¢-
symmetric algebra S;(V},) are U,(sly)-module algebras (cf. Definition 4.9).
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Now, V,, is a right Uy(sla)°-comodule via

n
€j E €; @ agj,
i=1

and the above implies that Ry is a U, (sly)°-comodule map. If we put A = (a;;),
this means A®) commutes with R, (cf. Lemma 4.8). Hence, A is a g-matrix by
Proposition 1.6.

The subspace ke - ... e, C A (V) is a one-dimensional submodule (cf.
Section 4), and it is not difficult to check that Ug(sly) acts trivially on it (i.e.
u-ep ... e, = e(u)ey - ...-ey), it suffices to verify this for generators. In

other words, it is a trivial Ug(sly)°-comodule. This implies that (a;;) has g¢-
determinant 1.

Therefore, ¢ defines an algebra map. By (7—4), the map ¢ respects the
comultiplication as well and is, hence, a Hopf algebra map. (Il

Theorem 7.15 allows us to identify O,(SL(n)) with a Hopf subalgebra of U, (sly,)°.
Also Corollary 7.10 generalizes to the case n > 2. Firstly, note that algebra
maps ; are defined (for ¢ € [1,n — 1]) by

L, ifi#],

’inUq(Sln)—>k, Ej,FjHO, KJH{ 717 lf’L:j

This means that all ~; are group-like elements in Uy(sly)°. It is easy to see that
they generate a group isomorphic to Z5 .
Conjugation with ~; is given as follows:

ast, ifi<s,tors,t<iq,

-5
—ag, ifs<i<tort<i<s. (7-5)

Yiasy; L = {

In particular, the 7; normalize the Hopf subalgebra O,(SL(n)) of Uy(sly)®.
Using the explicit description of all irreducible representations of Uy (sl,), one
can prove the following result:

THEOREM 7.16 (THE HOPF ALGEBRA STRUCTURE OF Uy (sl,)®). If ¢ is not a
root of unity and char(k) # 2, then

Uq(sln)® = 04(SL(n)) > Z5 ™",

with respect to the action of Z5 ™ = {y1,...,yn_1) on O4(SL(n)) given in (7-5).

8. Skew Primitive Elements

In this section, we determine all group-like and skew primitive elements of
04(GL(n))°. We assume throughout that ¢ is not a root of unity.

Recall from the last section, that we have an injective Hopf algebra map
¢ : O4(SL(n)) — Uy(sln)°.



A SHORT COURSE ON QUANTUM MATRICES 409

One can show that the associated pairing O4(SL(n)) ® Uy(sln) — k is non-
degenerate, i.e., we obtain injective maps

Uy (sln) = 04(SL(n))° == 04(GL(n))°.

In the sequel, we consider U,(sly) as a sub Hopf algebra of O,(GL(n))°.
The basic representation 7 : Uy(sl,) — M, (k) extends to an algebra map

71 0q(GL(n))° — My (k), [ (f(@i5))i; (8-1)
(where (x;;) denotes the canonical set of generators of O,(GL(n))).

Recall that the set of group-like elements of a Hopf algebra H is denoted by
G(H). Given g,h € G(H), the set of (g, h)-skew primitive elements is

Pyh(H)={ue H|A(u) =g@u+u® h}.

In particular, P(H) := Py 1(H) is called the set of primitive elements of H. It
is always a Lie algebra (x,y € P(H) implies 2y — yx € P(H)).

Note that, in any case, g — h € Py x(H). We call P, ,(H) trivial, if it is
spanned by this element.

To determine all skew primitive elements of H, it suffices to determine all
(1, g)-skew primitive elements for all g € G(H), since for any v € G(H), we have

YPyn(H) = Pygyn(H), Pyn(H)y = Pyyny(H).

In the following, we put H := 0,(GL(n))°. We start with some examples of
group-like and skew primitive elements of H.

REMARK 8.1. The elements K, ... K,_; are group-like in H and 1 — K;, Fj,
K F; are linearly independent (1, K;)-skew primitive elements of H.

Note that

o(T) (GL(n))/(wij | i # j)

=0,

is a factor Hopf algebra of O,(GL(n)), which is naturally isomorphic to the group
Hopf algebra k{Z" ).

The corresponding quantum subgroup T' C GL4(n) is called canonical mawi-
mal torus (cf. Definition 4.16).

The dual Hopf algebra O(T)° is isomorphic to the function algebra (k{Z"))°
on the group Z", hence has an n-dimensional space of primitive elements.

Since O(T')° C 04(GL(n))° = H, the space P(H) is at least n-dimensional.
We will show that it has exactly this dimension.

The first aim is to determine all group-like elements of H.

LEMMA 8.2 (¢-MATRICES WITH SCALAR ENTRIES). An invertible (n xn)-matriz
¢ = (c;ij) with entries in k is a g-matriz if and only if it is diagonal.
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PRrROOF. Assume that c¢;; = 0. Since c is invertible, there are i,j > 1, such that
c1j,¢i1 # 0. By the g-relations for ¢, we get (¢ — ¢~ ')e1jci1 = ¢;0 — 0cij = 0,
hence ¢ = 1, contradicting our asumption on g.

Therefore, c11 # 0. Since ¢ # 1, the relation cijc11 = gciicr; implies that
c1j =0, for all 7 > 1. Similarly, we obtain ¢;; = 0, for all 7 > 1.

Since (c¢;5)i,j>2 is a g-matrix as well, it follows by induction that c is diagonal.

Conversely, a diagonal matrix over k is obviously a g-matrix. O

PROPOSITION 8.3 (THE GROUP-LIKE ELEMENTS OF H). The algebra map 7 :
H — M,(k) defined in (8-1) induces an isomorphism of groups m : G(H) —
T(k), where T(k) denotes the group of invertible diagonal matrices in My (k).

PrOOF. The group-like elements in H = O,(GL(n))° are exactly the algebra
maps

9+ 0q(GL(n)) — F,
and these are in one-to-one correspondence with the invertible (n x n) g-matrices
with entries in k. According to Lemma 8.2, these are exactly the invertible
diagonal matrices, which proves the claim. (I

Now we determine all skew primitive elements of H.

Let C5 denote the 3-dimensional coalgebra, with basis (3,7, d), such that v, §
are group-like and (3 is (v, §)-skew primitive.

Fix two group-like elements g,h € G(H) and let

diag(g1,...,9n) :=7(g), diag(h1,...,h,):=7(h) (8-2)

denote the corresponding matrices in T'(k).

The elements u € P, j,(H) are in one-to-one correspondence with the coalgebra
maps ¢ : C3 — H, such that (8,v,0) — (u,g,h).

Note that the dual algebra C3 is isomorphic to the algebra M3 (k) of upper
triangular matrices in My (k), via

C; = ME(h), [ (190

Since H = 04(GL(n))°, the coalgebra maps ¢ considered before give rise to
algebra maps of the following form

¥ 0,(GL(m) — C5 =ME(k), 2y (0 100) 0 (53)
An algebra map is given by (8-3) if and only if (¢(z;;));; is an invertible g¢-
matrix (with entries in M7 (k)). Note that, by definition, we have g(z;;) = ;g
and h(z;;) = d;jh;; compare (8-2) and (8-1). The correspondence ¢ < 1 is
one-to-one.

Take any u € H, write ¢;; := u(x;;) and

N (= ~ . (%590 ciy
C .= (Cij)v Cij = ( Sijhi )

By the observations before, u € P, ;,(H) implies that C' is an invertible g-matrix.
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LEMMA 8.4. Assume C is a ¢-matriz.

(a) For all i < j, we have (h; — qgi)cij = (hi — qgi)cji = (g5 — qhj)eij; =
(95 — ghj)eji = 0.

(b) For alli < j, we have (g; — hj)ci = (gi — hi)cjj.

(c) If|i — j| > 2 then ¢;; = 0.

(d) If Ciit+1 §é 0 or Cit1,i # 0 then gilh = K;.

PROOF. Suppose i < j. By the g-relations for C,

(o ¢ (0 3) =@uéa = aeuciy = a (5 %) (5 F)-

Comparing the matrix entries yields ¢;;h; = ggicij, hence (h; — qg;)c;; = 0. The
other relations in (a) are shown similarly.
Moreover, the g-relations for C' give

&ijti — Cutjy = (a—a eyt = (5 5) (5 5) =0,

hence, ¢;; and ¢;; commute. Since

S~ (95 €5\ (9 i\ _ (995 giciithicy;
c”c”—(o hj><0 hi)—(o hih; ’

it follows that gjci; + ¢;;h: = gic;j + cishj, which implies (b).

To show (c), suppose i < j < k. We claim ¢;; = 0. Using the g-relations for
C, we get

(a— a7 )éscm = [Ee: &l = (5 5) - (5 5)] =0

Since ¢? # 1 and ¢;; is (by definition) invertible, it follows that &;, = 0, hence
cik = 0. It is checked similarly that cg; = 0, so (c) is proved.

Now assume ¢; ;11 # 0. The relations in (a) imply h; = qg; and gi+1 = ghiy1.
It remains to show g; = h; for all j & {i,i + 1} (then m(g~'h) = m(K;) and the
claim follows from Proposition 8.3).

By (c), we have ¢; ;41 = 0if j <4, and &; =0if i+ 1 < j. In both cases, the
g-relations for C imply that ¢;; and ¢; ;41 commute. One calculates

it = ([ DY), Gy = (8 ‘””51’”) -

Hence, gj¢;iy1 = ¢ii+1h;, which implies g; = h; (since ¢; ;41 # 0).

The case ¢;11,; # 0 is treated similarly. O

THEOREM 8.5 (THE SKEW PRIMITIVE ELEMENTS OF O,(GL(n))°). Let H :=
04(GL(n))° and g,h € G(H).

(a) Py.n(H) is trivial if and only if g~'h & {1,K1,... K;,—1}.
(b) If g='h = K;, then P, ;,(H) is 3-dimensional and spanned by g—h, gE;, hF;.
(¢) P(H) is n-dimensional and equal to P(O(T)®), considering O(T)° C H.
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PROOF. The restriction of @ : H — M, (k), f +— (f(xi;)) to the set Py, (H) is
injective (since the algebra map ¢ (8-3) is determined by its values on algebra
generators — but note that 7 itself need not be injective)

Let u € P, ;,(H) and ¢;; := u(z;;), which means ¢ := (¢;;) = 7(u).

(1) Suppose g~ h ¢ {1,K1,...K,_1}. Then, by ( ) and (d) of Lemma 8.4,
the matrix ¢ is diagonal. Moreover, (b) implies

(6117"'7671”) = )‘(gl _h17~-~7gn _hn)7

for some scalar A, which means ¢ = 7(A(g — h)). Since 7 is injective on skew
primitive elements, u = A(g — h), so Py ,(H) is trivial.

(2) Suppose g~th = K;, for some 1 < i < n. By (c) and (d) of Lemma 8.4,
the non-zero off-diagonal entries of ¢ are at most ¢; ;11 and ¢;41,;. As before, (b)
implies that

(c11y -y Cnn) = AMg1 — ha, ooy gn — D),
for some scalar .
It is easily checked that g—h, gE;, hF; are (g, h)-skew primitive. One calculates

7(9Ei) = giEiit1,
7(hF;) = hit1Eitq 4,
(g — h) = diag(gr — h1,...gn — hn).
By injectivity, it follows that Py ;(H) is spanned by (g — h, gE;, hF}).

(3) Let g = h. Then (¢) and (d) of Lemma 8.4 imply that the matrix ¢ is
diagonal. Hence, 7 maps P, ,(H) = gP(H) injectively to the set of diagonal
matrices in My, (k). Therefore, P, ,(H) is at most n-dimensional.

The claim now follows from the observations after Remark 8.1. (|

The results of Theorem 8.5 still hold if we only assume ¢?> # 1. However, the
considered map Uy, (sly) — O4(GL(n))° is injective only if ¢ is not a root of unity.

9. Group Homomorphisms SL,(n) — GLg(m)

Recall that the category of quantum groups is the opposite category of the
category of Hopf algebras (Definition 4.16).

A morphism g : SL,(n) — GL4(m) of quantum groups is thus a Hopf algebra
map O(g) : O,(GL(m)) — 04(SL(n)). In this section, we determine all such
morphisms.

We assume that ¢ is not a root of unity.

DEFINITION 9.1 (THE DERIVED HOMOMORPHISM). Let ¢ : SL,(n) — GL,(m)
be a morphism of quantum groups. The dual map of

9(e) ) °
04(GL(m)) =% 0,4(SL(n)) C Uy(sln)
is called the derived morphism and denoted as dp : Uy(sly) — O4(GL(m))°.
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REMARK 9.2. The map Jp is determined by its values on all K;, F;, F;; more-
over, Jp1 = 0oy implies 01 = 0o.

PRrROOF. The first property is obvious. Now suppose g : SLq(n) — GLg(m). It
is straightforward to check that the following diagram commutes:

0,(GL(m)) - - 0,(GL(m))*
O(o) (00)°
Oq(SL(n)) 2 . Uq(SIH)O

where ¢ is as in Theorem 7.15 and can denotes the canonical map. Since ¢ is
injective, O(p) and, hence, ¢ are uniquely determined by Jp. O

A quantum group G can be considered, equivalently, as the functor
G : Alg;, — Set, R — G(R) := Alg,(0(G), R),

where Alg; denotes the category of k-algebras and Set the category of sets.
We adopt this point of view in this section.

LEMMA 9.3. There is no nontrivial morphism SLy(2) — G, (:= GL4(1)).

PRrROOF. The quantum group G,, corresponds to the group Hopf algebra k[Z].
The algebra maps from k[Z] to an algebra R are in 1-to-1 correspondence with
the invertible elements of R (this explains the name “G,,”: multiplicative group
of units).

Suppose f : SLy(2) — G, is a morphism (of quantum groups). There is an
embedding G, — SL4(2), given by

Gm(R) — SLg(2)(R),a — (* ,-1).

Consider G, — SL4(2) ER Gp,. There is some N € Z, such that this morphism
is given by
Gm(R) — Gp(R),a — al.

It follows that 0f : Uy(slz) — O(G,y,)° maps K — which corresponds to (q q71> —

to ¢V. (We identify group-like elements in O(G,,)° with non-zero elements in k;
see Proposition 8.3).

Since O(G,,)° is commutative and K EK 1 = ¢%E, it follows that df(E) = 0,
similarly 0 f(F) = 0. We obtain

=g N=0f(K-K ") =(q—q )Of(EF — FE) =0,

which implies N = 0, since ¢ is not a root of unity. Hence, 0f is trivial, so f is
trivial as well. O
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PROPOSITION 9.4. Let ¢ : SLy(2) — GLg(m) be a nontrivial morphism of
quantum groups (m > 1). Then there is some i < m and ¢ € k™, such that

0o(K) = K;, 0o(E)=cE;, 0o(F)=c'F,.

PrROOF. Let T C GL4(m) denote the canonical maximal torus (Section 8).
By Proposition 8.3, O(T)° and O,(GL(m))° have the same group-like elements.
Since do(K) is group-like, do(K) € O(T)°.

Assume 9p(E) = Jo(F) = 0. Then the image of Jp is contained in O(T)°,
which means that Im(p) C T. But T is isomorphic to the direct product of n
copies of GG,,,. Hence, by Lemma 9.3, the morphism p is trivial, contradicting
the hypothesis.

Therefore, o(F), 0o(F') are not both zero. Suppose 0p(E) # 0. Then 0p(E)
is a nontrivial (1, 0p(K))-skew primitive element. It follows from Theorem 8.5
that 0p(K) = K, for some ¢ < m (it is impossible that 0p(K) = 1, since
conjugation with dp(K) is not the identity on dp(FE)).

The space of (1, K;)-primitive elements is spanned by (1 — K;, E;, K; F;) (cf.
Theorem 8.5). Since

KiQo(E)K; " = 0o(KEK ™) = ¢°90(E),

we get 0p(E) = cFE;, for some ¢ € k*.
The relation

0#£ K, — K" = (qg—q ")[00(E),do(F)] (9-1)

implies Op(F) # 0. Similarly as above, we get do(F') = ¢'F; for some ¢’ € k*,
and from (9-1) again, it follows that e’ = 1. O

Conversely, there actually exist morphisms as described in Proposition 9.4:
DEFINITION 9.5. Suppose m > 1. For 0 < s < m — 1, the morphism 7 :
SLy(2) — SLg(m) is defined as follows:
Is
n)(R) : SLy(2)(R) — SLy(m)(R), A+ ( A >
m—2—s
(for any algebra R, where I,, denotes the (n x n)-identity matrix).
For a,b € k>, the morphism inn(a, b) : SLy(2) — SL,(2) is defined by
. a a -1
inn(a,b)(R) : SL¢(2)(R) — SLg(2)(R), A~ (" ,)A(",)
(for any algebra R).
REMARK 9.6. The derived maps are given as follows:

an(s): K7 E7 F - Ks-‘rla ES+17 Fs+17
dinn(a,b): K, E, F +— K, ab"'E, a 'bF.

We summarize what has been proved so far:
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PROPOSITION 9.7 (MORPHISMS SL,(2) — GL4(m)). Nontrivial morphisms of
quantum groups SLy(2) — GLg(m) exist only if m > 1. In this case, all of them
are exhausted by the compositions inn(a, b)n(s) for0<s<m-—1anda,bek*.

We now turn to the general case. Let g : SLy(n) — GL4(m) be a nontrivial
morphism.

By applying Proposition 9.7 to on(®), for 0 < s < m — 1, we obtain the
following result:

There is a non-empty set I C [1,n—1],amap o : I — [1,m—1], and ¢; € k™,
for ¢ € I, such that

Ko(i)7 CiEg(i)7 C;1Fa(i) ifie I,

. K, E;,, F,
o : Ki, Ei, ”’{170,0 ifigl.

LEMMA 9.8. Writing (cij) for the Cartan matriz of sly (Definition 7.11), we
have:

(a) I= [1,7’L— 1]a

(b) @ij = Asi),0();

(¢c) o is injective, in particular n < m;
() i li = jl = 1 then |o(i) — o) = 1.

PROOF. (a)Suppose j € I and |i—j| = 1. Then K;E;K; * = ¢'E;. Application
of Jp yields
00(K:) Eq(jy00(K; ) = ¢~ Eq(p),

in particular, o(K;) # 1, which means ¢ € I. This proves I = [1,n — 1].

(b) By the relations of Ug(sl,), we have KiEjKi_l = ¢*9 E;. We apply Op
and get

Koy B () K iy = 47 Eo(j).-

Since the left hand side is equal to ¢®=®.= E, ;) and ¢ is not a root of unity,
we get Ao (i),0(j) = Xij-

Parts (c¢) and (d) follow from (b), since ¢ = j if and only if a;; = 2, and
|i — j| = 1if and only if a;; = —1. O

It is easily checked that the maps o : [1, n—1] — [1, m—1] of the form described
in Lemma 9.8 are precisely the maps of the form

og,00 (1, n—1] = [1, m—1], o4(i):=s+1i, oL(i):=s+n—1i,
for 0 < s < m —n. We have proved the following;:

PROPOSITION 9.9. Let ¢ : SLy(n) — GLgy(m) be a nontrivial morphism of
quantum groups. Then m > n, and there are 0 < s < m —n and ¢; € k*, for
1 <i < n, such that

0o: K, By, Fy — Ky, cillgy, ¢

1Fs+i for 1 <i<n,

-1 .
or aQ : Ki7 Ei, F‘Iz = Ks-i—n—ia ciEs+n—i7 C; Fs+n—i fOT 1 << n.
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We show that morphisms of the form descibed above do exist.

DEFINITION 9.10. Suppose m > n. For 0 < s < m — n, the morphism 7 :
SL,(n) — SL4(m) is defined as follows:

7 (R) : SL,y(n)(R) — SLy(m)(R), A (IS 4 Im_n_s> '

For ai,...,a, € k*, the morphism inn(as, ..., ay) : SLy(n) — SLy(n) is defined
by
inn(aq,...,a,)(R) : SLy(n)(R) — SLy(n)(R),
1

A diag(ag,...,a,)Adiag(a,...,a,)"
(for any algebra R).
REMARK 9.11. The derived maps are given by
on'®) K, Ei,F; — K, Espi, Foy,
dinn(ay,...,an): K, E,F, — Ki,aia;lei,aflai+1Fi.

LEMMA 9.12. There is exactly one automorphism ® of the quantum group
SLy(n), such that

0% : K;, By, Fi— Ky, By, Fry,
for alli € [1, n—1]. If n = 2 then ® is the identity, otherwise, ® has order 2.

PROOF. Let (z;;) denote, as usual, the canonical generators of O,(GL(n)).
There is an automorphism

I = inndiag(—g, ()%, ., (—q)") : O4(GL(n)) — 0,(GL(n),
55— (—q) Ty,
an anti-automorphism
[':04(GL(n)) — 04(GL(n)), @ij = Tnt1—jmnr1—is
and the antipode (cf. Definition 4.12 and the proof of Theorem 4.15)
S+ 04(GL(n)) — 04(GL(n)),  wij — (=) "1 Xjalo| XI5

It can be shown by checking on generators that I', I, .S commute with one another.
Moreover, I'? = id, §% = "% and T'(|X|y) = I(|X|y) = |X|q, S(X]q) = | X"

It follows that the composite O(®) := ST'I is an automorphism of O,(GL(n)),
given on generators by

O(®)(w5) = | Xnt1—ims1—lql X, "

Since O(®) maps the quantum determinant to its inverse, O(®) induces an au-
tomorphism of O4(SL(n)). Direct calculation shows that 0® has the described
form. O

Summarizing these results, we get the following main theorem:
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THEOREM 9.13 (ALL MORPHISMS SL,(n) — GL4(m)). Nontrivial morphisms
of quantum groups SLy(n) — GLg(m) exist only if n < m. If this is the case, all
of them are exhausted by

inn(ag, ..., an)n(s), inn(ag, ..., an)q)n(s),
for0<s<m-—n anday,...,a, € k*.
In particular:

COROLLARY 9.14 (ENDOMORPHISMS AND AUTOMORPHISMS OF SL,(n)).

(a) Every nontrivial endomorphism of the quantum group SLq(n) is an automor-
phism.

(b) Every automorphism of SLy(n) is inner (by a diagonal matriz in k) or the
composite with .

Theorem 9.13 is valid (more generally) if ¢> # 1 or ¢ = —1, chark = 0.
The endomorphism theorem (Corollary 9.14(a)) is valid if ¢> # 1 or chark = 0.
The automorphism theorem (Corollary 9.14(b)) is valid for GL,(n) and SL,(n)
if ¢> # 1. It is valid for any ¢ € k>, if one replaces “diagonal matrix in k” by
“g-matrix with entries in k7.

10. The 2-Parameter Quantization

We now take invertible scalars «, 3 instead of the parameter ¢, and extend
the results for g-matrices to those for (o, §)-matrices.

DEFINITION 10.1 (TWO-PARAMETER QUANTUM MATRICES). A (2 x 2) matrix
A= (‘Z g) is called an (o, 8)-matriz if the following relations hold:

ba = aab, de = acd,

ca = Pac, db = gbd,

cb = fatbe, da—ad= (B —a"1)be.
The quantum determinant of A is defined by

§ =ad — a tbe = da — Bbe,

and is denoted by |A|,, or simply by |A].

Many of the results on g-matrices stated so far will be extended to («,3)-
matrices.
There are two analogues of the matrix A as follows:

AL ) = (L A=,

This implies

()= YAt ) =0 )
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so that 6 commutes with a, d, but not with b, c. However, as in the one-parameter
case, A is invertible if § is invertible.

DEFINITION 10.2 (GENERAL TWO-PARAMETER QUANTUM MATRICES). An (n X
n) matrix A is called an (a, 3)-matriz, if any (2 x 2) minor in A is an («, §)-
matrix.

The matrix Ry (cf. Definition 4.2) is extended as follows:

Rop = aﬁZEu‘ QE;; + Z(Oinj ®E; + ﬁEji ®E;; + (aﬁ — I)Ejj ® E;).

i=1 i<j

Note that R, = q_qu,q.
We may regard R, g as a linear transformation V,, ® V,, — V,, ® V,, defined
by
Be; @ e; if i < 4,
Roplei®@ej) =< afe;®e¢; if i = j,
aej Qe+ (af—1)e; ®e; ifi>j.
The next proposition generalizes Proposition 4.3.

PROPOSITION 10.3 (THE R-MATRIX R, g AND (o, 3)-MATRICES).

(a) Rg,p is invertible and satisfies the braid condition (1-1).

(b) We have (Ro3 — afI)(Rap+ 1) =0.

(c) An (n x n) matriz A is an (o, B)-matriz if and only if A®) commutes with
Ra’ﬁ.

As in the case of O4(M(n)), part (c) of this proposition ensures that the algebra
Oa.3(M(n)) defined by n? generators z11, T12, . . ., Tnyn and the relation that X =
(x;) is an (a, §)-matrix forms in a natural way a bialgebra over which V,, is a
right comodule (cf. Proposition 4.6 and Equation (4-1)).

Since Ry 5: V,®V,, — V,, @V, is aright O, 3(M(n)) comodule isomorphism,
it follows, by considering the images Im(R, 3 — ofI) and Im(R, g + I), that
Sa(Vn) and Az(V;,) are right Oq g(M(n)) comodule algebras in a natural way
(cf. Definition 4.9). Similarly, Sg(V,,) and A (V;) are left On g(M(n)) comodule
algebras.

The group-likes arising from the O, g(M(n)) coaction on each n-th component
of A\, (V) and of A\4(V;) coincide with each other, and are equal to

g:= Z (75)7“0):60'(1),1 teo " To(n),n

ocES,

= Z (_a)iz(a)xl,a(l) tee " Tpo(n)-
ocES,

This is called the quantum determinant and is denoted by |X|q s or simply by
| X].
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We have
X (=l 1XGil), ;= (=871 X5l), ; X = gl
Since this implies that

X diag((—a)7 1., (—a)™")(|Xi])s,; diag(—=p, ..., (—=p)") X
= gdiag(a™'8,..., (18" X
=X diag(oz_lﬁ7 R (Oz_lﬁ)n)ga
we have x;;9 = (Ba™ )" gx;;.
This allows us to define O, 3(GL(n)) to be the localization O, 5 (M(n))[g~!].
If we let g=! be a group-like element, then O, 3(GL(n)) forms a Hopf algebra

including O, s(M(n)) as a sub-bialgebra.
The antipode S of O, 3(GL(n)) satisfies:

S(ig) = (=8 "9 Xl = (—) " Xjilg ™,
52($ij) = (Oéﬂ)jiiﬂiij.
The Hopf algebra O, 3(GL(n)) defines the 2-parameter quantization GL, g(n)
of GL(n).
11. The g-Schur Algebra and the Hecke Algebra

Fix a non-zero element ¢ in k and a non-negative integer n.

DEFINITION 11.1 (THE HECKE ALGEBRA). The Hecke algebra X is the algebra

generated by n — 1 elements 77, ...,T,_1 with the relations
(Ti —)(Ti +1) =0, (11-1)
LT T =T 1 TiTi 4, (11-2)
T;T; =1;T; if |i—j| > 1. (11-3)
PROPOSITION 11.2. Let m € S, and suppose that m = s;, - ... s;, s a reduced

expression with the transpositions s, = (a, a+1). (Thus ¢ = £(x), the length
of m.) Then

Tﬂ- :Tlez

is independent of the choice of the reduced expression for w. Moreover, {T, | m €
Sn} is a basis of H.

If ¢ =1, then H = kS,,, the group algebra of the symmetric group S,.
If ¢ =p", a power of a prime p, then H = Hy(GL,(q), B), the Iwahori-Hecke
algebra, with B the Borel subgroup.
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DEFINITION 11.3 (THE ¢-SCHUR ALGEBRA). Suppose that ¢ = a8, where
o, € k*. The n-th component of O, g(M(d)) is denoted by A(d,n); it is a
subcoalgebra. The dual algebra

S(d,n) := A(d,n)*

is determined by the product ¢, as we will see soon, so it is denoted by S,(d, n)
and called the g-Schur algebra.

The vector space (V)%™ is a right A(d, n)-comodule, with respect to the diagonal
coaction by Oq g(M(d)), which is given by

(Vd)®n - (Vd)®n ® A(dv n)?
€ ®"'®€in = Z ejl ®...®6jn ®xj1,i1 ""'xjn,in'

Right A(d,n) comodules are interpreted as polynomial representations of
GL, 3(d) of degree n.

PROPOSITION 11.4. The algebra S(d,n) (with d, n fized) is determined, up to
isomorphism, by q (rather than a, (3).

This allows us to write S,(d,n) = S(d,n) and justifies the name “¢”-Schur
algebra.

PROOF. To see this, we first make (V3)®™ into a right H module by identifying
T, = id(Vd)®(i—1) ® Rap® id(Vd)®(n—i—1),

a linear endomorphism of (V;)®", where R, s acts on V; ® Vy by left multipli-
cation (this action is well-defined, cf. Proposition 10.3 (b)).

By the construction of O, g(M(d)), the coalgebra A(d, n) is the “cocentralizer”
of Ty, ..., T,_1, or in other words the largest quotient coalgebra of End((V;)®™)*,
over which Ti,...,T,,_1 are all comodule endomorphisms.

This means that A(d,n)* is the centralizer of T,...,T;,—1. Thus we have a

natural isomorphism
S(d,n) — Endge((Va)®").

Hence, it is enough to show that the right H module (V;)®" is determined by g.

Let i = (41, ...,%,) be an n-tuple of integers 1 < iy, < d. Write ¢; = ¢;, ®...®
e;,. All the e;’s form a basis of (V4)®". For the transposition s = (a,a + 1), it
follows from the definition of Ty (= Ty) that

qeq if ia = ia+1;
62'Ts = Beis if ia < ia+17
(g—De; +aeys ifig > igan-

where S,, acts naturally on the set of the n-tuples ¢ from the right.
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Define an equivalence relation among the n-tuples by
i~jie3Ires,  j=1im

The equivalence classes are in one-to-one correspondence with the set A(d,n) of
the compositions A = (Aq,...,\g) of n into d parts (i.e. A\; +- -+ Ay = n, where
all Ay > 0). Here, ¢ belongs to A if and only if 4 ~ iy, where

A1 A2 Ad

Clearly, the right H module (V;)®" decomposes as

Vo = P (@kei),

XEA(d,n) Ninviy

a direct sum of the JH submodules @w“ ke;.
Fix some A = (A1, ..., Aq) in A(d, n), and let Y\(C S,,) denote the stabilizer of
the d subsets {1,..., A1}, {\ +1,...; 0+ X}, .., {q+ -+ X1+ 1,...,n}
Write zy := ZTK‘GY,\ T.

ProrosITION 11.5 (Dipper and James). There is a right H module isomorphism

@ ke; = x)\J(, given by e;, — .

irvix
Hence (V4)®" = @, x H, which implies that (V3)®", hence the algebra S(d,n)
also, is determined by q. (I

COROLLARY 11.6. If af = o/, then Oy 3(M(n)) = Oy g (M(n)), as coalge-
bras.

The g-Schur algebra was introduced by Dipper and James, and its representations
have been investigated in detail.

REMARK 11.7 (Du, Parshall, Wang). The isomorphism mentioned in the last
corollary is given explicitly as follows: Suppose a8 = o/’ and set £ := o/ /a =
B/03'. Then there is a coalgebra isomorphism

9e 1 00,5(M(n)) — O, (M(n)), 25 — D0 g

— . P . . . / — / . / 1
where @;; 1= iy 4, . Tip g, Ty = TG ir.jr» denote the monomials

which span O, g(M(n)) and Ou g (M(n)), respectively, and £(¢) is the number
of inversions in .

- T

Furthermore, this isomorphism is extended uniquely to a coalgebra isomor-
phism
0a,5(GL(n)) — Ou 5 (GL(n)).
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12. Cocycle Deformations

DEFINITION 12.1 (2-COCYCLES FOR A GROUP). A 2-cocycle for a group G
(with coefficients in the trivial G-module £*) is a map o : G x G — k™, which
satisfies

o(z,y)o(zy, 2) = o(y,z)o(z,yz), x,y,2€G.
Let us generalize this notion to a bialgebra A:
DEFINITION 12.2 (2-COCYCLES FOR A BIALGEBRA). A 2-cocycle for a bialgebra

A is a bilinear form o : A x A — k, that is invertible (in the algebra (4 ® A)*)
and that satisfies

Y o(wiy)o(ways, 2) = Y oy, z1)0(w, 4222), 2,y,2 € A.

A 2-cocycle o for A is said to be normal, if it satisfies
o(l,z) =¢(z) =0(x,1), z€A

For any 2-cocycle o, the map 0~ 1(1,1)o is a normal 2-cocycle. In the following,
we assume that all 2-cocycles are normal.

PROPOSITION 12.3 (DEFORMATION OF BIALGEBRAS BY 2-COCYCLES) (Doi).
(a) Using a 2-cocycle o, define a new multiplication on A as follows

Tey = Za(xl,yl)xzyza_l(xs,%), z,y € A

This makes A into an algebra with the same unit element.

(b) With this new algebra structure and the original coalgebra structure, A forms
a bialgebra, which is denoted by A°. It is called the deformation of A by
cocycle o.

(¢) If A is a Hopf algebra, A° is also a Hopf algebra, with the antipode S°,
defined by

S (x) = Za(ml,S(xg))S(xg)a_l(S(m),1;5), x € A

EXAMPLE 12.4 (THE QUANTUM DOUBLE). Let H be a finite-dimensional Hopf
algebra and define A := H**°P @ H. The bilinear form ¢ : A x A — k determined
by
olp@r,q@y) ={p,1){g,2){e,y)

is a 2-cocycle for A. The algebra A“ is a bicrossed product of H with H*P
determined by the following relations:

(pele(l®zx)=p&u,

(1 ® Jf) b (p ® 1) = Z <p3,$1>p2 & 332<p1, S($3)>,

where p € H*, x € H. Hence the Hopf algebra A% coincides with the quantum
double D(H) of H, which is due to Drinfeld.
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In the remainder of this section, we shall consider mainly cocycle deformations
of Oq,g(M(n)) and 04(GL(n)).
We first generalize the construction of O, g(M(n)), following Doi’s method.

DEFINITION 12.5 (THE BIALGEBRA M (C,0)). Let C be a coalgebra, and let
o : C x C — k be an invertible bilinear form. Let M(C, o) denote the quotient
algebra of the tensor algebra T'(C) by the relation

Za(xlvyl)xQ QY2 = Zg(xmyz)yl ®x, x,y€C.

In fact, M(C,o) is a quotient bialgebra of T'(C), where T(C) has the unique
bialgebra structure making C a subcoalgebra.

EXAMPLE 12.6 (THE BIALGEBRA O, g(M(n))). Define C,, = M, (k)*, and let
z;; (€ Cp) be the dual basis of the matrix units E;; (€ M,(k)). Define an
invertible bilinear form o, g : C,, x C,, — k, where o, 5 € k*, by

3, if1 <y,
Oap(Tis, zj5) = af, ifi=j,
«, if 1> 7,

0a,8(Tij, i) = af — 1, if i < j,

0a,8(2ij, Tre) = 0, otherwise.

This bilinear form is related with the linear transformation R, s (introduced
below Definition 10.2) as follows:

Ropler ®ep) = Z Oa,5(Tjk, Tie)e; ® ej.
ij

One sees the defining relations for M(C,,,0,,5) are interpreted as X R, 5 =
Ra.3X® | so that we have (cf. Proposition 10.3 (c)):

M(Cy,04,8) = Oa,p(M(n)).

LEMMA 12.7. Let 7 be a 2-cocycle for M(C,o). Then there is a bialgebra
isomorphism

M(C,0™) = M(C,0)T,

which is the identity on C, where o™ : C x C' — k is the invertible bilinear form
defined by

o’ (z,y) = ZT(yl,xl)a(xzayz)Tfl(fUB,ys)a (z,y,2€C). (12-1)

DEFINITION 12.8. Braided bialgebras
A braiding on a bialgebra A is an invertible bilinear form ¢ : A x A — k such
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that for all z,y,z € A, we have:
o(zy,z) = ZU(J:, z1)o(y, z2),
o(z,yz) = Zo’(xl, z)o(z2,y),
o(z1,y1)z2y2 = Y 11210(22,Y2).

A braiding on A is a 2-cocycle for A. The last equation means that A7 = A°P.
The first and the last equations imply the following Yang-Baxter condition (for
all z,y,z € A):

Y o(wiy)o (@, 21)0(y2,22) = > 0(yr, 21)0 (1, 22)0 (22, y2). (12-2)
If we regard o as an element in (A ® A)*, then the last equation is rewritten as

012013023 = 023013012
in the algebra (A®@ A ® A)*.
If o is a braiding on A, then for any right A comodules V', W it follows that
R, : VW =WV, v®w|—>20(1}1,w1)w0®vo

is a right A comodule isomorphism. The monoidal category of right A comodules
becomes a braided category with the structure R, .

PROPOSITION 12.9 (A BRAIDING ON THE BIALGEBRA O, 3(M(n))). If an in-
vertible bilinear form o : C' x C — k satisfies the Yang—Bazter condition, then
it is extended uniquely to a braiding on M(C, o).

In particular, Oq,g(M(n)) has a natural braiding oo g (the extension of oa g
in Example 12.6).

REMARK 12.10. If 7 is a 2-cocycle for a bialgebra A and if ¢ is a braiding on
A, then ¢7 as defined in (12-1) is a braiding on A".

PROPOSITION 12.11. Let o, f3,a/,8 € k*. If &’B = aB or (af)~!, then
Oar,3r(M(n)) is a cocycle deformation of Q4 g(M(n)).

PRrROOF. Let T' C M, g(n) be the canonical maximal torus with the correspond-
ing bialgebra projection

Oa.s(M(n)) — O(T) = klts, t7 .ottt
defined by x;; — 0;;t;. For ¢ € k*, set
Tq(ti(l) - tfl(n)7t{(1) A t'fL(n)) — qu(l)f(J)
i<j
Then 7, gives a 2-cocycle for O(T'), which may be regarded as a 2-cocycle for
Oq,3(M(n)) through the projection. Since one computes

(0a,8)™ = Oqa,q-18;
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we get, using Lemma 12.7:

Oa,s(M(n))™ = 04q,4-15(M(n)),

which yields the conclusion in the case where o/’ = af.
For the assertion in the other case, it is enough to note that there is a bialgebra
isomorphism

Oa”@(M(n)) = oa_l,ﬁ_l(M(n))virij = Tn4l—in+1—j- (]
We claim that the converse of Proposition 12.11 holds true.

THEOREM 12.12 (COCYCLE DEFORMATIONS OF O, 3(M(n))). The bialgebra
Our,p(M(n)) is a cocycle deformation of Oq g(M(n)) if and only if o/ 3’ = a3 or
(ef)~".

PROOF. It remains to show the “only if” part. Suppose that 7 is a 2-cocycle for
Oq,3(M(n)) such that there exists a bialgebra isomorphism

2 Oa’ﬂ’(M(n)) — OQ,B(M(n))Tv
which may be regarded as
@ : M(Cr,0arp) — M(Cr, (00,8)7)-

From a simple observation, it follows that the restriction of ¢ to C,, gives an
automorphism of C,,.

By the Noether—Skolem theorem, there exists a linear isomorphism v : V,, =,
V,, which is “semi-colinear” with respect to ¢ in the sense that the diagram

(0
Vo " Vi
Ql lg
Y®¢p
V, @ C, V, @ C,

commutes, where p denotes the canonical comodule structure, i.e. o(e;) = >, &;®
x;;. Let o denote the braiding on M (Cy, 04/ g ) which is the pull-back of (g4,5)"
through ¢. Then the last commutative diagram makes the following commute.

Y RY
V@V, > VeV,
RO’ i l R(Ua,[f)T
YRY

Note further that Ry, ,)r = PTRa,ﬂPT’l, where

Prep ®ep) = Zr(xik,acjg)ei ®e;.

0]
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Then we see that R, satisfies the following conditions:
(a) Ry is a right O g (M(n)) comodule automorphism;
(b) R, satisfies the braid condition;
(¢) RZ = (aB —1)Ry + apf.

Condition (a) is equivalent to
R, € EndS(n,Q)(Vn®2)7

where S(n,2) is taken with respect to o', 8" (Section 11). This means that R,
is in the double centralizer of R,/ g . It is known that the double centralizer
of a linear transformation of a finite dimensional vector space consists of all
polynomials of the linear transformation.

Since R, g satisfies a quadratic equation, this implies that

(a') Ry is a linear combination of 1, Ry g.

If we look for a linear map R, satisfying (a’), (b) and which can be extended
to a braiding on On g (M(n)), we see that R, should be equal, up to non-zero
scalar multiplication, to Ry’ g or Ry g +1— o/,
Suppose first R, = cRy g, with ¢ € k*. Then, by Proposition 10.3 (b),
R. =c?R2, 5 = (/B —1)Rar g + /3.
Since it follows from (c) that
R2 = (af —1)R, + af3 = c(aff — 1)Rar g + 0f3,

we have c?(o/3' — 1) = c(af — 1) and 2o/’ = a3, whence, by eliminating c,

(af—1)%  (o/p' —1)?

af o'
or (B —o/F)(afa’p —1)=0.
The same equation is obtained in the other case. ([

REMARK 12.13. The proof shows that the braidings on O, 3(M(n)) are ex-
hausted essentially by the two of o, g and the pull-back 0;7 3 of 04-1 g-1 through
the isomorphism Oq,g(M(n)) = Oy-1 5-1(M(n)) (cf. the proof of Proposition
12.11).

Note that Rg;ﬁ =Ryp+1—ap.

In a similar way:

COROLLARY 12.14. If ¢* # 1, then O,(GL(n)) cannot be a cocycle deformation
of any commutative Hopf algebra.
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13. (2 X 2) R-Matrices

By a (2 x 2) R-matriz, we mean an invertible matrix R in May(k) @ My(k)
which satisfies the braid condition. We ask:

How many (2 x 2) R-matrices exist?

For such a matrix R, we define the k-bialgebra O r(M(2)) generated by the entries
T11, T12, To1, Taz in X = (2i5); jeq1,2y With the relation X@R=RX®,

Let Cy := Ma(k)*, as in Example 12.6. The (2 x 2) R-matrices R are in
one-to-one correspondence with the invertible bilinear forms o : Cy x Cy — k,
which satisfy the Yang—Baxter condition (12—-2), in such a way that

Rij).key = (T jk, Tie)- (13-1)

Furthermore, we have Og(M(2)) = M(Cs,0). Hence, Or(M(2)) is a braided
bialgebra.
Kauffman classifies the R-matrices of the form:

(13-2)
p

(where rows and columns are indexed by (11), (12), (21), (22)). This is invertible
if and only if p,n # 0 and r¢ — ds # 0.

REMARK 13.1. (a) A matrix of the form (13-2) satisfies the braid condition if
and only if the following relations hold:
réd =rls =rl(r —¢) =0,
p2l = pl* + (ds,
n2l = nl? + 0ds,
p?r = pr? + rds,

n?r = nr? + rds.

(b) The following are examples of R-matrices of this form:

( e ) <7M?1 ) (13-3)
p )

where v, 6 € {af,—1} and «, B, n,p,d, s € k* are arbitrary. For vy := § := af,
we get R, 3.

The bialgebras Og(M(2)) for these R-matrices are not yet investigated except
for R,,3. However, for the following two examples of R-matrices, the bialgebras
Or(M(2)) have been investigated.
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EXAMPLE 13.2 (Takeuchi-Tambara). Assume char(k) # 2. For ¢ € k*, the
matrix
2—(¢—1) (q—1)?
1—¢*> 1+¢°
1+¢> 1-¢°
(¢ +1)° 2—(qg+1)?2

R:=1/2

is invertible and satisfies the braid condition and the relation
(R—I)(R+¢*I) =0.
If ¢* # —1, then R is diagonalizable to diag(1,1, —¢?, —¢?).

EXAMPLE 13.3 (Suzuki). For o, 8 € k™, write

()

The corresponding invertible form 7, : C2 x Cy — k according to (13-1) is
given by

a if (i, k0) € {(12,12), (21,21)},
Ta,3(Tij, The) = B if (i, k0) € {(12,21),(21,12)},
0 otherwise.

Suppose a? # 3%, Then Or(M(2)) = M(Cs,74 ) is independent of the choice
of a, 3. Denote by B this bialgebra. Then

(a) B is generated by w11, 712, T21, T22 with relations 22, = 235, 23, = 23;, and
TijTom = 0, for ¢ — j # £ —m mod 2;
(b) B is cosemisimple;
¢) the maps 7,3, for a, 8 € k*, exhaust the braidings on B.
B

14. The Quantum Frobenius Map and Related Topics

The quantum Frobenius map for GL,(n) was introduced by Parshall-Wang
(1991) and independently by myself (1992). Assume ¢ is a root of unity, let £ be
the order of ¢% and put € = qéz. We have

‘ ¢ odd ‘ { even
X

e=1

PROPOSITION 14.1. If X = (x;5) is a g-matriz, then X0 = (xijz) is an e-
matrix.
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By associating X to X, we get a homomorphism of quantum groups
F: GLy(n) — GL.(n)

which is called the quantum Frobenius map. The corresponding Hopf algebra
map

O(F): 0.(GL(n)) — 04(GL(n))

is injective and free of rank " If ¢ = 1 (hence £ odd), then the image of O(F)
is contained in the center. Let GL(n) be the quantum subgroup of GLg4(n) rep-
resented by the quotient Hopf algebra O,(GL(n))/04(GL(n))O(GL(n))* which
is ¢"°_dimensional. We may think of it as the kernel of F, and we obtain an
exact sequence of quantum groups

1 — GL,(n) — GL,(n) & GL(n) — 1. (14-1)

A finite quantum subgroup of GL,(n) means a finite dimensional quotient
Hopf algebra of O4(GL(n)). If ¢ has an odd order, GL(n) is such an example.
Recently, E. Miiller has determined all finite subgroups of GL,(n). We describe
his results in the following.

If ¢ is not a root of unity, all finite subgroups of GL,(n) are contained in the
canonical torus 7. We assume ¢ is a root of unity of odd order ¢ and k is an
algebraically closed field of characteristic 0.

Let I be a subset of Iy = {(¢,i+1), (i+1,%) | i = 1,2,...,n—1}. A quantum
subgroup P,  of GL4(n) is determined by the following condition: If i < a,a+1 <
j for some (a,a+1) ¢ I of if j < b,b+1 < i for some (b+1,b) ¢ I, then the (i, 7)
component is zero.

ExAMPLE 14.2. n =5, T ={(1,2),(3,4),(2,1),(5,4)}.

* %[0 0 0
* x[0 0 O
Por=| 0 0|x % 0
0 0j]0 % O
0 0]0 = =%

Let s be the number of ¢ such that (¢,i+1) ¢ I and (i+1,i) ¢ I. In the above
example, s = 2. Then P, ; factors as the direct product of s blocks. By associ-
ating the g-determinant with each block, we get a homomorphism of quantum
groups

Dy: Pyr— (Gn)®.
When g =1, we write P = P, ; and D = D;. Thus

D: PI — (Gm)g
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We have the following commutative diagram of quantum groups with exact
rows:

F

a.1 P — 1

1 — P, —
D, D, D

¢-th power

L — (Gn)* — (Gn)* (Gm)* — 1

where P ; = P, ; N GLj(n) and D} denotes the map induced by D.

Let G be a finite quantum subgroup of GL,(n). The image F(G) which is a
finite algebraic subgroup of GL(n) is identified with a finite (abstract) subgroup T
of GL,,(k), since k is algebraically closed of characteristic 0. The exact sequence
(14-1) induces an exact sequence of finite quantum groups:

156G -G51r-1 (14-2)
The following are key results of Miiller.

PROPOSITION 14.3. If G’ is a quantum subgroup of GL;(n), there are a subset
I of Iy and a quotient group Q' of (¢Gm)*® such that

’

G = Ker(Pé’I D, Q').

PROPOSITION 14.4. Let G be a finite quantum subgroup of GL4(n) and let I be
a subset of Iy. Assume { >n?/4. If G' C P} ;, then G C Py 1. In particular, we
have T' C Py (k).

If we are in this situation, we have the following commutative diagram of quan-
tum groups with exact rows:

1 — G’ — G 7 — 1
N N
F
1 — P, —= Py o — 1
D, D, D
‘ (14-3)
¢-th power

1 — (éGm)s - (Gm)s

( m)s — 1

push out H
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By an easy diagram-chasing, we conclude there is a homomorphism of (ab-
stract) groups ag: I' — Q(k) such that the diagram

G r
Dq aG D
Q (Gm)?

commutes.
Conversely, consider a set of data as follows:

ICly

Q' a quotient group of (,G,)*,

G’ as in Proposition 14.3

I' C Pr(k) a subgroup,

Q as in (14-3),

a: T'— Q(k) a group homomorphism such that

r

o D

(GTH)S

commutes.
We have the following main result.

THEOREM 14.5 (E. Miller). With the set of data above, let

G = Ker<:¥*1(r) nP,; Z:?: )

Then G is a finite quantum subgroup of GLg(n) which fits the exact sequence (14—
2). If £ > n?/4, then these G for all possible previous sets of data exhaust all
finite quantum subgroups of GL4(n).

Finally, we mention the following result of E. Letzter concerning Spec O,(GL(n)),
the set of prime ideals of the non-commutative ring 0,(GL(n)). We assume ¢
is a root of unity of odd order ¢. Multiplication of a row or a column of a ¢-
matrix by a constant yields a g-matrix. Considering multiplication of all rows and
columns of the generating g-matrix by ¢, one obtains a group action of (Z/¢)?"~*
on O,(GL(n)) as ring automorphisms. The image of O() is contained in the
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invariants by this action. Hence the Frobenius map & induces a map

(Spec 04(GL(n)))/(Z/6)**~*  — SpecO(GL(n))
P = OF)Y(P).
E. Letzter has shown that this map is bijective.
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