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1. Introduction

A Finsler metric of a manifold or vector bundle is defined as a smooth as-
signment for each base point a norm on each fibre space, and thus the class
of Finsler metrics contains Riemannian metrics as a special sub-class. For this
reason, Finsler geometry is usually treated as a generalization of Riemannian ge-
ometry. In fact, there are many contributions to Finsler geometry which contain
Riemannian geometry as a special case (see e.g., [Bao et al. 2000], [Matsumoto
1986], and references therein).

On the other hand, we can treat Finsler geometry as a special case of Riemann-
ian geometry in the sense that Finsler geometry may be developed as differential
geometry of fibred manifolds (e.g., [Aikou 2002]). In fact, if a Finsler metric in
the usual sense is given on a vector bundle, then it induces a Riemannian inner
product on the vertical subbundle of the total space, and thus, Finsler geometry
is translated to the geometry of this Riemannian vector bundle.

It is natural to question why we need Finsler geometry at all. To answer this
question, we shall describe a few applications of complex Finsler geometry to
some subjects which are impossible to study via Hermitian geometry.
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The notion of complex Finsler metric is old and goes back at least to Cara-
théodory who introduced the so-called Carathéodory metric. The geometry of
complex Finsler manifold, via tensor analysis, was started by [Rizza 1963], and
afterwards, the connection theory on complex Finsler manifolds has been de-
veloped by [Rund 1972], [Icijyo 1994], [Fukui 1989], and [Cao and Wong 2003],
etc..

Recently, from the viewpoint of the geometric theory of several complex vari-
ables, complex Finsler metric has become an interesting subject. In particular,
an intrinsic metric on a complex manifold, namely the Kobayashi metric, is a
holomorphic invariant metric on a complex manifold. The Kobayashi metric is,
by its definition, a pseudo Finsler metric. However, by the fundamental work
of [Lempert 1981], the Kobayashi metric on a smoothly bounded strictly convex
domain in C" is a smooth pseudoconvex Finsler metric.

The interest in complex Finsler geometry also arises from the study of holo-
morphic vector bundles. The characterization of ample (or negative) vector
bundles due to Kobayashi [Kobayashi 1975] shows the importance of Finsler ge-
ometry. In fact, he has proved that E is ample if and only if its dual E* admits
a “negatively curved” pseudoconvex Finsler metric (Theorem 3.2). The meaning
of the term “negatively curved” is defined by using the curvature tensor of the
Finsler connection on a Finsler bundle (E, F').

Another example of interest in complex Finsler geometry arises from the ge-
ometry of geometrically ruled surfaces X. A geometrically ruled surface X is, by
definition (see [Yang 1991]), an algebraic surface with a holomorphic projection
¢: X — M, M acompact Riemann surface, such that each fibre is isomorphic to
the complex projective line P'. Every geometrically ruled surface is isomorphic
to P(E) for some holomorphic vector bundle 7 : E — M of rank(FE) = 2. Then,
every geometrically ruled surface X = P(F) is also a compact Kéhler manifold
by Lemma 6.37 in [Shiffmann and Sommese 1985], and any Ké&hler metric gy
on X induces a Finsler metric F', which is not a Hermitian metric in general, on
the bundle E. Thus the geometry of (X, gx) is translated to the geometry of
the Finsler bundle (F, F).

In general, an algebraic curve (or polarized manifold) ¢ : X — PY has a
Kéhler metric wy = ¢p*wpg induced from the Fubini-Study metric wpg on PV,
An interesting subject in complex geometry is to investigate how metrics of
this kind are related to constant curvature metrics, and moreover, it is inter-
esting to investigate how constant scalar curvature metrics should be related
to algebro-geometric stability. LeBrun [LeBrun 1995] has investigated minimal
ruled surfaces X = P(E) over a compact Riemann surface M of genus g(M) > 2
with constant scalar curvature. He showed that, roughly speaking, X admits
such a Kahler metric gy if and only if the bundle E is semi-stable in the sense
of Mumford—Takemoto. By the statement above, an arbitrary Kéhler metric on
a minimal ruled surface X' determines a Finsler metric F' on F by the identity
wy = vV/—1001log F for the Kihler form wy. The geometry of such a minimal



FINSLER GEOMETRY ON COMPLEX VECTOR BUNDLES 85

ruled surface can also be investigated by the study of the Finsler bundle (E, F')
(see [Aikou 2003b]).

In this article, we shall report on the geometry of complex vector bundles with
Finsler metrics, i.e., Finsler bundles. Let F' be a Finsler metric on a holomorphic
vector bundle 7w : F — M over a complex manifold M. The geometry of a Finsler
bundle (E, F') is the study of the vertical bundle Vg = ker 7, with a Hermitian
metric Gy, induced from the given Finsler metric.

The main tool of the investigation in Finsler geometry is the Finsler con-
nection. The connection is a unique one on the Hermitian bundle (Vg, gv,),
satisfying some geometric condition (see definition below). Although it is nat-
ural to investigate (Vg, gy, ) by using the Hermitian connection of (Vg, gy, ), it
is convenient to use the Finsler connection for investigating some special Finsler
metrics. For example, the flatness of the Hermitian connection of (Vg, gv,,) im-
plies that the Finsler metric F' is reduced to a flat Hermitian metric. However, if
the Finsler connection is flat, then the metric F' belongs to an important class,
the so-called locally Minkowski metrics (we simply call these special metrics flat
Finsler metrics). If the Finsler connection is induced from a connection on FE,
then the metric F' belongs to another important class, the so-called Berwald
metrics (sometimes a Berwald metric is said to be modeled on a Minkowski
space). In this sense, the big difference between Hermitian geometry and Finsler
geometry is the connection used for the investigation of the bundle (Vg, gy, ).

2. Ampleness

2.1. Ample line bundles. Let L be a holomorphic line bundle over a compact
complex manifold M. We denote by O(L) the sheaf of germs of holomorphic
sections of L. Since M is compact, dim¢ H°(M, O(L)) is finite. Let {f°,..., fV}
be a set of linearly independent sections of L, from the complex vector space of
global sections. The vector space spanned by these sections is called a linear
system on M. If the vector space consists of all global sections of L, it is called
a complete linear system on M. Using these sections {f°,..., fV}, a rational
map @ M — PY is defined by

P2 = =)t -2 Y. (2.1)

This rational map is defined on the open set in M which is complementary to
the common zero-set of the sections f* (0 < ¢ < N). It is verified that the
rational map ¢z obtained from another basis { fo, ceey fN } is transformed by
an automorphism of PV,

DEFINITION 2.1. A line bundle L over M is said to be very ample if the rational
map ¢ : M — PV determined by its complete linear system |L| is an embed-
ding. L is said to be ample if there exists some integer m > 0 such that L&™ is
very ample.



86 TADASHI AIKOU

Let L be a very ample line bundle over a compact complex manifold M, and
{f% ..., fN} a basis of H°(M,O(L)) which defines an embedding ¢ : M —
PV . Embedding M into PV, we may consider the line bundle as the hyperplane
bundle over M C PY. We define an open covering {Uijy} of M by Ugy =
{z €M: fi(z) # 0}. With respect to this covering, the local trivialization ¢;
over Ug;) x C is given by ¢;(f") = (z(”‘j),f(lj)). The transition cocycle {l; :
Uy NUgy — C*} is given by

_
e

Let {h,x} be the transition cocycle of the hyperplane bundle H with respect to

the standard covering {U(;)} of PN. Then, {hjx} is given by hj, = /& in

lix(2)

(2.2)

terms of the homogeneous coordinate system [0 : - : €N] of PV. Since (2.2)
implies _
fix
hjk o) = f(i L= 1,
()

we obtain L = ‘/’\*L|H'

LEMMA 2.1. Let L be a very ample line bundle over a compler manifold M.
Then L is isomorphic to the pullback bundle @TL‘H of the hyperplane bundle H
over the target space PN of L

EXAMPLE 2.1. (1) The hyperplane bundle H over PV is very ample.

(2) Let E be a holomorphic line bundle and L an ample line bundle over a
compact complex manifold M. For some sufficiently large integer k, the line
bundle E @ L®* is very ample (see [Griffith and Harris 1978, p. 192]).

As we can see from the above, it is an algebro-geometric issue to determine
whether a holomorphic line bundle is ample or not. However, the Kodaira em-
bedding theorem provides a differential geometric way to check ampleness; see
Theorem 2.1 and Proposition 2.1 below. The key idea is to relate ampleness to
the notion of positivity, defined as follows.

DEFINITION 2.2. A holomorphic line bundle L is said to be positive if its Chern
class ¢1(L) € H?*(M,R) is represented by a positive real (1,1)-form. A holo-
morphic line bundle L is said to be negative if its dual L* is positive. Since
c1(L*) = —c1 (L), the holomorphic line bundle L is negative if ¢;(L) is repre-
sented by a negative real (1, 1)-form.

A Hermitian metric g on L is given by the family { g(j)} of local positive functions
9 : Uy — R, satisfying gy = |Lir]?9;) on Uy NUg for the transition cocycle
{ljr} of L. Since l;;, are holomorphic, we have 0d1log g(;) = 901og g(1), and thus
{001og g(;)} defines a global (1, 1)-form on M, which will be denoted by 9d1log g,
and is just the curvature form of (L, g). The Chern form ¢;(L,g) defined by

ci(L,g) = v/—1030log g is a representative of the Chern class ¢;(L).
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By the definition above, a holomorphic line bundle L is positive if and only
if L admits a Hermitian metric g whose Chern form ¢ (L, g) is positive-definite.
A compact complex manifold M is called a Hodge manifold if there exists a
positive line bundle L over M. If M is a Hodge manifold, then there exists a
Hermitian line bundle (L, g) whose Chern form ¢q(L, g) is positive-definite, and
thus ¢1 (L, g) defines a K&hler metric on M. Consequently, every Hodge manifold
is Kahler.

The hyperplane bundle H over P¥ is positive. In fact, if we define a function

gy on Vi ={[0:- &N ePVN : ¢ £0} by
9G) = IR (2.3)

the family {g(;}j—o,...,n satisfies gixy = |hjk|?g¢;) on V(jy N Vix), and thus it
determines a Hermitian metric gy on H. Then we have

c(H) = [gaalogggﬂ} > 0. (2.4)

The closed real (1,1)-form representing ¢ (H) induces a Kihler metric on PV,
which is called the Fubini—Study metric gps with the Kéhler form

wrs = V—18dlog |¢||”,

where we put [|€]|* = 37 [€7]2.
The following well-known theorem shows that every Hodge manifold M is
algebraic, i.e., M is holomorphically embedded in a projective space PV.

THEOREM 2.1 (KODAIRA’S EMBEDDING THEOREM). Let L be a holomorphic
line bundle over a compact complex manifold M. If L is positive, then it is
ample, i.e., there exists some integer nyg > 0 such that for all m > ng the map
jpom) : M — PV is a holomorphic embedding.

Conversely, we suppose that L is ample. Then, by definition, there exists a basis
{f% ..., fN} of HO(M,O(L®™)) such that ¢|pem| : M — PV defined by (2.1) is
an embedding. By Lemma 2.1, the line bundle L®™ is identified with ‘PTL®M\H'
Thus L®™ admits a Hermitian metric g = Plrem g, and c1 (L®™) is given by

c1(L®™) = mey (L) = {%a& log g] .

Since H is positive, the (1,1)-form /—1001log g is positive, and thus

(n) = - [géa log g}

m 2

is positive. Consequently:

PROPOSITION 2.1. A holomorphic line bundle L over a compact complex mani-
fold M is ample if and only if L is positive.
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Let M be a compact Riemann surface. The integer g(M) defined by
g(M) = dimc H' (M, 0n) = dime H® (M, O(Kr))

is called the genus of M, where Kj; = T}; is the canonical line bundle over M,
and O); is the sheaf of germs of holomorphic functions on M. The degree of a
line bundle L is defined by

deg L :/ c1(L) € Z.
M
Applying the Riemann—Roch theorem
dime H°(M,O(L)) — dime¢ H (M, O(L)) = deg L + 1 — g(M)
to the case of L = K, we have
dime HY (M, O(Ky)) = dime HO(M, 2 (K3,)) = dime HY (M, Op) = 1,

since M is compact. Consequently we have deg Ky = 2g(M) — 2, and the Euler
characteristic x(M) is given by

x(M) = /Mcl(TM) = —deg Kp =2 —2g(M).

By the uniformisation theorem (e.g., Theorem 4.41 in [Jost 1997]), any com-
pact Riemann surface M is determined completely by its genus g(M). If g(M) =
0, then M is isomorphic to the Riemannian sphere S? = P! and its holomorphic
tangent bundle Ty, is ample. In the case of g(M) = 1, then M is isomorphic to
a torus T = C/A, where A is a module over Z of rank two, and Ty is trivial.
In the last case of g(M) > 2, it is well-known that M is hyperbolic, i.e., M
admits a Kéhler metric of negative constant curvature, and T, is negative since
c1(Tar) < 0.

In the case of dim¢ M > 2, Hartshone’s conjecture (“If the tangent bundle
Ty is ample, then M is bi-holomorphic to the projective space P™”) was solved
affirmatively by an algebro-geometric method ([Mori 1979]). Then, it is natural
to investigate complex manifolds with negative tangent bundles. We next discuss
the negativity and ampleness of holomorphic vector bundles.

2.2. Ample vector bundles. Let # : E — M be a holomorphic vector
bundle of rank(E) = r + 1 (> 2) over a compact complex manifold M, and
¢ :P(E) = E*/C* — M the projective bundle associated with E. Here and in
the sequel, we put E* = E — {0} and C* = C — {0}. We also denote by L(F)
the tautological line bundle over P(E), i.e.,

L(E) = {(V,v) e P(E) x E|ve V}.

The dual line bundle H(E) = L(E)* is called the hyperplane bundle over P(E).
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Since L(E) is obtained from E by blowing up the zero section of E to P(E),
the manifold L(E)* is biholomorphic to E*. This biholomorphism is given by
the holomorphic map

T:EX 30— ([v],v) e P(E) x E*. (2.5)

Then, for a arbitrary Hermitian metric gp(g) on L(E), we define the norm |[|v]|
of v € E* by

vl = \/9Lm) (T(v)). (2.6)

Extending this definition to the whole of E continuously, we obtain a function
F:FE—Rby

F(v) = [lo]l (2.7)

for every v € E. This function satisfies the following conditions.

(F.1) F(v) >0, and F(v) =0 if and only if v =0,
(F.2) F(\v) = |\*F(v) for any A € C* = C\{0},
(F.3) F(v) is smooth outside of the zero-section.

DEFINITION 2.3. Let m : E — M be a holomorphic vector bundle over a
complex manifold M. A real valued function F' : E — R satisfying the conditions
(F1) ~ (F3) is called a Finsler metric on E, and the pair (E, F) is called a
Finsler bundle. If a Finsler metric F satisfies, in addition,

(F.4) the real (1,1)-form /—199F is positive-definite on each fibre E.,
then F is said to be pseudoconver. (Note: it’s v/—109F, not /—10991og F.)

This discussion shows that any Hermitian metric on IL(E) defines a Finsler metric
on E. Conversely, an arbitrary Finsler metric F' on E determines a Hermitian
metric grgy on L(E), i.e., we obtain

PROPOSITION 2.2 [Kobayashi 1975]. There exists a one-to-one correspondence
between the set of Hermitian metrics on L(E) and the set of Finsler metrics

on E.

DEFINITION 2.4 [Kobayashi 1975]. A holomorphic vector bundle 7 : E — M
over a compact complex manifold M is said to be negative if its tautological line
bundle L(E) — P(FE) is negative, and F is said to be ample if its dual E* is
negative.

The Chern class ¢; (L(E)) is represented by the closed real (1,1)-form

1
a1 (L(E), F)=——00log F
27
for a Finsler metric F on E. Thus, F is negative if and only if F admits a Finsler

metric F satisfying ¢1(L(E), F') < 0. Consequently:
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PROPOSITION 2.3. Let E be a holomorphic vector bundle over a compact complex
manifold M. Then E is negative if and only if E admits a Finsler metric F
satisfying /—100log F < 0.

Given any negative holomorphic vector bundle E over M, we shall construct
a pseudoconvex Finsler metric F' on E, with ¢; (L(E),F) < 0 (see [Aikou
1999] and [Wong 1984]). By definition the line bundle L(E) is negative, and
so L(E)* is ample. Hence there exists a sufficiently large positive m € Z such
that L := L(E)*®™ is very ample. By the definition of very ampleness, we can
take fO,..., fN € H(P(E), L) such that

pir  PE) 3 o] = [£O([]) - fY ()] € PV

defines a holomorphic embedding ¢ : P(E) — PN. Then, by Lemma 2.1, we
have L & apl"L‘H for the hyperplane bundle H — PV Since c; (H) is given by (2.4),
we have ¢1(L) = ¢; (<p|*L|H) = ¢ (H) > 0, and the induced metric gy, is given
by g = [y gu for the metric gy on H defined by (2.3). Since L = (L(E)*)®™,
we have gy = gﬂj(”ET), and thus the induced metric gp(g) on L(E) is given by

1/m
|: N :|71/m 1
g = SO gH = - .
HE) . P91

Because of (2.3), the metric g, is locally given by
PP
I

and the Finsler metric F' on E corresponding to gp(g) is given by

[F7([w])?

for v = (vl,...,o"™!) € E,. The Finsler metric F obtained as above satisfies the
condition ¢; (L(E), F') < 0. The pseudoconvexity of F' will be shown by more
local computations (see Theorem 3.2).

Fo) = [etom (o] " = [ELLL Ter e

REMARK 2.1. Every pseudoconvex Finsler metric on a holomorphic vector
bundle E is obtained from a pseudo-Kahler metric on P(E) (Propositions 4.1
and 4.2).

In a later section, we shall show a theorem of Kobayashi’s (Theorem 3.2) which
characterizes negative vector bundles in terms of the curvature of Finsler metrics.
For this purpose, in the next section, we shall discuss the theory of Finsler
connections on (E, F).
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3. Finsler Connections

Let # : B — M be a holomorphic vector bundle of rank(E) = r + 1 over
a complex manifold M. We denote by T); the holomorphic tangent bundle of
M. We also denote by Tg the holomorphic tangent bundle of the total space E.
Then we have an exact sequence of holomorphic vector bundles

00— Vi - Tp =5 75Ty — 0, (3.1)

where Vg = ker 7, is the vertical subbundle of Tg. A connection of the bundle
m: E — M is a smooth splitting of this sequence.

DEFINITION 3.1. A connection of a fibre bundle 7 : £ — M is a smooth
Vi-valued (1,0)-form 0 € QY0(VE) satisfying
0p(Z) =2 (3:2)
for all Z € Vg. A connection g defines a smooth splitting
Ty = Ve @ Hg (3.3)

of the sequence (3.1), where Hg C Tg is a the horizontal subbundle defined by
HE = ker HE

The complex general linear group GL(r + 1,C) acts on E in a natural way. A
connection g is called a linear connection if the horizontal subspace at each
point is GL(r + 1, C)-invariant. A Hermitian metric on E defines a unique linear
connection 0g.

On the other hand, the multiplier group C* = C\{0} & {¢-I|ce€e C*} C
GL(r + 1,C) also acts on the total space E by multiplication Ly : £ 3 v —
Av € E on the fibres for all v € F and A € C*. In this paper, we assume that
a connection fg is C*-invariant. We denote by £ € Og(Vg) the tautological
section of Vg generated by the action of C*, i.e., £ is defined by

E() = (v,v)
for all v € E. The invariance of 8 under the action of C* is equivalent to
LeHp C HE, (3’4)

where L¢ denotes the Lie derivative by £. In this sense, a C*-invariant connec-
tion Og is called a non-linear connection.

ExaMPLE 3.1. Let E be a holomorphic vector bundle with a Hermitian metric
h. Let V be the Hermitian connection of h, and V = 7*V the induced connection
on Vg. If we define § € Q9(Vg) by

O = VE, (3.5)

then 0 defines a linear connection on the bundle 7 : E — M.



92 TADASHI AIKOU

If a pseudoconvex Finsler metric F' is given on FE, then it defines a canonical
non-linear connection 05 (see below).

If a connection A is given on F, we put
XV =0p(X), X =x-XV,
and
(@ ))(X)=df (XV), (@"f)(x) = df (x™)
for every X € Tg and f € C*°(E). These operators can be decomposed as

dV =0V +0V and d” = 0¥ 4+ 9. Furthermore the partial derivatives are also
decomposed as & = 9 + 0V and 9 = 0 + 9V

3.1. Finsler connection. We define a partial connection V¥ : Vg — QY (Vg)
on Vg by
Vi Z =05 (Y7, 2)) (3.6)

for all Y € Ty and Z € Vg, where [-,-] denotes the Lie bracket on Tg. This
operator VH is linear in X and satisfies the Leibnitz rule

VE(fz)=(d" ) 2+ fViZ

for all f € C>®(E).

On the other hand, since E is a fibre bundle over M, the projection map
m: E — M can be used to pullback the said fibre bundle, generating a 7*F
which sits over E. Note that Vg = n*E. Thus Vg admits a canonical relatively
flat connection VV : Vi — Q}(Vg) defined by VY (7*s) = 0 for every local
holomorphic section s of F, i.e.,

vV =ad". (3.7)
Then a connection V : Vg — Q' (Vg) is defined by
vVZ=Vviz4+d"Zz (3.8)

forevery Y € Ty and Z € Vg. We note here that the connection V is determined
uniquely from the connection #g on the bundle 7 : E — M.

PROPOSITION 3.1. Let V : Vg — QY(Vg) be the connection on Vi defined by
(3.8), from a connection O on the bundle w : E — M. Then V satisfies

VE =0g. (3.9)
PROOF. Since f is invariant by the action of C*, we have VH £ = 0. In fact,
VRE =0p (X7,€]) = —0p (LeX"]) =0.
Furthermore, since (dV&) (X) = XV, we obtain
VxE=VEE+ (dVE) (X) =X =0p(X)
for every X € Tg. Hence we have (3.9). O
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For the rest of this paper, we shall use the following local coordinate system on
M and E. Let U be an open set in M with local coordinates (21,...,2"), and s =
(0, - ,8r) a holomorphic local frame field on U. By setting v = > £%s;(2) on for
each v € 7~ 1(U), we take (2,£) = (zl, e, 260 ,5’") as a local coordinate
system on 7~ }(U) C E. We use the notation

9
o¢i”

a = 67 and (9] =
We also denote by 95 and 0; their conjugates.
We suppose that a pseudoconvex Finsler metric F' is given on E. Then, by
definition in the previous section, the form wgr = /=1 9JF is a closed real (1, 1)-
form on the total space E such that the restriction w, on each fibre E, = 7 1(2)
defines a Kahler metric G, on E,, and wg defines a Hermitian metric Gy, on
the bundle V. Thus we shall investigate the geometry of the Hermitian bundle
{Ve, Gy }-
A Finsler metric F' on E is pseudoconvex if and only if the Hermitian matrix
(Gﬁ) defined by
Gi3(2,8) = 0;0; F (3.10)
is positive-definite. Each fibre E, may be considered as a Kéhler manifold with
Kéhler form w, = v—1>_ Gﬁdfi A d€7. The family {E.,w:}, ¢y is considered

as a family of Kahler manifolds and the bundle is considered as the associated
fibred manifold. The Hermitian metric Gy, on Vg is defined by

Gy, (si,s5) =G (3.11)

70

where we consider s = (sg,...,s,) as a local holomorphic frame field for Vg =
m*E. We denote by || - || ; the norm defined by the Hermitian metric Gy, . Then,
because of the homogeneity (F'2), we have

€IS = Gy (€,€) = F(2,€) (3.12)
and
LeGyy = Gy (3.13)

for the tautological section £(z,&) = > €%s;(2).
Let 0 = (91, .. .,GT) be the dual frame field for the dual bundle Vg, i.e.,
0 (sj) = d%. A connection 0 for the bundle 7 : E — M is written as

bp=s20=> s 0.

PROPOSITION 3.2. Let F be a pseudoconvexr Finsler metric on a holomorphic
vector bundle E. Then there exists a unique connection 0 such that (3.3) is the
orthogonal splitting with respect to wg.
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PROOF. We can easily show that the required (1,0)-form 6 is defined by 0 =
d¢t 4+ 57 NE dz®, where the local functions Ni(z,&) are given by

N, =Y G"™0,0nF

for the inverse matrix (G*™) of (G ). By the homogeneity (F2), these functions
satisfy NZ(z,A6) = AN.(z,&) for every A € C*, which implies that 6 is C*-
invariant. g

For the rest of this paper, we shall adopt the connection 85 obtained in Propo-
sition 3.2 on a pseudoconvex Finsler bundle (E, F').

PROPOSITION 3.3 [Aikou 1998]. The connection 0 satisfies
o oo =0. (3.14)
Such a connection #g determines a unique connection V on Vg.

DEFINITION 3.2. The connection V : Vg — QY (Vg) on (Vg,Gy,,) defined by
(3.8) is called the Finsler connection of (E, F).

The connection V defined by (3.8) is canonical in the following sense.

PROPOSITION 3.4 [Aikou 1998]. Let V be the Finsler connection on a pseudo-
convez Finsler bundle (E, F). ThenV = VH +dV satisfies the following metrical
condition.

dAGy,(Y,Z) = Gy, (VEY, Z) + Gy, (Y, V1 Z) (3.15)
foradllY, Z € Vg.
i

The connection form w = (wj) of V with respect to a local holomorphic frame

field s = (so, ..., s,) is defined by Vs; = 37 s; ® w}. By the identity (3.15), w is
given by
w=G1ola. (3.16)

3.2. Curvature. Let V be the Finsler connection on (E, F'). We also denote
by V : QF (Vi) — Q¥*1(Vg) the covariant exterior derivative defined by V.

DEFINITION 3.3. The section R = VoV € Q2 (End(Vg)) is called the curvature
of V.

With respect to the local frame field s = (s, ..., s,), we put
R(s;) = ZSz ® .Q]Z
In matrix notation, the curvature form (2 = (Q;) of V is given by
N =dw+wAw. (3.17)

The curvature form (2 is decomposed as 2 = d”w + w A w + d¥w, which can be
simplified to
2=0"0w+d"w. (3.18)

This is made possible by
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PROPOSITION 3.5. The horizontal (2,0)-part of {2 vanishes, i.e.,
MHwtwArw=0. (3.19)
PROOF. Since w = G719 G, (3.14) implies
MwtwAw=0"(G'o"G) +wAw
=-G"GANGTIO"G+ GO 0 MGt wAw
=G oo 0"G =0. O
We give the definition of flat Finsler metrics.

DEFINITION 3.4. A Finsler metric F' is said to be flat if there exists a holo-
morphic local frame field s = (sq,...,s;) around every point of M such that
F = F(¢), ie., F is independent of the base point z € M.

THEOREM 3.1 [Aikou 1999]. A Finsler metric F is flat if and only if the curva-
ture R vanishing identically.

Let R¥ be the curvature of the partial connection V¥, ie., R = V# o VH,
From (3.18), the curvature form 2 of R¥ is given by 2# = 9Hw. If we put

5Hw§ = Z i dz® /\dz

the curvature R¥ is given by

RH sJ Z‘SZ ( ]aﬁdz /\dz)

For the curvature form 2 of VH# | we define a horizontal (1, 1)-form ¥ by

Gv, (RY
W(X7 Y) e ( XY ZRz]a,ﬁ fijaYﬁ
||5|| CF
for any horizontal vector fields X,Y at (z,§) € E, where we put R;;,5 =
> G R 5. We set
(2,6 =& ZRWﬂg . (3.20)

In [Kobayashi 1975], this (17 1)—f0rm ¥ = Y W,5dz* AdzP is also called the
curvature of F.

DEFINITION 3.5. If the curvature form ¥ satisfies the negativity condition, i.e.,
U(Y,Z) <0 forall Y,Z € Hg, then we say that (E, F) is negatively curved.

Direct computation gives:

PROPOSITION 3.6 [Aikou 1998]. For a pseudoconvex Finsler metric F on a
holomorphic vector bundle E, the real (1,1) form /—100log F = —c; (L(E), F)
is given by

— — )
—100log F' = ( o aa logF>
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with respect to the orthogonal decomposition (3.3), i.e.,
V=100log F = /-1 <— > W,5dz NdzZ? 4+ 0,05 (log F)O' A éf’) . (3.21)

Analyzing the negativity of the form ¢; (L(F), F'), we have the following theorem
of Kobayashi.

THEOREM 3.2 [Kobayashi 1975]. A holomorphic vector bundle m : E — M over
a compact complex manifold M is negative if and only if E admits a negatively
curved pseudoconvex Finsler metric.

PRrROOF. By Proposition 2.3, E is negative if and only if there exists a Finsler
metric F such that v/—109log F < 0. Since 0 and 0 anti-commute, this char-
acterization is equivalent to /—1991log F' > 0. Thus, E is negative if and only
if the right hand side of (3.21) is positive.

Denote by F, the restriction of F to each fibre E, = 7=1(z). Then, we have

V—=180F, =v/—-1F, (8510ng + dlog F, A 510ng) .

If (3.21) has positive right hand side, then /—1¥ must be negative, and
v/—100log F, must be positive. The latter, in conjunction with the displayed
formula, implies the positivity of v/—1d0F,. Thus F is pseudoconvex and neg-
atively curved.

Conversely, suppose F' is pseudoconvex and negatively curved. That is, we
have /—190F, > 0 and v/—1¥ < 0. Now, the pseudoconvexity of F implies
that the second term on the right hand side of (3.21) is positive-definite (see
section 4.1 for details). Thus the entire right hand side of (3.21) is positive. 0O

REMARK 3.1. In this section, the horizontal (1, 1)-part R¥ of R plays an impor-
tant role. In Finsler geometry, there are other important tensors. The Vg-valued
2-form T defined by

Tg =Viog (3.22)

is called the torsion form of V, which is expressed by
Tp=s@(d0+wng) = s (a0 + Y wing).
Because of (3.9), the torsion form T is also given by
Tg = R(E).

The torsion form T'r vanishes if and only if the horizontal subbundle H g defined
by 0 is holomorphic and integrable (see [Aikou 2003b]).
On the other hand, the mixed part R of R defined by

REV (s;) = ZS’ ® de;-

is also an important curvature form. The vanishing of RV shows that (E, F) is
modeled on a complex Minkowski space, i.e., there exists a Hermitian metric h g
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on E such that the Finsler connection V on (E, F) is obtained by V = 7*V for
the Hermitian metric V of (E, hr) (see [Aikou 1995]). Hence a Finsler metric F'
is flat if and only if (E, F') is modeled on a complex Minkowski space and the
associated Hermitian metric hp is flat.

3.3. Holomorphic sectional curvature. We now study the holomorphic
tangent bundle T); of a complex manifold with a pseudoconvex Finsler metric
F : Ty — R. The pair (M, F) is called a complex Finsler manifold. This is the
special case of E' = T} in Definition 2.3, and we have the natural identifications
Ve 2 Hg 2 7*T)y.

Let A(r) = {¢ € C: |(| < r} be the disk of radius r in C with the Poincaré
metric

472 _
p=——_dC®dC.
= EopEheh

For every point (z,£) € Ty, there exists a holomorphic map ¢ : A(r) — M

£.(0) == i, <<a%)<_o) —¢ (3.23)

Then, the pullback ¢*F defines a Hermitian metric on A(r) by
¢*F = E(¢)d¢ ® dC,

where we put E(¢) = F (¢(¢), ¢«(¢)). The Gauss curvature K- (z,§) is defined
by

satisfying ¢(0) = z and

1 0%log E
Kor(eg = (L00EY)
¢=0

E 9CaC

DEFINITION 3.6 [Royden 1986]. The holomorphic sectional curvature Kp of
(M, F) at (z,&) € T is defined by

KF(Z7€) = sup {KW*F(Z7€) : (p(O) =z, <p*(0) = 5} )
]
where ¢ ranges over all holomorphic maps from a small disk into M satisfying
©(0) = z and (3.23).

Then Kr has a computable expression in terms of the curvature tensor of the
Finsler connection V.

PROPOSITION 3.7 [Aikou 1991]. The holomorphic sectional curvature Kp of a
complex Finsler manifold (M, F) is given by

v(EE 1 PR
Ke(e.6) = 50 = 75 3 Rl 06 €€'E. (3.21)
E
where Rizp = > G, ;R is the curvature tensor of the Finsler connection V

on (T, F).

Then we have a Schwarz-type lemma:
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PROPOSITION 3.8 [Aikou 1991]. Let F be a pseudoconvexr Finsler metric on
the holomorphic tangent bundle of a complex manifold M. Suppose that its
holomorphic sectional curvature Kp(z,€) at every point (z,€) € Ty is bounded
above by a negative constant —k. Then, for every holomorphic map ¢ : A(r) —
M satisfying ¢(0) = z and (3.23), we have

gr > kp*F. (3.25)

The Kobayashi metric F; on a complex manifold M is a positive semidefinite
pseudo metric defined by

Fr(z,€) = igf {1:0(0) =2z, ¢.(0)=¢}. (3.26)

In general, F; is not smooth. F); is only upper semi-continuous, i.e., for every
X € Ty and every € > 0 there exists a neighborhood U of X such that Fj;(Y) <
Fy(X)+eforallY € U (see [Kobayashi 1998], [Lang 1987]). Even though Fy is
not a Finsler metric in our sense, the decreasing principle shows the importance
of the Kobayashi metric, i.e., for every holomorphic map ¢ : N — M, we have
the inequality

Fu(X) = Far(io.(X). (3.27)

This principle shows that F; is holomorphically invariant, i.e., if ¢ : N — M
is biholomorphic, then we have Fy = ¢*F);. In this sense, F); is an intrinsic
metric on complex manifolds.

A typical example of Kobayashi metrics is the one on a domain in C™. It is
well-known that, if M is a strongly convex domain with smooth boundary in C”,
then Fjy is a pseudoconvex Finsler metric in our sense (see [Lempert 1981]).

A complex manifold M is said to be Kobayashi hyperbolic if its Kobayashi
metric Fj; is a metric in the usual sense. If M admits a pseudoconvex Finsler
metric F' whose holomorphic sectional curvature Kp is bounded above by a
negative constant —k, then (3.25) implies the inequality

Fip > kF, (3.28)
and thus M is Kobayashi hyperbolic.

THEOREM 3.3 [Kobayashi 1975]. Let M be a compact complex manifold. If its
holomorphic tangent bundle Ty is negative, then M is Kobayashi hyperbolic.

PROOF. We suppose that Th; is negative. Then, Theorem 3.2 implies that there
exists a pseudoconvex Finsler metric ' on T with negative-definite ¥. By the
definition (3.20), the negativity of ¥ and (3.24) imply
U(EE)
2
€1 E
Since M is compact, P(F) is also compact. Moreover, since K is a function on

P(E), the negativity of Kr shows that K is bounded by a negative constant
—k. Hence we obtain (3.28), and M is Kobayashi hyperbolic. O

KF(Zag) -
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REMARK 3.2. Recently Cao and Wong [Cao and Wong 2003] have introduced the
notion of “mixed holomorphic bisectional curvature” for Finsler bundles (E, F),
which equals the usual holomorphic bisectional curvature in the case of E =
Ty They also succeeded in showing that a holomorphic vector bundle E of
rank(E) > 2 over a compact complex manifold M is ample if and ounly if F
admits a Finsler metric with positive mixed holomorphic bisectional curvature.

4. Ruled Manifolds

4.1. Projective bundle. Let ¢ : P(E) — M be the projective bundle associ-
ated with a holomorphic vector bundle E over M.

DEFINITION 4.1. A locally d0-exact real (1,1)-form wp(g) on the total space
P(E) is called a pseudo-Kdahler metric on P(E) if its restriction to each fibre
defines a Kéhler metric on P(E,) =< P".

If a pseudo-Kéhler metric wp(g) is given on P(E), then its restriction to each fibre
¢~1(2) = P(E,) is a Kéhler form on P(E,). We shall show that a pseudoconvex
Finsler metric on F defines a pseudo-Kéhler metric on P(F). For this purpose,
we use the so-called Euler sequence (e.g., [Zheng 2000]).

We denote by p : EX — P(E) the natural projection. We also denote by
Vp(p) := ker ¢. the vertical subbundle of Tpgy. Let s = (so,...,s,) be a holo-
morphic local frame field of F on an open set U C M, which is naturally con-
sidered as a holomorphic local frame field of Vg on 7=1(U). Then, the vertical
subbundle Vp(gy C Tp(p) is locally spanned by {p«so,. .., p«s,} with the relation

p€ =0. (4.1)
Then the Euler sequence
0 — L(E) - ¢*E — L(E) & Va(g) — 0
implies the following exact sequence of vector bundles:
0 — lpm) S H(E) ® ¢°E -z, Vegy — 0, (4.2)

where H(E) = L(E)* is the hyperplane bundle over P(E) and the bundle mor-
phism P : H(E) ® ¢*E — Vp(g) is defined as follows. Since any section Z of
H(E) ® ¢*E can be naturally identified with a section Z = Y Z7s; of Vg sat-
isfying the homogeneity Z7(\v) = AZ7(v), the definition p.Z(v) = (p.Z) ([v])
makes sense. Then P is defined by

P(Z) = p. (Z Zﬂ'sj) . (4.3)
Moreover, since p.& = 0, 1p(g) (= ker P) is the trivial line bundle spanned by &.
Then, since ker P = 1p(g) is spanned by &, the morphism P is expressed as
. Gy (27 8) &

P(Z)=2Z
I1EN%
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for a Hermitian metric Gy, on Vg. Since P is surjective, for any sections Z
and W of Vp(p), there exist sections Z and W of Vg satisfying P(Z) = Z and
P(W) = W. Then, a Hermitian metric GVppy ON Vi) is defined by

- E|A Gy, (Z,W) = Gy, (Z,E)Gy, (E,W
G (2,17) = Ll G )|5H4V( G (&, IV) (4.4)
E

for the Hermitian metric Gy, on Vg defined by (3.11), which induces the or-
thogonal decomposition

H(E) ® ¢*E = Ipe) © Ve(E)-

Because of (4.1) and (4.4), the components of the metric Gy, ,, with respect to
the local frame {p.(s;)} is given by

iy (92510, ;) = 0,05 (log F). (4.5)
Consequently we have

ProrosiTiON 4.1. If F is a pseudoconvex Finsler metric on a holomorphic
vector bundle E, then the real (1,1)-form /—100log F' defines a pseudo-Kdihler
metric on P(E).

Conversely:

PROPOSITION 4.2. If wp(g) is a pseudo-Kdhler metric on P(E), then wp(g)
defines a pseudoconvex Finsler metric F' on E such that p*wp(g) = V—=100log F.
Such a pseudoconver Finsler metric F is unique up to a local positive function
oy onU C M.

PROOF. On each open set Uy = {[v] = (2,[{]) € 971 (U) : & # 0} of P(E), we
express the pseudo-Kéhler metric wp(g) by

wrpy vy, = V—100g),

where {g(;)} is a family of local smooth functions g(;) : Uy — R. Since the
restriction of this form to each fibre P, C Ugyy is a Kahler form w, on P,, we
may put

Wy =V -1 35927(]-),

where the local functions g. (;y = g(;)|p. depend on z € U smoothly. Then we
define a function F, : EX — R by

Fz(g) = |§j‘2 €XP 9z,(5)-

Since F, also depends on z € U smoothly, we extend this function to a smooth
function F : E* — R by F(z,8) = F,(§). It is easily verified that F defines a
pseudoconvex Finsler metric on F.
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We note that another Kahler potential {g(;)} for wp(g) which induces the
Kaéhler metric w, on each P, is given by

95 (2, [€]) = ou(2) + 9(5) (2, €]) (4.6)

for some functions oy (z) defined on U. Hence the Finsler metric £ determined
from the potential {g;} is connected to the function F' by the relation F' =
e?U*)F on each U. ]

Similar to Definition 3.4, we say a pseudo-Kéahler metric wp(gy on P(E) is flat if
there exists an open cover {U, s} of E so that we can choose Kéhler potentials
9¢j) for wp(p) which are independent of the base point z € M. Now we define
the projective-flatness of Finsler metrics.

DEFINITION 4.2. A Finsler metric on F is said to be projectively flat if it is
obtained from a flat pseudo-Kéahler metric on P(E).

In a previous paper, we proved this result:

THEOREM 4.1 [Aikou 2003a]. A pseudoconvex Finsler metric is projectively flat
if and only if the trace-free part of the curvature form {2 vanishes identically,
i.e.,

N=A>z®Id (4.7)
for some (1,1)-form A on M.

REMARK 4.1. A Finsler metric I is projectively flat if and only if there exists
a local function oy (z) on U such that F is of the form

F(z,8)|u = expou(z) - [€7]* exp g(j) ([€]) (4.8)

on each U. In other words, a Finsler metric F' is projectively flat if and only if
there exists a local function oy/(2) on U such that the local metric e =7V F is
a flat Finsler metric on U. In the previous paper [Aikou 1997], such a Finsler
metric F is said to be conformally flat.

We suppose that a pseudoconvex Finsler metric F' is projectively flat. Then,
since the curvature form 2 is given by (3.18), we have R¥Y = 0, and thus
(E, F) is modeled on a complex Minkowski space. We can easily show that the
associated Hermitian metric hp is also projectively flat. Hence:

THEOREM 4.2. A holomorphic vector bundle E of rank(E) = r + 1 admits a
projectively flat Finsler metric if and only if P(E) is flat, i.e.,

P(E) = M x, P, (4.9)

where M is the universal cover of M, and p : w (M) — PU(r) is a representation
of the fundamental group m (M) in the projective unitary group PU(r).
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4.2. Ruled manifolds. An algebraic surface X is said to be ruled if it is
birational to M x P!, where M is a compact Riemann surface. An algebraic sur-
face X is said to be geometrically ruled if there exists a holomorphic projection
¢ : X — M such that every fibre ¢~!(z) = X, is holomorphically isomorphic
to P'. As is well known, a geometrically ruled surface is ruled (see [Beauville
1983]), and every geometrically ruled surface X’ is holomorphically isomorphic
to P(E) for some holomorphic vector bundle 7 : E — M of rank(E) = 2 (see
[Yang 1991], for example).

An algebraic manifold X is said to be a ruled manifold if X is a holomorphic
P"-bundle with structure group PGL(r +1,C) = GL(r + 1,C)/C*. Any holo-
morphic P"-bundle over M is classified by H'(M, PGL(r + 1,0ys)), and any
rank r + 1 holomorphic vector bundle over M is classified by the elements of
HY(M,GL(r +1,0)s)). The exact sequence

0— 03 — GL(r+1,0) - PGL(r+1,05) — 0
implies the sequence of cohomology groups:
- — HY(M,GL(r +1,0y)) — HY(M, PGL(r +1,0y)) — H*(M,0};) — ---
Since H2(M, O%,) = 0, the following is obtained.

ProOPOSITION 4.3. Ewvery ruled manifold X over a compact Riemann surface
M is holomorphically isomorphic to P(E) for some holomorphic vector bundle
m: E — M ofrank(E) = r + 1. Such a bundle E is uniquely determined up to
tensor product with a holomorphic line bundle.

If F is a holomorphic vector bundle over a compact Kéhler manifold M, then
P(E) is also a compact Kéhler manifold. In fact, we can construct a Kéahler
metric wp(gy on P(E) of the form wpg)y = ¢*wyr + en. Here, wyy is a Kahler
metric on M, ¢ is a small positive constant, and 7 is a closed (1,1)-form on
P(E) such that n is positive-definite on the fibres of ¢ (see Lemma (6.37) in
[Shiffmann and Sommese 1985]). Thus every ruled manifold X over a compact
Riemann surface M is a compact Kéhler manifold, and ¢ : X = P(E) — M is
a holomorphic submersion from a compact Kahler manifold X to M. Then we
have

THEOREM 4.3. Let X be a ruled manifold over a compact Riemann surface M
with a Kdahler metric wy. Then there exists a negative vector bundle m : B — M
such that X = P(E), and a negatively curved pseudoconvex Finsler metric F' on
E satisfying pswx = V190 log F.

Proor. Let wxy be a Kahler metric on X. Propositions 4.3 and 4.2 imply
that there exists a holomorphic vector bundle E satisfying X = P(F) with a
pseudoconvex Finsler metric F'. Then, since

\/—18510gF =wy >0,
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F' is negatively curved, and hence Theorem 2.3 implies that F is negative. O

LeBrun [LeBrun 1995] has investigated minimal ruled surfaces (i.e., geometrically
ruled surface) over a compact Riemann surface of genus g(M) > 2 with constant
negative scalar curvature. Roughly speaking, he proved that such a minimal
ruled surface X is obtained by a semi-stable vector bundle over M so that X =
P(E). Since the semi-stability of vector bundles over a compact Riemann surface
is equivalent to the existence of a projectively flat Hermitian metric on E, such
a surface is written in the form (4.9).

On the other hand, by Theorem 4.3, the geometry of a minimal ruled surface
X is naturally translated to the geometry of a negative vector bundle F with
a negatively curved pseudoconvex Finsler metric F. From this viewpoint, we
have also investigated minimal ruled surfaces, and we have concluded that each
minimal ruled surface ¢ : XY — M over a compact Riemann surface of genus
g(M) > 2 with constant negative scalar curvature is a Kéhler submersion with
isometric fibres (see [Aikou 2003b]).

References

[Abate—Patrizio 1994] M. Abate and G. Patrizio, Finsler metrics: a global approach,
Lecture Notes in Math. 1591, Springer, Berlin, 1994.

[Aikou 1991] T. Aikou, “On complex Finsler manifolds”, Rep. Fac. Sci. Kagoshima
Univ. 24 (1991), 9-25.

[Aikou 1995] T. Aikou, “Complex manifolds modeled on a complex Minkowski space”,
J. Math. Kyoto Univ. 35 (1995), 83-111.

[Aikou 1996] T. Aikou, “Some remarks on locally conformal complex Berwald spaces”,
pp. 109-120 in Finsler geometry (Seattle, 1995), edited by David Bao et al.,
Contemporary Math. 196, Amer. Math. Soc., Providence, 1996.

[Aikou 1997] T. Aikou, “Einstein—Finsler vector bundles”, Publ. Math. Debrecen 51
(1997), 363-384.

[Aikou 1998] T. Aikou, “A partial connection on complex Finsler bundles and its
applications”, Illinois J. Math. 42 (1998), 481-492.

[Aikou 1999] T. Aikou, “Conformal flatness of complex Finsler structures”, Publ. Math.
Debrecen 54 (1999), 165-179.

[Aikou 2000] T. Aikou, “Some remarks on the conformal equivalence of complex Finsler
structures”, pp. 35-52 in Finslerian geometry: a meeting of minds, edited by P.
Antonelli, Kluwer, Amsterdam, 2000.

[Aikou 2002] T. Aikou, “Applications of Bott connection to Finsler geometry”, pp. 1-
13 in Steps in differential geometry, University of Debrecen Institute of Mathematics
and Informatics, Debrecen, 2001.

[Aikou 2003a] T. Aikou, “Projective flatness of complex Finsler metrics”, Publ. Math.
Debrecen 63 (2003), 343-362.

[Aikou 2003b] T. Aikou, “A note on projectively flat complex Finsler metrics”, preprint,
2003.



104 TADASHI AIKOU

[Bao et al. 1996] D. Bao, S.-S. Chern and Z. Shen (editors), Finsler geometry,
Contemporary Math. 196, Amer. Math. Soc., Providence, 1996.

[Bao et al. 2000] D. Bao, S.-S. Chern and Z. Shen, An introduction to Riemann—Finsler
geometry, Graduate Texts in Math. 200, Springer, New York, 2000.

[Beauville 1983] A. Beauville, Complez algebraic surfaces, Cambridge Univ. Press,
Cambridge, 1983.

[Cao and Wong 2003] J.-K. Cao and P.-M. Wong, “Finsler geometry of projectivized
vector bundles”, to appear in J. Math. Kyoto Univ.

[Chern et al. 1999] S.-S. Chern, W. H. Chen and K. S. Lam, Lectures on differential
geometry, Series on Univ. Math. 1, World Scientific, Singapore, 1999.

[Dineen 1989] S. Dineen, The Schwarz Lemma, Clarendon Press, Oxford, 1989.

[Duchamp and Kalka 1988] T. Duchamp and M. Kalka, “Invariants of complex folia-
tions and the Monge—Ampere equation”, Michigan Math. J. 35 (1988), 91-115.

[Faran 1990] J. J. Faran, “Hermitian Finsler metrics and the Kobayashi metric”, J.
Differential Geometry 31 (1990), 601-625.

ukui . ui, “Complex Finsler manifolds”, J. Math. Kyoto Univ. ,
Fukui 1989] M. Fukui, “C lex Finsl ifolds”, J. Math. K Univ. 29 (1989
609-624.

[Griffith and Harris 1978] G. Griffith and J. Harris, Principles of algebraic geometry,
Wiley, New York, 1978.

[Icijyo 1988] Y. Icijyd, “Finsler metrics on almost complex manifolds”, Riv. Mat. Univ.
Parma 14 (1988), 1-28.

[Icijyo 1994] Y. Icijyd, “Kaehlerian Finsler manifolds”, J. Math. Tokushima Univ. 28
(1994), 19-27.

[Icijyo 1998] Y. Icijyo, “Kaehlerian Finsler manifolds of Chern type”, Research Bull.
Tokushima Bunri Univ. 57 (1999), 9-16.

[Jost 1997] J. Jost, Compact Riemann surfaces, Universitext, Springer, Berlin, 1997.

[Kobayashi 1975] S. Kobayashi, “Negative vector bundles and complex Finsler struc-
tures”, Nagoya Math. J. 57 (1975), 153-166.

[Kobayashi 1987] S. Kobayashi, Differential geometry of complex vector bundles, Iwa-
nami, Tokyo, and Princeton Univ. Press, Priceton, 1987.

[Kobayashi 1996] S. Kobayashi, “Complex Finsler vector bundles”, pp. 145-153 in
Finsler geometry (Seattle, 1995), edited by David Bao et al., Contemporary Math.
196, Amer. Math. Soc., Providence, 1996.

[Kobayashi 1998] S. Kobayashi, Hyperbolic complex spaces, Springer, Berlin, 1998.

[Kobayashi and Wu 1970] S. Kobayashi and H.-H. Wu, “On holomorphic sections on
certain Hermitian vector bundles”, Math. Ann. 189 (1970), 1-4.

[Kobayashi and Nomizu 1963] Foundations of differential geometry, vol. 11, Wiley, New
York, 1963.

[Lang 1987] S. Lang, Introduction to complex hyperbolic spaces, Springer, 1987.

[LeBrun 1995] C. LeBrun, “Polarized 4-manifolds, extremal Kéhler metrics, and Sei-
berg-Witten theory”, Math. Res. Lett. 2 (1995), 653-662.



FINSLER GEOMETRY ON COMPLEX VECTOR BUNDLES 105

[Lempert 1981] L. Lempert, “La métrique de Kobayashi et la représentation des
domaines sur la boule”, Bull. Soc. Math. France 109 (1981), 427-474.

[Matsumoto 1986] M. Matsumoto, Foundations of Finsler geometry and special Finsler
spaces, Kaiseisha Press, Otsu, Japan, 1986.

[Mori 1979] S. Mori, “Projective manifolds with ample tangent bundles”, Ann. of Math.
(2) 110 (1979), 593-606.

[Pang 1992] M.-Y. Pang, “Finsler metrics with properties of the Kobayashi metric of
convex domains”, Publicacions Matematiques (Barcelona) 36 (1992), 131-155.

[Patrizio and Wong 1983] G. Patrizio and P.-M. Wong, “Stability of the Monge-Ampeére
Foliation”, Math. Ann. 263 (1983), 13-29.

[Rizza 1963] G. B. Rizza, “Strutture di Finsler di tipo quasi Hermitiano”, Riv. Mat.
Univ. Parma 4 (1963), 83-106.

[Royden 1986] H. L. Royden, “Complex Finsler metrics”, pp. 261-271 in Complez
differential geometry and nonlinear differential equations, edited by Yum-Tong Siu,
Contemporary Math. 49, Amer. Math. Soc., Providence, 1986.

[Rund 1959] H. Rund, The differential geometry of Finsler spaces, Springer, Berlin,
1959.

[Rund 1972] H. Rund, “The curvature theory of direction-dependent connections on
complex manifolds”, Tensor (N.S.) 24 (1972), 189-205.

[Shiffmann and Sommese 1985] B. Shiffmann and A. J. Sommese, Vanishing theorems
on complex manifolds, Birkhauser, Boston, 1985.

[Yang 1991] K. Yang, Complex algebraic geometry: an introduction to curves and
surfaces, Dekker, New York, 1991.

[Watt 1996] C. Watt, “Complex sprays, Finsler metrics and horizontal complex curves”,
Ph.D. Thesis, Trinity College Dublin, 1996.

[Wong 1977] B. Wong, “On the holomorphic curvature of some intrinsic metrics”, Proc.
Amer. Math. Soc. 65 (1977), 57-61.

[Wong 1984] B. Wong, “A class of compact complex manifolds with negative tangent
bundles”, Math. Z. 185 (1984), 217-223.

[Wu 1973] B. Wu, “A remark on holomorphic sectional curvature”, Indiana Univ. Math.
J. 22 (1973), 1103-1108.

[Zheng 2000] F. Zheng, Complex differential geometry, AMS/IP studies in advanced
mathematics 18, Amer. Math. Soc., Providence, 2000.

TADASHI AIKOU
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
FACULTY OF SCIENCE
KaAacosHiMA UNIVERSITY
KaAcosHIMA 890-0065
JAPAN
aikou@sci.kagoshima-u.ac.jp



