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Sojourn Times, Singularities of the Scattering
Kernel and Inverse Problems

VESSELIN PETKOV AND LUCHEZAR STOYANOV

ABsTrRACT. We study inverse problems in the scattering by obstacles in
odd-dimensional Euclidean spaces. In general, such problems concern the
recovery of the geometric properties of the obstacle from the information
related to the scattering amplitude a()\, w, #), related to the wave equation
in the exterior of the obstacle with Dirichlet boundary condition. It turns
out that all singularities of the Fourier transform of a(\, w, 6), the so-called
scattering kernel, are given by the sojourn (traveling) times of scattering
rays in the exterior of the obstacle. Apart from that these sojourn times
are a naturally observable data. The purpose of this survey is to describe
several results in obstacle scattering obtained in the last twenty years con-
cerning sojourn times of scattering rays, and to motivate further study of
related inverse scattering problems.

1. Introduction

The scattering operator S(A) presents a mathematical model for the data ob-
served experimentally in many branches of physics, chemistry and mathematics.
The operator S(A) is related to behavior as the time ¢ — fo0 of the solutions of
an unperturbed operator Ly and to its perturbation L. The kernel of S(\)—1,
the so called scattering amplitude a(X,w, @), contains the information related to
the perturbation of Ly and this kernel is the leading term of the asymptotic of
an outgoing solution vs(rf, ) of Lvgs = 0 as x| = r — oco. Obstacle scatter-
ing problems arise in many physical phenomena and concern the perturbation
caused by a bounded obstacle K with connected complement €. In general the
inverse scattering problems deal with recovering geometric properties of K from
information related to the scattering amplitude.

Schiffer’s result (see [12], [2]) implies that the obstacle K is uniquely deter-
mined if we know the scattering amplitude a(\,w,d) for A € (o, 3) C RT and
all w,0 € S"~!. Some more precise results concerning uniqueness in this inverse
scattering problem are known under weaker assumptions (see [2], [7], [11], [26] for
more details and references.) On the other hand, in general in experiments one
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cannot determine the scattering amplitude for all (outgoing) directions # € S™~1
or all (incoming) directions w € S™~!, while the sojourn times or traveling times
of the so-called (w,#)-rays in the exterior of the obstacle give a physically ob-
servable data. This naturally leads to the consideration of inverse scattering
problems involving such rays. In fact, it turns out that all singularities of the
Fourier transform s(¢,w, #) of a(\,w,0), the so-called scattering kernel, have the
form —T.,, where T, are sojourn times of (w,#)-rays . Moreover, for (w,f) in
a set of full measure in S"~1x S"~! the singularities of s(t,w,) are precisely
the numbers of the form —T.,, that is the so-called Poisson relation becomes an
equality (see Section 5). This leads to some interesting geometrical observations.
The purpose of this survey is to describe several results in obstacle scattering
obtained in the last twenty years concerning sojourn times of (w, f)-rays, and to
motivate further study of related inverse scattering problems.

The scattering amplitude is defined in Section 2. The case of a convex obstacle
is then considered in details, and the leading term of the asymptotic of the
scattering amplitude as A\ — +oo is derived. Section 3 is devoted to the Fourier
transform of the scattering amplitude, the so-called scattering kernel s(t, 6, w),
where t € R and 0, w € S®~!. It turns out that the singularities of s(t,0,w) in
t are very much related to the geometry of the obstacle K. Namely, these are
given by sojourn (traveling) times of scattering rays in the exterior of the obstacle
incoming with direction w and outgoing with direction 6. This is particularly
easy to see in the case of a convex obstacle, where a scattering ray can have at
most one reflection at the boundary 0K of the obstacle. In the general case a
typical scattering ray is a mutiply reflecting ray with reflections at 9 K. Moreover
there are other, more complicated rays, that have to be taken into account when
studying the singularities of the scattering kernel; some of these contain gliding
segments on K which are simply geodesics with respect to the metric on 0K
induced by the Euclidean structure. All these are generalized bicharacteristics
in the sense of Melrose and Sjostrand [20]. Their definition is sketched in Section
3, and at the end of that section the leading term of the singularity of s(¢,0,w)
at t ~ —T is described, where T is the sojourn time of a scattering ray satisfying
some nondegeneracy properties.

Section 4 is purely geometrical. Here we give a simple definition of a reflecting
(w,f)-ray, and show that for almost all (w,f) € S™ 1xS"~1 the reflecting
(w, @)-rays in the exterior of K have no tangencies to K and any two of them
have different sojourn times. These properties, together with nondegeneracy
of the differential cross-sections, play an important role in the analysis of the
singularities of the scattering kernel. The latter is dealt with in Section 5. The
central point here is the so-called Poisson relation for the scattering kernel, and
the first half of Section 5 is devoted to the idea of its proof. We then proceed to
discuss the question of how often this relation becomes an equality. One of the
problems to do this is to show that (under certain nondegeneracy assumptions
about the obstacle) for almost all (w,) € S""!xS"~1 the (w,6)-rays in the
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exterior of K are reflecting rays, i.e. they do not contain gliding segments on the
boundary. Combining this with previous results gives that the Poisson relation
becomes an equality for almost all (w,f) € S*~1x S?~1,

In Section 6 we discuss the existence of simply reflecting nondegenerate scat-
tering rays with sojourn times tending to infinity. This leads to some interesting
results concerning the behavior of the modified resolvent of the Laplacian.

Finally, in Section 7 the inverse scattering problem is considered of recovering
geometric information about the obstacle from its scattering length spectrum, i.e.
from the set of sojourn times of scattering rays in the exterior of the obstacle®.
Pairs of obstacles K, L are considered such that for (almost) all (w,6) € S*~1x
S™~1! the sets of sojourn times of (w, #)-rays in the exteriors of K and L are the
same. It then turns out that the generalized geodesic flows in the nontrapping
parts of the cotangent bundles of the exteriors of K and L are conjugated by a
time preserving conjugacy which is almost everywhere smooth and symplectic.
Various geometric relationships between K and L are derived.

2. Scattering Amplitude for Strictly Convex Obstacles

Let K ¢ R", n > 3, n odd, be a bounded domain with C* boundary 0K
and connected complement 2 = R™\ K. Such K is called an obstacle in R".
Throughout this paper we deal with the Dirichlet problem for the Laplacian
but similar considerations can be applied to other boundary value problems. To
introduce the scattering amplitude a(), 0,w), (6,w) € S"1xS"~! consider the
outgoing solution vs = vs(x, A) of the problem

(A+X)o, =0  inQ,
vs e iMEW) = (0 on K

satisfying the so-called (i\) - outgoing Sommerfeld radiation condition. This
condition means that as |z| = r — oo we have

—iAr
e
vs(rd, A) = 74(71——1)/2(a(’\’0’w)+0(7“71))’ x = rb.
We can interpret v; = e %) as an incoming plane wave, while vs(x, \) is

the outgoing wave obtained after the impact of v; on K. To obtain a formula
for the leading term a(\, 6,w) we apply the Green formula combined with the
outgoing condition and deduce the representation

o) = [ (B0 GRG0 a2

L According to the Poisson relation, this is equivalent to trying to obtain information about
the obstacle from the singularities of the scattering kernel.
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where E(z) is the outgoing Green function
(,L)\)(n73)/2 eI
2(27-‘-)(71—1)/2 r(n—l)/Q

Ea(z) = LoD/

and v(z) is the unit normal to z € 0K pointing into Q. Next, we multiply (2-1)
by e r("=1/2 put 2 = r, and taking the limit r — oo, we get
O < iMNas0—w) | i(w,0) OUs )
a()\, 97(.0) = W - Z)\<l/(£f), 9>€ +e 5(1'7 )\) dSI,

where (-, ) denotes the scalar product in R™.

Following the physical literature, a(\, 0,w) is called the scattering amplitude.
The analysis of the leading term of its asymptotic as A — +o0 has a long tradition
in mathematical physics. The simplest case to deal with is when 6 # w and K
is a strictly convex obstacle. In this case the integral

(Z/\)(nil)/2 iX(z,0—w
I(\) = 202m) D2 8K<V(I),‘9>6 ¢ )dS,

is rather easy to study. The phase function (x, 0 —w)|.cax has two critical points
T4+ with

(04,0 —w) = max(y,0-w), (v-,0-w)= min {y,0-w),
v(rzy) = i%.
Here 2+ denotes the point in the illuminated region (see Figure 1)
OK 4 (@) = {y € 0K : (v(y),w) < 0}
related to w, while 7 lies in the shadow region
OK_(w) = {y € 0K : (v(y),w) > 0},

and we have used the convention that the obstacle lies in the half-space

{zx eR": (z, 6 —w) < 0}.

Figure 1.
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Applying a stationary phase argument for the integral over 0K (w), one gets

(ix)(n=1)/2 o
M)(W/ (v(z),0)e Az,0 )dS’m
(2r) OK 4 (w)

ix(x —w - vz ’9 B
S Y M

K(y) > 0 being the Gauss curvature at y € K. We get a similar expression for
the integral over 0K _ (w).

The analysis of the term involving dvs/0v is more complicated. In mathe-
matical physics many efforts have been concerned with construction of an ap-
proximate outgoing solution wq(x, \) of the problem

(A+X)wo = f(z,))  inQ,
wo+e"MB) = g(z \)  on 0K,
with f(z,A) € C*(Q) and g(x,\) € C*>°(0K). This leads to considerable diffi-

culties when one has to describe the form of the solution wq in a domain close
to the grazing submanifold

Gw) ={y € 0K : {v(y),w) = 0}

The progress of the microlocal analysis in the seventies led to the investigation

of the above problem without a precise information for wg in a neighborhood

of G(w). This was done by Majda [14] exploiting the works of Hormander [9],

Taylor [30] and Melrose [17] for the propagation of the singularities. Below we

present the idea of the approach of Majda and refer to [14] for more details.
Consider the boundary problem

(82 — A)yug = F(t,x) in R xQ,

uw+0(t—(r,w)) = G(t,z) on RxIK,
where F(t,z) € C*°(R x Q) vanishes for ¢t < —ty, G(t,z) € C§°(R x OK) and
is chosen so that

supp, 0 (t — (@, w)|zear ) C {t: [t] < to}.

Taking a partition of unity {v;(t, :v)}JNil on [—to, to] X 0K, we pass to the analysis
of the solutions of the localized problems

{ (92— A)u; = Fy(t,z) in R x ), (2-2)

uj+Y;0(t—(z,w)) = G,(t,z) on RxOK ,

with Fj(t,z) € C*(R xQ),G;(t,z) € C(RxIK) and F; =0 for t < ty. Then
using the decay of local energy for strictly convex obstacles we get

3 [ dult)
= ov

v,
ov

dt+O(\~N) for all N.
RxOK

0K
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The results on the propagation of the wave front set WF (u;) of the solutions of
(2-2) (see [30], [17]) say that

(9’11]'
wr (e

) © WE (8t {,0)) e xor) (2-3)
RxOK
In the case when supp; N (R x G (w)) = & the above relation follows from the
pseudo-local property of pseudo-differential operators [10] since we have, modulo
smooth terms, the representation
ﬁuj
v
B; being a first order pseudo-differential operator. In the case where supp ),
overlaps with R x G(w) we apply the results of Taylor [30] and Melrose [17] for

on —B;(¢;0(t—(z,w))|rxok),

diffraction problems. Thus we are going to study the expression

Z // e—iA(t—(x.0)) Juy dt dS,, (2-4)
j - v

where the integral is interpreted in the sense of distributions. From the definition
of the wave front it is easy to see that the condition

(t,y',d®,d,®) N WF(u) =@ fory € DCR""

implies
/ / e~ WDy (y ) dtdy = O(A"N) for all N.

RJD
In order to exploit this property, assume that in local coordinates U; N 0K is
given by

yn =9, ¥ =y, yn—1) €D CR"L

Then (2-3) yields

Ou;

WF( ov

) c {(ty.m€) € T*(RXOK) : t = (y,w)

with y € supp v, (y, (y,w)) and (§,7) = £(—w' = Vg(y')wn, 1) }.

RxOK

Clearly, for the phase function ® =t —(y,0)|,cv; nax We have
dylvtq) = (_9/ _Vg(y/)ana 1))

which coincides with the directions of the wave front of (Ju;/0v only in

)|]R><BK
the case

—w' =Vg(y Jwn = —0'=Vg(y')0n.
Thus we deduce immediately

0—w _ , ,
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The assumption 6 # w implies that for y € G(w) the last condition is impossible.
Moreover, the same argument shows that supp ¢;(y, (y,w)) must be included in
a small neighborhood U+ of x4+ with ¢;(y, (y,w)) =1 in a neighborhood of x4 .

Since x_ lies in the shadow region, we have (v(z_),w) > 0 and the solution
of the wave equation which is smooth for ¢ < 0 in a small neighborhood of
((x—,w),z_) has the form u_ = —§(t — (x,w)). Thus we obtain

Ovg

Wy ok

= iMv,w)e My ok,

and replacing (0vs/0v)|u_ nax in expression (2-4), we see that the shadow region
makes no contribution to a(\,,w) because

(v(z_),04+w) =0.

Passing to the illuminated region, denote by ¢ and By the cutoff function
and the pseudo-differential operator related to U,. Then for the formally adjoint
operators B} we obtain

* i _ ’ ’ _ ’ 1 2
—/ Bile 000000 ) 5 (t—(y, ') — gy Jwm) (1+V gy )2) by’
+
_ ,,\/ N0 = N8 =o )y (41 By’ +O(1)
Uy
with
) 1/2
bo(y,0) = =iy (', —1.6"+ V(s )0n) (1+]Vg(w)2) %,
i3+ being the principal symbol of B, . Thus our task is reduced to the study of
an integral having the same form as I(\).

Without loss of generality we can assume that Vg(z/,) = 0. From the con-
struction of the asymptotic solution in a neighborhood of z; we obtain

6+(l,/+771’9/) = <I/(I+),9> >0

and we conclude that

1 /i (/2 A0t
(2 IN(Y',0" =) +9(y ) On—wn))p (4. 0)dr)
2(277) /U+6 +(y',0)dy

iA(x —w — Ve 79 .
= $eMNH IR (ay) 1/2|9<_fu|?3_1)>/2+0<|x D).

Taking the sum of all contributions, one gets
0\ 0,w) = M=K (0 )TV 2 (), )]0 — w72+ O(A 7).

Finally, in the illuminated region we have

(v(e:).0)  (6-w,6) 1

0—w| — |0—-w]z2 2
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and
a(\, 0,w) = %eiM”’e_w)lC(er)_l/z|9—w|(3_")/2+O(|)\\_1).
Thus from the limit
la(w, 0)| = )\lim la(A, w, 0)]

we can determine the Gauss curvature K(zy) at zy. When (w, ) runs over a
set
VeS8 Ixs" I\ {(w,w) :we S},

we can recover the Gauss curvature K(y) at every point y € 9K, provided the
map

V3 (w,0) — v gnt

|0 —w|
is onto. On the other hand, the knowledge of the Gauss curvature at all points

of 0K determines uniquely 0K (see [14] for more details).

The case w = 6 is more complicated since the singularities associated to
diffracted rays must be taken into account. See [19] and [31] for results in this
direction.

3. Singularities of the Scattering Kernel

Throughout this section we assume that 6 # w. To study the general case
of nonconvex obstacles it is more convenient to consider the scattering kernel
s(t,0,w) defined as the Fourier transform of the scattering amplitude:

A )(nfl)/Q

S(t,g,W) :f)\ﬁt((Q_m a()‘vng) )a

where (Fa_ip)(t) = (2m) 71 [ e p(N) d for functions ¢ € S(R). Let V (t, z;w)
be the solution of the problem

(F-A)WV =0 in R xQ,
V+i(t—(z,w)) =0 onRxIK,
Vi<t = 0.

Then we have

s(0,0,w) = (71)(”+1)/227"7r17”/ 0720,V ((x,0) — 0, w5w) dS,,
oK
where the integral is interpreted in the sense of distributions. Our aim will be
to examine the singularities of s(¢, 6, w) with respect to t.
First we define the so-called reflecting (w, #)-rays. Given two directions 6, w
in S"~1x 8"~ consider a curve v € Q having the form
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where [; = [z;,2;4+1] are finite segments for ¢ = 1,...,m—1, z; € 9K, and
lo (resp. l,,) is the infinite segment starting at z; (resp. at z,,) and having
direction —w (resp. 6). The curve v is called a reflecting (w,0)-ray in Q if for
1=0,1,...,m—1 the segments I; and l; 1 satisfy the law of reflection at z;,1
with respect to OK. The points x1, ..., z,, are called reflection points of v and
this ray is called ordinary reflecting (or simply reflecting) if v has no segments
tangent to 0K.

Next, we define two important notions related to (w, #)-rays (also-called scat-
tering rays). Fix an arbitrary open ball Uy with radius @ > 0 containing K.
For £ € S"~! introduce the hyperplane Z¢ orthogonal to ¢ and such that ¢ is
pointing into the interior of the open half space H¢ with boundary Z¢ containing
Up. Let ¢ : R™ — Z¢ be the orthogonal projection. For a reflecting (w, 8)-ray

v in  with successive reflecting points 1, ...,z the sojourn time T, of v is
defined by
m—1
T, = |lm(@1) =2l + Y |2 = 2ol 4+ |@m — 7o (@m)|| - 2a.
i=1

Obviously, T, +2a coincides with the length of this part of v which lies in H,, N
H_y (see Figure 2). In fact, the sojourn time T, does not depend on the choice
of the ball Uy since it follows easily that

7 (21) =21 = a+(z1, W), [2m —7—p(zm)]| = a—(zm,0) ,

therefore
m—1
Ty = (z1,w)+ Y [[2i—2ig1ll— (@m, ).
i=1

Given an ordinary reflecting (w, §)-ray v set uy, = m,,(21). There exists a small
neighborhood W,, of w, in Z,, such that for every u € W, there are a unique
direction (u) € S™~! and points x1(u),. ..,z (u) which are the successive re-
flection points of a reflecting (u, 6(u))-ray in Q with 7, (z1(v)) = u. This defines
a smooth map

Jy Wy 3 u— 0(u) € S"!

and dJ,(uy) is called a differential cross section related to v. We say that + is
nondegenerate if

detdJ, (uy) # 0.

The notion of sojourn time as well as that of differential cross section are
well known in the physical literature. The definitions given above are due to
Guillemin [5].

For strictly convex obstacles all (nontrivial) reflecting rays have only one
reflection point x; and the corresponding sojourn time is equal to (z;,w—0).
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Figure 2.

Moreover, the stationary phase argument of the previous section implies that
a(\, w,0) has a complete asymptotic expansion

7 N

a(\,w,0) = "N " T4 O(IA TV forall N €N,

§=0
which gives
sing supp s(t,0,w) = {~T4},

T} = (z4,w—0) being the sojourn time of the (w,#)-ray v, reflecting at z,. A
simple geometric argument implies that

|det d.J.,, (uy, )| = 4]0 —w| "D (2y),
and for ¢ close to =T, we have

—1/2

—1\ (n—1)/2
) s D244+ T ) +1os.

s(t, 0,w) = (% |dJﬂ,+(u.Y+)’
(the abbrevation stands for “lower order singularities”).

For strictly convex obstacles T is an isolated singularity of s(t,6,w) related
to an ordinary reflecting ray. This situation can be generalized for generic ob-
stacles if we consider the back scattering direction § = —w. Without loss of the
generality we may assume that K lies in the half space {z € R" : (z,w) > 0}.
Then the function

0K > 2 — (z,w) e RT

has a positive minimum p(w) and there exists at least one reflecting (w, —w)-ray
with sojourn time T, = 2p(w). Of course we could have many (w, —w)-rays with
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the same minimal sojourn time. A geometric argument based on Sard’s theorem
shows that there exists a subset B C S"~! with full measure such that for every
w € B we have only a finite number of reflecting (w,#)-rays with sojourn time
2p(w). Moreover, each of these rays ~1,...,7a, has only one reflection point
xzr € 0K, k=1,..., M, and 0K has a nonvanishing Gauss curvature K(x) # 0
for every k = 1,..., M. Thus, repeating the argument from Section 2, it follows
that for w € B the sojourn time 7' = —2p(w) is an isolated singularity of the
scattering kernel s(t, —w,w), and for such w we have

max sing [supp, s(t, —w,w)] = —2p(w),
and for ¢ close to —2p(w),

_ M
B _oiea( LD ~1/2¢(n-1)/2
s(t, —w,w) =2 - Z|K(xk)| 4] (t+2p(w))+1lo.s.
k=1

This result is due to Majda [15]. From the maximal singularity of the back
scattering kernel one obtains that the conver hull of the obstacle is given by

K= fe: (0,w) = pw)}.

Thus one can recover the geometry of a convex obstacle.

It is much more complicated to get similar results in the case of nonconvex
obstacles. Now the information obtained by means of rays having only one reflec-
tion is no longer sufficient. One needs to consider multiple reflecting (w, 8)-rays
leading to isolated singularities of s(¢,0,w). Roughly speaking, the singularities
of the scattering kernel are amongst the sojourn times of (w,6)-rays, however
now one has to consider not only simply reflecting (w, #)-rays but all general-
ized geodesics incoming with direction w and outgoing with direction 6 (see [22,
Chapter 9] and [18]); these are simply called (w, 8)-rays. In general, there exist
(w, 0)-rays with grazing or gliding segments (see Figure 3).

The precise definition of an (w, #)-ray is based on the notion of a generalized
bicharacteristic of the operator (0 = 92 — A, given as trajectories of the gener-
alized Hamilton flow F; in © generated by the symbol > ' &2 —72 of O (see
[20] for a precise definition). In general, F; is not smooth and in some cases
there may exist two different integral curves issued from the same point in the
phase space (see [30] for an example). To avoid this situation we assume that
the following generic condition is satisfied.

(G) If for (z,§) € T*(0K) the normal curvature of K vanishes of infinite
order in direction &, then 0K is convex at z in direction &.

We will now sketch the definition of a generalized bicharacteristics of [1. Let
p(z, &) be the restriction of the principal symbol of O to the level surface 7 =1
(this is the case of motion with unit speed along geodesics). Notice that in
this case the so-called zero bicharacteristic set > = p~1(0) coincides with the



308 VESSELIN PETKOV AND LUCHEZAR STOYANOV

v o

Figure 3.
cosphere bundle S*(€) of Q. Given a point x € 9K, we choose local coordinates

r = (xla"'v‘rn)ag = (é-la"wfn)
in T*(R"™) so that locally 9K is given by 1 = 0 and Q by 21 > 0. The coordinates
(z,€) can be chosen so that, up to a nonzero smooth factor, p(z, ¢) has the form
p(xa 5) = 5% - 7’({1,', 5/)

with 2’ = (zg,...,2,),& = (&,...,&,) and r(x,&’) homogeneous of order two
in £, Introduce the sets

o ={(z,§) € T*(R")\{0} : z1 > 0},
H={(z,§) €S:21 =0,r(0,2',¢) > 0},
G={(z,6) ez =0,r(0,2',¢) = 0}.

The sets H and G are called hyperbolic and glancing set, respectively. Next
consider the symbols

or

rof@!, &) = r(0,a',€) (@, €) = 5

07 $/7€l)7
and define the diffractive and gliding sets by

Ga={(z,§) € G:r(2',{) > 0},

Gg = {(xvf) €G: Tl(xlvgl) < 0}7

respectively. The generalized bicharacteristics are related to the Hamilton vector

fields
“/0p 0 op 0
n=y (20 % 0y
P j; 8£] 8.73]' 8.13j 8§j
Y (% 9 _In i)
=2 8§]8x] 8$]6§] '

We have dep(x,§) # 0 on S*(Q) and derrg(2’,€') # 0 on G. Moreover, the
above definitions are independent on the choice of the local coordinates. Using

H,, =

0

(]
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the above local coordinates the generalized bicharecteristics of [J are defined as
follows.

Let I C R be an open interval. A curve v : I — S*(Q) is called a general-
ized bicharacteristic of [0 if there exists a discrete subset B C I such that the
following conditions hold:

(i) If v(to) € Zo U Gy for some ty € I\ B, then ~ is differentiable at ¢¢ and

Slto) = Hyx(to)).

(i) If y(to) € G\ Gq for some tg € I\ B, then

V(t) = (xl(t)a x/(t)7§1 (t)a gl(t))
is differentiable at ty and

E%WZ%%F& %wwwmm=%mw.

(iii) If tg € B, then ~(t) € X¢ for all ¢t # to,t € I with |t —tp| sufficiently small.

Moreover, in this case for £F(z/,€') = +1/ro(z’, &) we have

t—»to,ih(rtn—to)>0fY(t) = (07x/(t)>§it(x/(t0)>vgl(t0)) € H.
The functions z(t), £'(t), |£1(t)| are continuous on I, while the function &;(t)
has a jump discontinuity at any point ¢ € B. Finally, under the condition (G)
a generalized bicharacteristic v : R — S*(Q) of O is uniquely extendible in the
sense that for each ¢ € R the only generalized bicharacteristic (up to the change
of parameter t) passing through ~(¢) is v (|20]; see also [10, vol. III]).

More generally, working with the restriction of the principal symbol of [
to a level surface 7 = 79 # 0, one defines generalized bicharacetristics on the
set T*(Q) of all (z,£) € T*(Q) such that £ # 0. Given o = (x,£) € T*(Q),
there exists a unique generalized bicharacteristic (z(t),£(t)) € T*(€) such that
z(0) = x and £(0) = &. Set Fy(z,§) = (x(t),£(¢)) for all t € R. This defines a flow
Fi - T*() — T*(Q) ([20]) which is sometimes called the generalized geodesic
flow on T*(). Obviously, it leaves the cosphere bundle S*(Q) invariant. At
points of transversal reflection at Ta* 1 (Q) the flow F; is discontinuous. To make
it continuous, consider the quotient space Ty (Q) = T*()/ ~ of T*(Q) with
respect to the following equivalence relation: p ~ o if and only if p = o or
p,0 € T5,(Q) and either lim; ~o Fi(p) = o or limy o Fi(p) = 0. Let S;(2)
be the image of S*(Q) in 7(Q). Melrose and Sjéstrand (|20]) proved that the
natural projection of F; on Ty () is continuous.

After these definitions a curve v = {z(t) € Q : ¢t € R} is called an (w, 0)-ray
if there exist real numbers t; < ¢y such that

() = (x(t),£()) € S*()
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is a generalized bicharacteristic of 00 and

_Jw fort<ty,
g(t)_{e for ¢t > t,

provided that the time ¢ increases when we move along 4. Denote by L, 0(£2)
the set of all (w,f)-rays in Q. The sojourn time Ts of & € L, () is defined as
the length of the part of § lying in H, N H_y.

Turning to the problem of the behavior of s(t,6,w) near singularities, assume
that v is a fixed nondegenerate ordinary reflecting (w, 8)-ray such that

T, #Ts forevery 6 € L, () \ {7} (3-1)
By using the continuity of the generalized Hamilton flow, it is easy to show that
(=T, —e,—T,+¢) Nsingsupp s(t,0,w) = {14}

for ¢ > 0 sufficiently small. The singularity of s(¢,6,w) at t = —T, can be
investigated using a global construction of an asymptotic solution as a Fourier
integral operator ([6], [21], Chapter 9 in [22]).

THEOREM 3.1 [21]. Under the assumption (3—-1) we have
—T., € singsupp s(t, 0, w)
and for t close to =T, the scattering kernel has the form

s(t, 0,w) = (—

1\ (n—1)/2
27Ti> (

—1)™ lexp (igﬂw>

X ‘detd‘]“/(uv)@(%)aw ’71/2
(v(qm),0)

where m., is the number of reflections of v and q1, gm are the first and last

reflection points, respectively, of v and B, € Z.

V24 T) +1los., (3-2)

For strictly convex obstacles we have §, = —(n—1)/2, ¢1 = ¢ and 0—w is
parallel to v(q1).

4. Properties of Reflecting (w, 0)-Rays

To apply the result of the previous section we need the condition (3-1) and it is
desirable to prove that there exists a subset S C S~ x §"~! with zero Lebesgue
measure such that for all directions (w,f) € S"~!x S""1\ & the corresponding
(w, 0)-rays satisfy (3—1). Here one has to deal with all (generalized) (w, 6)-rays
and this makes the problem rather difficult. We start with a result concerning
the ordinary reflecting (w,0)-rays only.

THEOREM 4.1 [23]. For every w € S"~1 there exists a set S(w) C S"~! the
complement of which is a countable union of compact subsets of S*~1 of measure
zero such that if 0 € S(w), then any two different ordinary reflecting (w, 0)-rays
in Q have distinct sojourn times.
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SKETCH OF PROOF. Let Uy be an open ball with center 0 and radius a containing
K and let Z = Z, be the hyperplane introduced in Section 3. Given an integer
k > 1, denote by Uy the set of those u € Z for which the trajectory ~(u) of
the generalized Hamiltonian flow starting in u with direction w is an ordinary
reflecting ray with exactly k reflection points. Let Jy(u) € S*~! be the direction
of y(u) after the last reflection. Obviously, Uy is open in Z and the map

iU, 22— Jp(u) € 81

is smooth.

Now let us fix two arbitrary integers k > 1,s > 1. For u € Uy denote by
f(u) the sojourn time of the scattering ray determined by ~y(u). In the same
way denote by g(v) the sojourn time of the scattering ray with s reflections
determined by v € V;. The functions f : U, — R, g : V5 — R are smooth.

For u € Uy, denote by x1(u), ...,z (u) the successive reflection points of y(u).
The corresponding maps z; : Uy — JK are smooth and for every y € 0K we
denote by N(y) the unit normal to 0K pointing into Q. Thus for u € Uy we
obtain

) m(u>—xk_1(u§”_2< xk(u)—mk_l(u)w N(xk(u))> N (i (),

- |2k (u) — 2p—1(u ka(u)—xk_l(u)

k—1
Flu) =Y i (u) =i (u) ||+t —2a,
i=0

with the convention that zg(u) (resp. xx+1(u)) denotes the orthogonal projection
of w1 (u) (resp. zx(u)) on Z (resp. Z_j, (u)), and where t = |lzg(u) — 21 (u)].
We obtain easily ¢ = a— (Ji(u), x), so

k-1
Fu) =Y e (u) = zi(w)l| = (@r(w), Jk(u) —a.
i=0

For v € V; the successive reflection points of v(v) will be denoted by y1(v), ...,
ys(v). Next we set yo(v) = v and we define ys41(v) in the same way as z41(u).
Now denote by W (k, s) the set of those (u,v) € Uy x V; for which

Ji(u) = Js(v), f(u) = g(v)

and
rank dJy (u) = rank dJs(v) = n—1.

LEMMA 4.2. W(k,s) is a smooth (n—2)-dimensional submanifold of Uy x Us.

PrROOF OF LEMMA 4.2. Consider a point wg = (ug,v9) € W(k,s). Since
rank dJi (ug) = rankdJs(vg) = n—1, there exists a neighborhood U of wy in
Uy x Vs such that for every (u,v) € U we have

rank dJi (u) = rankdJs(v) = n—1.
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Define the map L : U — R"™ by
L(ua ’U) = ()\(U, U)7 (X(]) (u’ v))lﬁjgn—l)
with
)\(U,U) = f(u) —g(v),X(u,v) = ']k(u) —JS(U).

Clearly, W(k,s) N U C L~1(0) and to prove that W (k, s) is a smooth (n—2)-
dimensional submanifold of U}, x V it is sufficient to show that L is a submersion
at any point wy of L™1(0). For this purpose we assume without loss of generality
that 6,, # 0. Suppose that

n—1

Z A; grad ) (wo) + C grad A(wp) = 0

j=1
with some constants A;, C'. Calculating the derivatives involved above and using
the geometrical meaning of f, g, Ji and Jg, one derives Ay =---= A, 1=C=
0. Thus L is a submersion at wg. See [23] for more details. O

Consider the map ¢ : Uy x Vg — S"~! given by ¢(u,v) = Jx(u). This map is
smooth and dim W (k, s) = n—2 shows that (W (k,s)) is a countable union of
compact subsets of S"~! of measure zero. Clearly

F, = {u € Uy, : rankdJ(u) < n—2}

is a countable union of compact subsets. By Sard’s theorem, Jj(F};) has measure
zero in 8"~ ! for all k, so F' =, Ji(F}) also has measure zero in S"~!. Hence
the subset

S(w)=8"""\(FU Ur.s (W (%, 5)))
of 8”1 has the desired properties. This concludes the proof of Theorem 4.1. [

Setting S = {(w,f) € S""1xS""!: 0 € S(w)}, we see that for (w,d) € S any
two different ordinary reflecting rays in €2 have distinct sojourn times and the
complement of S in S"~! x 8”~! has measure zero.

To deal with reflecting rays with tangent segments, we introduce a more gen-
eral type of trajectories. A curve v in R™ is called an (w, 8)-trajectory for Q if
it has the form v = Uf:o l;, where l; = [x;,x;41], ¢ ranges from 1 through s—1,
x; € OK for i = 1,...,s, while ly (resp. l;) is the infinite ray starting at x;
(resp. x) with direction —w (resp. #) and, for every ¢ = 0,1,...,s—1, [; and
l;+1 satisfy the law of reflection at x; with respect to OK. It is clear that every
reflecting (w, )-ray is an (w, #)-trajectory, but the converse is not true in general
since some (w, f)-trajectory may intersect transversally OK. On the other hand,
every (w, 0)-reflecting ray with tangent segment is an (w, #)-trajectory. We have
the following.

THEOREM 4.3 [23]. There exists T C S"~1xS"~! the complement of which is
a countable union of compact subsets of measure zero in S "' x 8"~ such that
for (w,0) € T all (w,0)-trajectories for  are ordinary.
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Proor. We follow the idea of the proof of Theorem 4.1. For simplicity set
0K = X. Fix two integers k and s so that s > 1,0 < k < s. Let M(s, k) be the
set of those

C=(wizyy;0) € My =8" "1 x X x X xS~ !
with * = (21,...,2,) such that there exists an (w,#)-trajectory for X with
successive transversal reflection points z1, . . ., x5, the segment [z, xx+1] of which
is tangent to X at y € (xg,xr41). Here

X ={(21,...,2,) € X 12y # 25,1 # j}

and xg (resp. xsy1) is the orthogonal projection of x1 on Z,, (resp. of x5 on Z_yp).

The main step in the proof is to show that M (s, k) is a smooth submanifold of
M of dimension 2n—3. This follows from a specially adapted parametrization of
M (s, k); see [23] for details. Using this one obtains Theorem 4.3 easily. Consider
the projection

Ts: My =8""1x X x X x8§" 1 g 1xgn!
given by
Ts(wi sy 0) = (w,0),
and introduce the open subsets of M
Ur(s, k) = {(w;z;y;0) € My : x,(:) # x,(gl},r =1,...,n.

Then M, (s, k) = M (s, k) NU,(s, k) is a smooth submanifold of M of dimension
2n—3 < dim(S" ! x S"71). Since , is smooth, the set

L, (s k) = ms(M,(s,k)) C S"'x8"!

has measure zero. Consequently, for the covering M, (s, k) = Ujoil K; with K;

compact, one gets that
o0

Lr(sa k) = U ’/Ts(Kj)

j=1

is a countable union of compact subsets of S?~1x §"~1 of measure zero. Setting

T=8""xs""\ [J G Ly (s, k),

0<k<sr=1
completes the proof of Theorem 4.3. (|

Finally, we find a subset 4 C S"!xS8"~! such that for (w,0) € T NU all
reflecting (w, 0)-rays are ordinary and nondegenerate. So there exists a subset
A=TNUNS of S" 1 x8"1 of full measure so that for every (w,0) € A
the corresponding (w, )-reflecting rays are ordinary, nondegenerate and with
distinct sojourn times.

The study of the generalized (w,f)-rays leads to many difficulties. However
it is quite natural to expect that for almost all (w,) in 8"~ x S"~! there are
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no generalized (w, #)-rays different from reflecting ones. This will be discuss in
details in the next section.

5. Poisson Relation for the Scattering Kernel

Let K be an obstacle in R™,n > 3,n odd, with C* boundary 0K so that
Kc{zeR":|z|<po}

and let @ = R™\ K. In what follows we assume that K satisfies the condition
(G) from Section 3. Let m : T*(R x Q) — Q be the natural projection.

The following result of [21], [1] (see also [22, Chapter 8] and [18]) shows that
for w # 6 all singularities in ¢ of s(t,0,w) are given by (negative) sojourn times.

THEOREM 5.1 [21], [1]. For w # 6 we have
sing supp s(¢t,0,w) C {1 : v € L,6()}. (5-1)

In analogy with the well-known Poisson relation for the Laplacian on Riemannian
manifolds, (5-1) is called the Poisson relation for the scattering kernel, while the
set of all T.,, where v € L, (), (w,0) € S""1xS"~1 is called the scattering
length spectrum of K.

SKETCH OF PROOF. The proof uses results on the propagation of singularities
along generalized bicharactaristics, and some properties of oscillatory integrals.
Consider a fixed tg so that

—to E{=Ty : v € L(w,p)(N)}-
Take T' > 0 with |tg| < T and introduce the set
Lp={T,:|T,|<T,y€ ﬁ(w,e)(Q)}"

The continuity of the generalized Hamiltonian flow implies that I'r is closed, so
we can choose €9 > 0 so that

T, ¢ [t0—607 to-l—é‘o] for all v € AC(%Q)(Q).

Let p(t) € C*(R), plt) = 1 for [t] < 1/2, p(t) = 0 for [t] > 1. Set ps(t) = p(t/0)
for 0 < § < eo/2. To prove that ty ¢ singsupp s(t, 6,w), it is sufficient to show
that the integral

J(\) = (s(t,0,w), ps(t+to)e ")

n—2
. dr o)
:ch(_i)\)n—Q—k// e“\(t—@ﬂ”ﬁ((mﬁ)—t+t0)a—w(t,w;w)dtd51,
0 R JOQ v

with ¢, a constant, is rapidly decreasing with respect to A\. Here w(t, x;w) =
V(t, z;w)+6(t—(x,w)), where V (¢, x;w) is defined in Section 3. Let us treat the
term with & = 0, the other ones can be examined by a similar argument.
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Without loss of generality we may assume that w = (0,...,0,1). Set
Z(t)={zeR" 2z, =7},

where 7 < —pg and let Rj ={t € R:t > 7}. To localize the problem, introduce
a partition of unity on Z(7) given by functions

@j(xl) € C(())O(Rn_1>7x/ = (xla cee 7377171)-
Consider the problems
OW; =0 inRx,
W; =0 on R x 09,
Wj(r,z) = ¢j(a")o(r—2’),

ov;
i (r,) = 3 @) (7 — ), o,
ot

Ov; =0 inRf xRZ,
vj(1,2) = @i (z")o (T —2'),

(1,2) = @, (a")d' (T — ).

Clearly, there exists a compact set Fj} C R"™* such that if supp w; N Fj =2,
then the straight lines issued from (2, 7), 2’ € supp ¢;, with direction w do not
meet J). For such j and w # 0 we have

oW,
WF(( J)IR m) N A{t 21,01, 00): [t| <T+po+1,2 € 00} = 2.
X

ov
(5-2)
This implies easily

[ [ e ps((w,0)— 1) S dras, = 0N for all m e N
R Joq v

(5-3)
Now set Fy = {x € R" : 2/ € Fj,x, = 7} and denote by I(ug) the straight
line passing through ug € Fy with direction w. There are three cases:

(1) @ # l(ug) N K C 0Q;
(ii) l(up) meets transversally 9Q at 21 (ug);
(iil) I(up) is tangent to 0N at x1(ug) and w is an asymptotic direction for I at

x1(up).

In the case (i) the generalized bicharecteristic v9 with Im (wovg) = l(ug) is
uniquely extendible, and results on propagation of singularities lead to (5-2)
which in turn gives (5-3). To deal with the case (ii), set t1(u) = |[u—x1(u)|, u €
Fy. The solution v; with such j is given by an oscillatory integral and WF(v;)
is included in the set of all (¢, z, +o, Fw) € T*(R"*1)\ {0} such that ¢ > 0 and
there exist & € Z(7), 2’ € suppyj,s > 0 with ¢t = 7+0s, © = t+osw. We
modify v; on the intersection of a small neighborhood of z1 (ug) with the interior
of K so that the modified function ¢; satisfies (for some e > 0) the properties

5. = v; fort <ti+e,
7710 fort >ty +2e.
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Here ¢t = max{t1(u) : u € O(ug)}, where O(up) is a sufficiently small neighbor-
hood of ug with supp ¢; C O(up) and ¢ is small enough. Moreover, we preserve
the condition
00, =0 inRSxQ.
Set hj = (¥;)|r+xa0 and notice that h; = 0 for ¢ sufficiently close to 7. We
extend h; as 0 for ¢ < 7 and consider the solution w; of the problem
Ow; =0 in R x fl,
w;j+h; =0 on R x0Q,
w; =0 fort < 7.

We have (9/0t)(w; +9;)|r+xa0 = 0 and we are going to study the integrals

, 0 0\ .
Ij,tS(A) = /]R /BQ elA(t_<I79>)p5(<x7 0> _t+t0) (% - <V7 0>§>'U] dt de7

Jis(\) = / / G20 oo (1 0) — £+ (2 — W, 9>g)w]— dt dS,.
’ R JoO ov ot
This study is based on certain information about the generalized wave front set
WE,(v) € T*(R x Q) U T*(R x 09) = T*(R x ),

where the map ~ is the one introduced in Section 3 (see [20] for the properties
of WFy(u)). For x € 992 we have

~THRXD) D (0,7,E) — (2,7, Epm, o) € T (R x 09).
The crucial step in the analysis of I; 5(A) and J; 5()) is the following.

PROPOSITION 5.2. Set Ty = po+|to|+1 and suppose that there exists n > 0 such
that

WFEy(wj) N {p € T*(RXQ): p=~ (t,2,1,-0),Ti+n <t <T1+2n} = @,

WE,(5,) N {p € T*(Rx Q) : p =~ (t,z,1,-0), Ty +n < t < Ty +2n} = @.
Then
Lis(A) =0(XN™),J;,s(A\) =O(A™™) for all m € N.

A similar argument can be applied in case (iii), which completes the proof of
Theorem 5.1. (Il

While in general the relation (5-1) is not an equality, it turns out that there
exists a set R of full measure in S" 1 xS"~! such that for (w,f) € R the
Poisson relation becomes an equality. This is rather important for some inverse
scattering problems.

It is proved in [27] that for each T > 0, S*(Q2) can be represented as a
countable union of Borel subsets S; such that on each S; , {F; }o<i<r coincides
with the restriction of an one-parameter family gt(i) of Lipschitz maps defined in
a neighborhood of S; in T*(Q), taking values in 7*(R™) and such that for all but
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finitely many ¢, gt(“ is smooth and its restriction to smooth local cross-sections
is a contact transformation. As a consequence of this regularity property one
gets the following.

THEOREM 5.3 [27]. The generalized geodesic flow F; preserves the Hausdorff
dimension of Borel subsets of S*(£2).

This would have been a trivial fact if the maps F; were Lipschitz. However,
it is well-known and easy to see that this not the case. Locally near a point
p € S*(2), the map F; is Lipschitz on a neighborhood of p for small |¢| when
p ¢ S5 (Q) or pis a transversal reflection point. Whenever p € G, the map F;
is not Lipschitz (see [20] or [10, vol. III]). For example, in the simplest case of
a diffractive tangent point p € G4, the map F; has a singularity of “square root
type” at p, so it is clearly not Lipschitz.

Let T : I — S*(2) be a generalized geodesic in 2. We say that T is gliding
on OK if the set of those ¢t € I such that I'(t) € G is dense in I. In this case
the trajectory {T'(¢) : t € I} is called a gliding segment on OK.

Given T > 0, denote by 71 the set of those p € S*(2) such that {F:(p) :
0<t<T} N Gy # @, that is, the trajectory {Fi(p) : 0 < t < T} contains a
nontrivial gliding segment on 0K.

LEMMA 5.4. ([27]) Let Lo be an isotropic submanifold of S*(Q)\ S5, () of
dimension n—1 such that Hy,(p) is not tangent to Lo at any p € Ly. Then for
every T > 0 we have dimy Fr(Tr N Ly) < n—2. Moreover, if for a given T
we have Fr(Ly) C S*(Q)\Sh, (), then there exists a countable family {I,,} of
smooth (n—2)-dimensional isotropic submanifolds of S*() such that Fr(Tr N
[:0) C Um In-

Using Theorems 3.1, 4.1, 4.3, 5.1 and Lemma 5.4, one obtains:

THEOREM 5.5 [27]. There exists a subset R of full Lebesgue measure in S™~1x
S~ such that for each (w,0) € R the only (w,0)-rays in Q are reflecting (w,0)-
rays and

singsupp s(t,0,w) = {-T5 : v € L, 6(Q)}.

SKETCH OF PROOF. It follows from the results of Melrose and Sjostrand [20] (see
also Theorem 24.3.9 in [10], vol. III) that every (w,6)-ray « in Q that does not
contain gliding segments is a reflecting (w, #)-ray, that is, it consists of finitely
many straight line segments in € (see Section 3).

We will show that there exists a subset R of full Lebesgue measure in 8”1 x
S™~1 such that for each (w,f) € R the only (w,f)-rays in  are reflecting (w, 6)-
rays.

As before, denote by Uy = {x € R" : |z| < po} an open ball in R containing
the obstacle K and let C' be the boundary sphere of . Fix w € S»7 !, 29 € C
and consider the generalized geodesic (x(t),£(t)) = Ft(zo,w). Let T > 0 be such
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that z(T") € C. Set
So = {(z,€) € S*(Q) : x € C, & is transversal to C'}.

Since ¥ = p~1(0) = S*(), using the notation S&(Q) = {(z,£) € S*(Q) : z €
C’}, we have

Sh =50 NE={(z,& € S5(Q) :  is transversal to C'}.

Then 5] is a symplectic submanifold of S. Let P : Sy — Sy be the local map
defined in a neighborhood of (zg,w) using the shift along the flow F;; then
P(Sy) C S). Consider the Lagrangian submanifold

Lo={(z,6) €S):E=w}

of Sj). Setting T = Tr and applying Lemma 5.4 to Ly gives that Fp(Lo N T) is
contained in a countable union of isotropic (n— 2)-dimensional submanifolds of
S. Since locally near (zg,w) the map Fr : So — Fr(Sp) is smooth, Fr(Sp) is
a (2n—1)-dimensional submanifold of S transversal to the flow F; at Fr(xo,w).
Consequently, locally near Fr(zg,w) € Fr(So) N Sp the shift Q along F; from
Fr(So) to Sp (forwards or backwards) is a smooth map. Moreover Q maps
Fr(Sp) into Sj (since p~1(0) is invariant under the flow JF;), the restriction
Q : Fr(S)) — S| is a local symplectic map, and P = QoFr. Hence the
set P(LoNT) = Q(Fr(LoNT))is contained in a countable union of isotropic
(n —2)-dimensional submanifolds of S. The projection j : S) — S"71, j(z,¢) =
&, is smooth, so Sard’s theorem gives now that the set j(P(Lo N 7)) has Lebesgue
measure zero in S"~!. Hence there exists a neighborhood U of z¢ in C' and a
subset R, (U) = S" 1\ j(P(L N T)) of full Lebesgue measure in S”~! such that
for x € U every generalized (w,8)-ray in  passing through = with 6§ € R, (U)
is a reflecting (w, #)-ray. Covering C by a finite family of neighborhoods U;, we
find a subset R, = (), Rw(U;) of full Lebesgue measure in S”~! such that every
(w,0)-ray in  with § € R, is a reflecting (w, #)-ray. It now follows from Fubini’s
theorem that
R ={(w,0) € S" 'xS"t:0eR,}

is a subset of full Lebesgue measure in S~ x S™~!. Moreover it is clear that
for (w,0) € R', all (w,0)-rays in Q are reflecting ones.

According to Theorems 4.1 and 4.3 above, there exists a subset R” = 7 N
S of full Lebesgue measure in S"~!xS"~! such that for (w,0) € R” every
reflecting (w, §)-ray in Q has no tangencies to 0K and T, # T5 whenever v and
¢ are different reflecting (w, 6)-rays in 2. Then R = R’ N R has full Lebesgue
measure in 8”71 xS"1. Given (w,f) € R, it follows from Theorem 3.1 that
—T, € sing supp s(t,0,w) for all v € L, 4(Q). Combining this with Theorem
5.1 completes the proof of the theorem. O

Using Theorem 5.5 we will now derive a simple but rather important property of
obstacles ([12]; see also [27, Proposition 2.3]): most rays incoming from infinity
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are not trapped by the obstacle K. Here it is essential that we consider points
in the set
S&E(Q) = {(x,{) €S*(Y):ze C’},

where C' as before is the boundary sphere of an open ball Uy containing K. In
general it is not true that the trapped points (z,&) € S*(Qk) with & near K
form a set of Lebesgue measure zero in S*(Qg). Example 7.1 below, due to M.
Livshitz, shows that in some cases the set of trapped points may even contain a
nontrivial open subset of S*(Qx).

PROPOSITION 5.6. The set of those (x,§) € SE(Q) such that the trajectory
{Fi(x,€) : t > 0} is bounded has Lebesgue measure zero in Sg(12).

PrOOF. For (z,w) € SE&(2), let 6(z,w) be the generalized geodesic in Q is-
sued from z in direction w. Assume that there exists a subset W of positive
Lebesgue measure in S&(£2) such that §(z,w) C Up for all (z,w) € W. Accord-
ing to Theorem 4.3 and to an argument from the proof of Theorem 5.5 above
(or using Lemma 5.4 directly), we may assume that for all (x,w) € W the gen-
eralized geodesic d(x,w) does not contain gliding segments on 0K and has only
transversal reflections at K. Given (z,w) € W, denote by 2’ the first common
point of §(x,w) with 0K and by w’ the reflected direction of §(z,w) at 2/, i.e.
W' =w-—2{w,v(z'))r(a’), where v(z’) is the outer unit normal to K at z’. Then
the set W' = {(2/,w’) € S5, (Q) : (z,w) € W} is a subset of positive Lebesgue
measure in S}, (Q).

Denote by M C S3;(2) the set of those (y,n) € S5 (2) for which the
standard billiard ball map B is well-defined. The map B (as a local map)
preserves the so-called Liouville’s measure o on M which is absolutely continuous
with respect to the Lebesgue measure on S}, ().

Next, we use the argument from the proof of the Poincaré Recurrence Theorem
in ergodic theory. It follows from the definition of W' that B*(W’) ¢ M and
w(BF(W')) = p(W') > 0 for all k = 0,1,2,.... On the other hand, in the
situation under consideration we clearly have y(|Jp—, B¥(W’)) < oo. Therefore
there exist nonnegative integers k < m with B¥(W’) N B™(W') # @. Since
B is invertible, this means that there exists (z/,w’) € W’ N B™ ¥(W'). Then
(2',w") = B(y,n) for some (y,n) € B™*~1(W’') ¢ M. Now the choice of W
and the definition of W’ show that W’ has no common points with B(M). This
is a contradiction which proves the proposition. O

6. Existence of Scattering Rays with Sojourn Times Tending to
Infinity

In this section we study the existence of (w, 6)-rays for trapping obstacles. The
image Sy (2) = ~(S*(2)) of the characteristic set S*(2) is called the compressed
characteristic set and the image 4 =~ (v) of a generalized bicharacteristic de-
fined in Section 3 is called a compressed generalized bicharacteristic.



320 VESSELIN PETKOV AND LUCHEZAR STOYANOV

Let again Uy be an open ball containing K and C' be its boundary sphere.
Given a point z = (z,§) € Sy (2), consider the compressed generalized bicharac-
teristic

7:(t) = (2(t),£(1) € S5()

parametrized by the time ¢ and passing through z for ¢ = 0. Denote by T'(z) €
R U oo the maximal T > 0 such that z(t) € Uy for 0 < t < T(z). We introduce
the trapping set

Yoo ={(2,8) €55(Q) : 2 € C,T(2) = 00}

It follows from the continuity of the generalized Hamiltonian flow that ¥, is
closed in ¥. The obstacle K is called trapping if ¥, # @. We have the following.

THEOREM 6.1 [23]. Let the obstacle K be trapping and satisfy the condition (G).
Then there exists a sequence of ordinary reflecting nondegenerate scattering rays
Ym with sojourn times T, — 00.

PRrROOF. It is easy to see that Yo, # S;(€2), hence the boundary 034 of Y
in S;(Q2) is not empty. Take a point 2 € 0X. Since S;(Q)\Xs # @, there
exists a sequence z,, = (Tm,&m) € Sp(Q),x, € C, such that z,, ¢ Y for all
m and z,, — 2. Consider the compressed generalized bicharacteristics 7., (t) =
(zm,&m(t)) passing through z,, for ¢ = 0 and such that T(z,,) < oco. The
sequence {T(z,,)} is unbounded, since otherwise we will have T(2) < oo in
contradiction with 2 € X,. Thus we may assume that lim,, ., T(2,,) = +oc.
Set Ym = Tm(T(2m)) € C, wm = &n(T(2m)) € S*~ L. Taking a subsequence,
we may assume that y,, — u € C and w,, — w € S"!. For the generalized
bicharacteristics v, (t) = (y(¢),£(t)) issued from p = (u,w) we have T'(u) = oo
and y(t) € Up for t > 0.

Let Z, be the hyperplane passing through w and orthogonal to w and let
Zs be the set of those points y € Z,, for which the generalized bicharacteristic
Yy, Passing through p, = (y,w) has the property T'(i,) = oco. The set Z, is
closed in Z,, Z, # & and Z,, # Z,. Thus there exists a sequence of points
Um — Yo for some yg € Z, with u,, € Z,\ Z such that T(u,, ) < oo for
all m and T'(u,,,) — oo. Applying Proposition 5.6, we can approximate 7,
by ordinary reflecting rays s, with sojourn times going to infinity and by a
second approximation we may choose the ordinary reflecting rays s, to be
nondegenerate.

Now consider a fixed ordinary reflecting (w!,, 6’ )-ray with sojourn time T,
which is nondegenerate. In general it is possible to have other (generalized)
(wl,, 0! )-rays with the same sojourn time and T, could be a nonisolated point

m’»’m

in sing supp s(t,w’,,0..). Let A C S"~1x 8”1 be the set introduced at the end

m’»’m

of Section 4 and let R € S®~1x8"! be the set of Theorem 5.5. Let

E=RNACS" xS L
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Then for (w,0) € = each (w, #)-ray is ordinary reflecting and nondegenerate. By
applying the inverse mapping theorem, it is easy to see that we may approximate
(wi,,0r.) by apair (w)r,0.") € = sufficiently close to (w],,, 8!,) so that there exist

mr»’m m?»’m m’’m

ordinary reflecting nondegenerate (w!/,, 6/ )-rays with sojourn times T/ — oo

m»’m

(see [23] for more details). O

The sojourn times 7./

gument of Section 3 based on (3-2) implies that following.

are isolated points in sing supp s(¢,w!, 6. ) and the ar-

THEOREM 6.2. Under the assumptions of Theorem 6.1 there exists a sequence
(Wi, Om) €S" 1 xS™ 1 and ordinary reflecting nondegenerate (wy, , O, )-rays with
sojourn times Ty, — oo so that

— T, € singsupp s(t, wm, 0p) for allm € N. (6-1)

Relation (6-1) was called property (S) in [24], and there we conjectured that
every trapping obstacle has the property (5). The above result shows that for
generic obstacles this conjecture is true. Moreover, the above argument implies
that for each m € N there exists a set II,, C S"~! x S*~! with positive measure
€m > 0 so that the (w, §)-rays with (w, ) € II,,, produce singularities —7,, < —m
of the scattering kernel s(¢,w, 8). Thus for obstacles satisfying (S) some sojourn
times can be observed after a sufficiently long time.

The property (5) leads to some interesting results concerning the behavior of
the modified resolvent of the Laplacian [23]. For Im A > 0 consider the outgoing
resolvent R(\) = (—A—A2?)~! of the Laplacian in 2 with Dirichlet boundary
conditions on 9. The outgoing condition means that for f € C§°(Q2) there
exists g(z) € C§°(R™) so that we have

RA)f(x) = Ro(Mg(x) as |z — oo,

where
RO()‘) - (7A7>‘2)71 : Lgomp(Rn) - leoc(Rn)
is the outgoing resolvent of the free Laplacian in R™ related to the outgoing

Green function introduced in Section 2. The operator
R(N) & Lionp(9) 3 f — RN f € Hito(2)

has a meromorphic continuation in C with poles A; such that Im A; < 0, called
resonances ([12], [25]). Let x1(x), x2(z) € C§°(R™) be cutoff functions such that
X1(x) = x2(z) = 1 on a neighborhood of K and xi(x) = 1 on supp x2(x). It is
easy to see that the modified resolvent

R()\) = x1R\)x2

has a meromorphic continuation in C. The poles of R(\) are independent of
the choice of x; and they coincide with their multiplicities with those of the
resonances (see [12], [25]). On the other hand, the scattering amplitude a(X,w, 6)
also admits a meromorphic continuation in C and the poles of this continuation
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and their multiplicities are the same as those of the resonances (see [12]). From
the general results on propagation of singularities ([20]) it follows that if K is
nontrapping, there exist ¢ > 0 and d > 0 so that R(\) has no poles in the domain

Usg={re€C:d—clog(1+|A]) <ImA <0}.

For trapping obstacles we expect to have poles in all domains U, 4. For the
moment this is an open problem and we have a weaker result.

THEOREM 6.3 [23|. Assume that there exists a sequence of ordinary reflecting
(Wi, Om )-rays in Q with sojourn times T,, — oo. Let ® € C§°(R) be such that
supp ® C (—1,1) and ®(t) =1 for |t| < 5. Assume that there exists a sequence
Ym — 0 of nonzero real numbers and an integer k independent on m such that

T77l
’fm (@(%)s(twﬁ@)

where ¢, > 0. Then there are two possibilities:

> (cm—om(l))|)\|k' as |A| — oo,

(i) For each € > 0 and each d > 0, the modified resolvent R(\) has poles in the

domain U, 4.
(ii) For some e > 0 and d > 0 the modified resolvent R(\) is holomorphic in

U..q but for all > 0,p € N,k € N we have

sup (L4 X)) "Pe” M RO 1 ) = +oo.
AeU: q
H‘PHHIC(Q)ZI

It is natural to make the conjecture that under the assumptions of Theorem 6.3,
condition (i) always takes place.

7. Rigidity of the Scattering Length Spectrum

Fix again a large open ball Uy in R™, n > 3, n odd?, and let C = 9U,.
Throughout this section we consider obstacles K in R™ contained in Uy with
smooth boundaries 0K that satisfy the condition (G) from Section 3 and such
that vk (o) is a nondegenerate simply reflecting ray for almost all ¢ € SE(Q)
such that vx (o) NOK # &. Denote by Ko the class of obstacles with these
properties. One can derive from [22] (see Chapter 3 there) that Kg is of second
Baire category (with respect to the C° Whitney topology; see [8]) in the class
of all obstacles with smooth boundaries.

Since in this section we deal with more than one obstacle, it is convenient to
replace the notation Q, Fy, s(t,w,0), T (Q) and S; (€2) used so far (see Section 3
for the latter two) by Qu, FE),, sk (t,w,0), Ty () and Si(Q), respectively.

A point o = (z,w) € T*(Qk) is called a trapped point if at least one of the
curves {pry(FF) (o)) : t <0} and {pr,(FF),(0)) : t > 0} in Qg is bounded.

2In fact, most of the considerations in this section are purely geometrical and apply also in
the case when n is even, n > 2.
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Figure 4. Livshits' example. Adapted from [18, Chapter 5].

Here we use the notation pry(y,n) = y and pry(y,n) = n. Denote by Trap Qx
the set of all trapped points in T* (Qk). Notice that the set 3 used in Section
6 coincides with Trap Qx N SE(Qk ). It is easy to see that Xoo # @ if and only
if Trap Qg # @. So, if TrapQx = &, then K is a nontrapping obstacle. It is
known for example that all star-shaped obstacles are nontrapping.

The scattering length spectrum (SLS) of K is by definition the family of sets of
real numbers SLx = {SLk(w,0)} (.6 where (w, ) runs over S*~1x 8”1 and
SLik(w,#) is the set of sojourn times T, of all (w, #)-rays v in Qx. Thus, SLx
is a map which assigns to each pair of directions (w,#) a set SLk(w, ) of real
numbers.

In this section we discuss the problem of recovering information about the
geometry of the obstacle K from its SLS. Two obstacles K and L in R™ are said
to have almost the same SLS if there exists a subset R of full Lebesgue measure
in S"~1x S"~! such that SLk (w,0) = SLy(w,0) for all (w,f) € R. We will say
that a property P of obstacles in R™ can be recovered by the SLS of the obstacle
if whenever K and L have almost the same SLS and K has property P, then L
has property P as well.

It follows from results of A. Majda [15] (see also Majda and Ralston [16]) and
P. Lax and R. Phillips [13] that the convex hull K of K can be recovered from
SLk. Consequently, in the class of convex obstacles and also in the class of
connected obstacles with real analytic boundaries, K is completely determined
by its SLS.

EXAMPLE 7.1. The following example of M. Livshits (Chapter 5 in [18]) shows
that in general SLx does not determine K uniquely. Here the part E is half an
ellipse with foci F; and F». The ellipse has the property that any ray intersecting
the segment connecting the foci, after reflection at the boundary, intersects the
same segment again. It is now clear that no scattering ray in the exterior of the
obstacle K has a common point with the parts P and @), so these two “pockets
cannot be recovered from the SLS of the obstacle. It should be mentioned that
this example is in R? and no examples like this in higher dimensions are known
to the authors.
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UO\Q/
) L3

Figure 5.

The problem considered at the beginning of this section is of a global nature. The
following simple example shows that in the corresponding local problem there is
no uniqueness (unless possibly some nondegeneracy conditions are imposed).

ExXAMPLE 7.2. Consider two obstacles K and L = L; U Ly U L3 in R", n > 2,
as shown in Figure 5. Here K and Ly are (strictly) convex domains, while L
and L3 are convex domains. Moreover K and Lo are symmetric with respect
to the hyperplane a containing the flat “top parts” of 0L, and 0Ls. The rays
on the figure are generated by some o (far from K and L). For any o close to
oo we have ), (5) = F), (o) for t > 0 and both trajectories have common
points with the corresponding obstacles (and are nondegenerate). On the other
hand, K N L = @. It should be mentioned however that the obstacles K and
L in this example do not satisfy the condition G. Whether such examples exist
with K and L satisfying G is an open problem.

It turns out that if two obstacles K and L have almost the same SLS, then their
generalized geodesic flows are conjugate with a time preserving conjugacy on the
nontrapping parts of their phase spaces.

THEOREM 7.3 [29]. If the obstacles K, L € Ko have almost the same SLS, then
there exists a homeomorphism

@ Ty (k) \ Trap Qi — T (Qr) \ Trap Qr,
with the following properties:

(i) @ defines a symplectic map on an open dense subset of Tj () \ Trap Q;

(ii) @ maps S;(Qx)\Trap Qi onto Sy () \ Trap Qr;

(iii) FE)0® = doFUE), for allt € R;

(iv) ®(2,€) = (2,€) for any (2,€) € Ty () \ Trap Qi = T (21)\ Trap 2y, such
that x ¢ U.

Conversely, it is not difficult to show that if K, L € Ky are two obstacles for
which there exists a homeomorphism ® : Sy (k) \ Trap Qg — S; () \ Trap
such that )00 = o FUK), for all t € R and ® = id on S*(R™\Up)\ Trap Qx,
then K and L have the same SLS ([29]).
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There is a clear analogy between the property described above and the lens
equivalence of geodesic flows on Riemannian manifolds without boundary (see
[3] and the references there).

SKETCH OF PROOF OF THEOREM 7.3. Assume that the obstacles K and L have
almost the same SLS. The existence of the conjugacy ® follows easily from the
following main lemma.

LEMMA 7.4. Assume that o € S*(R™\Up) and t € R with FF) (o) € S*(R™\Uy).
Then FE) (o) = FB) (o).

Given o € T*(Q)\ Trap Qg, take t € R so large that F5), (o) € S*(R™\ Up).
Then define ®(c) = FE)_, 0 FF) (o). Tt follows from the above lemma that
the definition of ® is correct and moreover F(X),0® = o FE), for all t € R
and ®(0) = o for ¢ € T*(R™\Up)\ Trap Q. Clearly ® is a homeomorphism
and it follows from the properties of the generalized geodesic flows ([20]) that it
is a symplectic map on an open dense subset of Ty (Q )\ Trap Q. This shows
how Theorem 7.3 is derived from Lemma 7.4.

PROOF OF LEMMA 7.4. Fix for a moment an arbitrary (wp,fp) € S*~1xS"~1,
and let 0 be a nondegenerate simply reflecting (wg, fp)-ray in Qg with reflection
points z1, ...,z (k > 1) and ¢’ is a nondegenerate simply reflecting (wo, fp)-ray
in Q, with reflection points y1,...,ym (m > 1). Using the nondegeneracy of §
and the Inverse Mapping Theorem one derives the existence of a neighborhood
U of (wo,0p) in S"1xS"~! such that for each (w,0) € U there are a unique
reflecting (w, #)-ray 6(w,0) in Qg with reflection points 1 (w,8),...,zr(w,6)
close to x1, ..., zk, respectively, and a unique reflecting (w, 6)-ray 6’ (w,8) in Qp,
with reflection points y1(w, 8),. .., ym(w,0) close to y1,. .., ym, respectively.

LEMMA 7.5. Under the preceding assumptions, suppose in addition that Ty, ¢) =
Ts(w,0) for all (w,0) € U. Then for each (w,0) € U there exist real numbers
AMw, 8) and p(w,8) such that

y1(w,0) = z1(w, 0) + Mw, O)w, Ym (W, 0) = zp(w, 0)+ p(w, 6)06. (7-1)

v) € R" ' xR™ !, be a smooth param-

PrROOF. Let (w,0) = (w(u),0(v)), (u,
zj(w(u),6(v)) and y;(u,v) = y;(w(w),0(v)).

etrization of U and set x;(u,v) =
For the functions

k—1

flu,v) = <w(U),w1(u’v)>+Z 23 (u, 0) = @i (u, 0) | = (23w, v), 0(0)),

m—1

g(ua ’U) = <w(u)7 Y1 (u7 U)> + Z ”yl(ua U) 7yi+1(u7 U)” - <ym(uv ’U), H(U»?

i=1
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we have f(u,v) = g(u,v) for all (u,v), therefore the derivatives of these two
functions coincide. A simple calculation gives

of Oow o0z e Tir1—T; Oxip1 Oy Oz,
S (g2 )l g2) - o) (5e)
8Uj 8’11,]' ! 8’11,]' zz::l Hxi_H _-TiH 8uj 8’[1,]‘ auj
LTi+1 — T4
@31 — |

Using the notation e; = and the reflection law at the points x1, ...,

Tk—1, we find

ﬁ( )—<8_w >+< _ %>+< _ %>+
8uj w= an7$1 w—en auj f1—¢e2 87.Lj

Oxp_ 0
+<€k—2—€k—1, £>+<@k—1_07 ﬂ>

Ou; Ou,
<8w > J J
=(=—,x1).
8uj !
0 0
In the same way one gets 99 _ <—w, y1>. Hence
8uj 6Uj
< Ow > < ow >
a5 L = a
an ! an o
forall j=1,...,n—1, s0 y; —r1 = A\w for some A € R.
Similarly, y,, = xx + pb for some p € R. Il

We continue the proof of Lemma 7.4. As usual, we denote by M the interior
(largest open subset) of a subset M of R". Let R be a subset of full Lebesgue
measure in S~ x S”~! such that

SLg(w,0) = SLy(w,0), (w,0)€R. (7-2)

Shrinking R if necessary, we will assume that (w,w) ¢ R for any w € S®~!. Then
for (w,0) € R, any (w,f)-ray in Qg (and in fact in the exterior of any obstacle)
must have at least one reflection point. Furthermore, using Theorems 4.3, 5.1
and 5.5 above, we may assume that the set R is chosen in such a way that: (i) for
(w,0) € R all (w,f)-rays in Qx (resp. Q1) are nondegenerate simply reflecting
(w, 6)-rays; (ii) if (w,0) € R and v and § are (w,#)-rays in Qg (resp. Qr), then
T, # Ts. o

It follows from [13]| and [15] (see also [16]) that K = L.

Let 0¢ = (ug,wo) € S*(QK) and tg € R be such that f(K)to(ag) ¢ S*(QK)
We will show that F), (09) = F), (0¢). Using various results from [20], [23]
and [29], one derives that it is enough to consider the case when o is nontrapped
and (wo, p) € R. Then § = yx (00) is a nondegenerate simply reflecting (wo, 0 )-
ray in Q.

The essential case to consider is when vy (0p) N OK # &. Then there exists
s0 € R with FE) (00) = (20,&), xo € OK, and without loss of generality
we will assume sy > 0 and moreover that sy is the minimal positive number
with pry (FU), (00)) € OK. Let 21 = g, 22,. .., 2} be the successive reflection
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points of §. According to (7-2), there exists a reflecting (wo, 8p)-ray ¢’ in Q,
with T5 = Ts. Let yi1,...,¥y, be the successive reflection points of ¢’. The
choice of R and (wp,6p) € R imply that ¢’ is nondegenerate. From the latter
one derives that there exist a neighborhood U of (wg,fp) in S"~1xS"~! and a
neighborhood U; of z; in 0K for each i = 1,...,k such that for every (w,0) €
U there is a unique reflecting (w,0)-ray d(w,d) in Qg with reflection points
z1(w,0) € Uy,...,zx(w,8) € Uy smoothly depending on (w,#). Similarly, there
exists a neighborhood UJ’» of y; in OL for each j = 1,...,m such that for every
(w,8) € U there is a unique reflecting (w, )-ray ¢’(w, ) in Q with reflection
points y1 (w,0) € U7, ..., ym(w,0) € U/ smoothly depending on (w, #). Moreover
(5(&)0790) = ¢ and (5’((4}0,00) = (5’.

According to (7-2), for each (w,f) € R N U there exists a unique reflecting
(w,0)-ray ¢ (w,0) in Qf, with

Tsr1(w,0) = Ts(w,0)- (7-3)

Assuming U is small enough, it then follows that " (w,0) = ¢§'(w,8) for each
(w,0) € RNU. Otherwise there exists a sequence {(wp,0p)}52; C RNU
converging to (wo,fp) such that §”(wp,0,) # 0'(wp,0,) for all p. Let Z =
Z,,. Denote by u, the (incoming) intersection point of §”(wp,6,) with Z;
then ¢ (wp,0,) = vr(up,wp). Considering an appropriate subsequence, we may
assume that v, — v € Z as p — oo. Then 6" = vp(u,wo) is an (wo,bo)-
ray in Qp and clearly Tsr = limy, Tsr(u, 0,y = T (wo,60)- Now (7-3) implies
Tsin = T5(wo,90) = Ts and therefore Ts» = T5’(wo,90) = Ty. This and (wp,0p) € R
give §" = ¢’. Hence u belongs to §' = 6’'(wp, 0g) and therefore for large p, the ray
6" (wp,0p) has m reflection points belonging to the neighborhoods U}, respec-
tively. From the choice of U and the uniqueness of the (w,8)-rays ¢'(w, @) for
(w,8) € U, it now follows that ¢"(wp,8,) = ¢’ (wp,0,). This is a contradiction
with the choice of the sequence {(wp, 0,)}, which proves that ¢ (w,§) = ¢'(w, 0)
for all (w,0) € R N U. Hence

Ts51(w,0) = Ts(w,0) (7-4)

for (w,#) € RNU. This gives that (7-4) holds for all (w,f) € U, and then
Lemma 7.5 implies that equations (7-1) hold for some real numbers A(w, §) and
p(w, 8) for all (w,0) € U. In particular, ¢’ = v (09).

Let ), (0) = (2,¢). Then either ¢ = wy and z = x1 + swy for some s < 0,
or ( = 0y and z = xp +sby for some s > 0. The same holds for f(L)tO (00) =
(#/,¢'). In both cases (7-1) and (7-4) imply (z,¢) = (/,¢'), i.e. FE), (o0) =
FL), (a0). O

Using the existence of the conjugacy ® and the fact that it is measure preserving
with respect to the canonical measures on S} (Qx) and Sy (€21), one derives the
following.
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COROLLARY 7.6. Let the obstacles K and L have almost the same SLS. If
the sets of trapped points of both K and L have Lebesgue measure zero, then
Vol K = Vol L.

Livshits’ example shows that the above conclusion is not true without any as-
sumption about the sets of trapped points. Notice that far from the obstacle the
trapping set is relatively small. For example, if C is a large sphere in R" (i.e.
it contains K in its interior), a slight modification of the proof of Proposition
5.6 shows that dim (Sg(Qx) N Trap Q) < 2n—3. On the other hand, in some
cases (as in Livshits’ example) we have dim(TrapQx N S;(Qk)) = 2n—1 =
dim(Sg‘(QK)).

Another simple consequence of Theorem 7.3 concerns backscattering rays.
Denote by Trap™ K the set of those 2 € K such that (z, vk () € Trap Qg,
where vi () is the outward unit normal to K at x.

Suppose that K and L are obstacles with almost the same SLS. Let ® be
the conjugacy from Theorem 7.3. Given z € 0K \Trap(”) 0K, take an arbitrary
t > 0 such that (z,¢) = FE) (2, vk (x)) € S*(R"\Up). Then FF) (2, () =
(z,vi(2)) and FE) g (2, —C) = (2,¢). Therefore

(Z,O = (I)(Zv<) = @0-7'—([{)%(2» —C) = f(L)zth)(Z, —O = -7:(L)2t(27 _C)v

so for (y,n) = FE)(2,—¢) we must have y € OL and L OL at y. Thus,
®(x, vk (x) = (y,vL(y)) for some y € AL\ Trap™ JL. Setting p(z) = y, one
gets a homeomorphism

¢ : 0K \ Trap'™ 0K — &L\ Trap™ oL

such that ¢(x) = y whenever ®(x,vi(x)) = (y,vr(y)). In particular, assuming
that dim Trap™ 0K < n—2 and dim Trap™ 0L < n—2, it follows that K and
L must have the same number of connected components.

Here we denote by dim X the topological dimension of X (see [4], for example).
Since dim X < dimg X, where dimg X is the Hausdorff dimension of the metric
space X (see [4], for example), all assumptions of the form dim X < a can be
replaced by dimyg X < a.

It seems natural to conjecture that in the case of nontrapping obstacles the
SLS uniquely determines the obstacle. While this is still an open problem, using
Theorem 7.3 and backscattering rays as above, one can prove this conjecture
at least for star-shaped obstacles (as mentioned above, these are necessarily
nontrapping).

PROPOSITION 7.7 [29]. Let K and L have almost the same SLS. If K is star-
shaped, L = K.

Even though the trapping set is relatively small far from the obstacle, in general
it may be big enough to topologically divide S&(Qk), i.e. it may happen that
S&(Qk )\ Trap Qi has more than one connected component.
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We will denote by 0K (©b) the union of all connected components of 0K that
have a common point with at least one scattering ray in Qg, and call it the
observable part of the boundary K. The obstacle K will be called observable,
if 9K = 9K (©b).

THEOREM 7.8 [28]. Let K, L be obstacles in R™ with real analytic boundaries that
have almost the same SLS. If K is such that Trap Qg does not topologically divide
Se(Qk), then 9K (©0P) — gr(ob), If in addition both K and L are observable,
then K = L.

The idea of the proof of Theorem 7.8 is rather simple. Let Y be the union
of all connected components of 0K ©b) that do not coincide with connected
components of L. Assuming Y # @&, one finds o € S*(R™\U) such that yx (o) =
{pr,(F¥)y(c)) : t € R} has a common point with Y. Consider a smooth curve
o(s) in S*(R™\U) that connects o to a point (0) = o generating a free ray, i.e.
a ray without common points with K. After some regularization of the curve o(s)
(imposing some transversality conditions on it), we choose the smallest s with
vi(0(s8)) NY # @. For p = o(s), the scattering ray v (p) has only one common
point y with Y which is a tangent point, and all transversal reflection of its occur
at connected components of 0K that coincide with connected components of L.
Then we show that ¢y’ € OL for a dense set of points 3’ in a neighborhood of y
in Y. Thus, 0K = 0L near y which is a contradiction with the definition of Y.
See [28] for details.

It is not clear how restrictive the condition that Trap 2k does not topologi-
cally divide SE(Qk) is. It turns out ([28]) that this condition is satisfied when
K is a finite disjoint union of strictly convex domains with C'* boundaries. This
and Theorem 7.8 imply the following.

COROLLARY 7.9. (|28]) If K is a finite disjoint union of strictly convex domains,
K and L have almost the same SLS and both 0K and OL are real analytic, then
K=1L.

It is an open problem whether the statement of Corollary 7.9 remains true for
obstacles with C'"*° boundaries 0K and OL.

Next, we describe a few results from [29] involving scattering rays having
tangencies to the boundary.

Denote by K/ the class of obstacles K € K¢ such that the normal curvature
of K does not vanish of infinite order. From now on until the end of this section
we assume that K, L € KU™),

Consider an arbitrary scattering ray v in Qx and let X and Y be arbitrary
cross-sections of the incoming and outgoing rays of . Define the cross-sectional
map Pk : S%(R™) — S&(R™) by the shift along the flow F),. Now assume
that the obstacle K and L have almost the same SLS. It then follows from
Theorem 7.3 that Px = Pr. In particular the singularities of Px and Py, are
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the same, and this implies that for any o¢g = (z9,&) € S*(R"\Up) \ Trap Q,
the ray v (0o) contains a point of tangency to K if and only if v7,(og) contains
a point of tangency to L.

Next, suppose that o(s), s € [0, a], is a continuous curve in S*(2x ) consisting
of nontrapped points. Using an idea of Melrose and Sjostrand [20] involving
winding numbers, one shows that if vx (o(s)) is simply reflecting for each s, then
the number of reflection points of yx (o(s)) is the same for all s € [0,a]. Now
assume that o = o(0) generates a ray i (o) containing a gliding segment on
OK. If s, \, 0 are such that each yx(o(sg)) is simply reflecting, it follows from
[20] that the number of reflection points of vk (o (sx)) tends to co. Hence there
must be infinitely many s € (0,a] such that F),(c(s)) € S*(0K) for some
t = t(s). On the other hand if yx (o) is tangent to K but does not contain
a gliding segment, then it is not difficult to construct a continuous curve o(s)
(0 < s <a,a>0)in S*(Qk) with 0(0) = o such that v(o(s)) is a simply
reflecting ray for all s € (0, a].

These observation yield that from the SLS of an obstacle one can determine
which points o € S*(Qk )\ Trap Qx generate rays containing gliding segments
on 0K.

COROLLARY 7.10. ([29]) Let K, L have almost the same SLS. If there exists
a scattering ray containing a gliding segment in Qg , then Qp has the same
property. Consequently, if K is a finite disjoint union of convexr domains in R™
and dim Trap Qp, N S*(OL) < 2n—3, then L is also a finite disjoint union of
conver domains, moreover K and L must have the same number of connected
components and are therefore diffeomorphic.

A point o € SE (k) will be called accessible if it belongs to a connected com-
ponent of S& (k) \ Trap Qx containing a point that generates a free ray. Pre-
sumably the SLS provides more substantial information about the behavior of
the flow F(5), near accessible points p € S&E(Qk) and correspondingly about
parts of OK that can be reached by rays generated by accessible points. The
following result shows for example that the SLS determines uniquely the num-
ber of reflection points of simply reflecting rays v (o) generated by accessible
points o.

PROPOSITION 7.11 [29]. Let K, L have almost the same SLS. For every connec-
ted component W of S&(Qk )\ Trap Qg there exists an integer m = m(K, L, W)
such that

#(vi(0) N OK) = #(yL(o) NOL)+m
for all o € W N U Whenever W is accessible, m = 0; that is,

#(vx(0) N OK) = #(yL(0) N OL)

for any accessible point o.
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See [29] for further results concerning relationship between obstacles having al-
most the same SLS.
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