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Finsler geometry is an essential extension of Riemannian geometry. Instead
of an inner product on every tangent space one considers Minkowski norms on
every tangent space. For a Finsler metric the unit sphere in each tangent space is
a strictly convex hypersurface. One obtains for every nonzero tangent vector an
inner product, arising from Minkowski norm; in the Riemannian case these inner
products all coincide on a fixed tangent space. The length of a smooth curve
is well-defined. Geodesics —locally length-minimizing curves parametrized with
constant speed —are uniquely defined for a given initial direction. From the
viewpoint of the calculus of variations Finsler metrics are a suitable generaliza-
tion of Riemannian metrics such that the variational problem for the length of
curves between two fixed points is positive and positive regular. In terms of
physics a Finsler metric describes a Lagrangian system without a potential; a
Riemannian metric can be viewed as the special case of quadratic kinetic energy.
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But in contrast to the Riemannian case there is no canonical connection, so
several connections have been used in Finsler geometry. We use here the one
introduced by S.-S. Chern [Bao et al. 2000, Chapter 2|, transposed to vector
fields on the manifold for a fixed direction field: Given a nowhere vanishing
vector field V' in an open nonempty subset U, there is a uniquely determined
torsionfree connection V"' that is almost metric. Using this connection one can
define the flag curvature, which generalizes the sectional curvature in Riemannian
geometry and controls the infinitesimal behavior of geodesics. Given a geodesic
c and a nowhere vanishing geodesic vector field V' in an open neighborhood of ¢
extending the velocity field ¢’ of the geodesic, there is a Riemannian metric gy
on U such that c is also a geodesic of the Riemannian manifold (U, gy ) and the
flag curvature K (c’; o) for any plane o containing ¢’ coincides with the sectional
curvature K (o) of gy. In particular the Jacobi fields of the Finsler metric and
of gy coincide along the geodesic ¢. Thus the flag curvature can be introduced
without selecting a connection. The flag curvature does not completely determine
the metric. For example, in contrast to the Riemannian case, there are Finsler
metrics of constant positive flag curvature on spheres that are not isometric to
the standard Riemannian metric; see [Bao et al. 2003; Bryant 2002; Shen 2002]
for their characterization.

We call a Finsler metric F' reversible (or symmetric) if opposite vectors have
the same length: F(X) = F(—X) for all tangent vectors X. In this case the unit
sphere T)M = {X € T,M | F(X) = 1} is symmetric under reflection through
the origin. But this assumption excludes many interesting examples, for example
Randers metrics, which are Finsler metrics defined by adding a one-form to the
norm induced by a Riemannian metric: F(X) = 1/g(X, X) + a(X), where g is
a Riemannian metric and « is a one-form.

In Riemannian geometry a metric with constant positive sectional curvature
on a compact simply connected manifold is isometric to the standard sphere of
the same curvature. The now classical Sphere Theorem states that a compact,
simply connected manifold of dimension n with sectional curvature K such that
i < K < 1 everywhere is homeomorphic to the n-sphere [Klingenberg 1995, § 2.8;
Abresch and Meyer 1997]. In this form the result is contained in [Klingenberg
1961]; earlier contributions are due to M. Berger, H. Rauch and V. A. Topono-
gov [Berger 1998, T A 2]. The proof uses an estimate for the injectivity radius
and the Toponogov comparison theorem for geodesic triangles. In [Klingenberg
1963] it is shown that one can prove the Sphere Theorem without making use
of Toponogov’s comparison result for geodesic triangles. Instead one uses Morse
theory of the energy functional on the space of curves between two fixed points
and on the space of loops. The injectivity radius is bounded from below by 7, so
geodesic loops have length at least 27 and their Morse index is bounded below
by n—1. This implies that the loop space is (n—2)-connected and therefore the
manifold is homotopy equivalent to the n-sphere.
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Though in Finsler geometry the condition of constant positive flag curvature
no longer determines the metric up to isometry, one can show using the expo-
nential map that a simply connected Finsler manifold of constant positive flag
curvature is homeomorphic to the n-sphere. P. Dazord [1968a; 1968b] remarked
that in the case of a reversible Finsler metric one can carry over the Morse-
theoretic proof of the Sphere Theorem found in [Klingenberg 1963]. The original
proof of the Sphere Theorem does not carry over, since the triangle comparison
result cannot be extended to the Finsler case.

The main topic of this article is to show in detail how the estimates for the
injectivity radius, the length of a nonminimal geodesic between two fixed points,
the length of a nonconstant geodesic loop and the length of a nonconstant closed
geodesic can be extended to the case of a monreversible Finsler metric by in-
troducing the notion of reversibility A := sup{F(-X) | F(X) = 1} > 1. We
will derive from a length estimate (Proposition 9.9) and from Theorem 9.10 the
following Sphere Theorem for nonreversible Finsler metrics:

THEOREM 9.11. A simply connected and compact Finsler manifold of dimension
n >3 with reversibility A and with flag curvature K satisfying (1 — 1_%\)2 <K<1
is homotopy equivalent to the n-sphere.

A proof appears in [Rademacher 2004]. In this article we will present this result
in detail, adopt a slightly different approach at places. The examples due to
A. Katok of nonreversible Finsler metrics on S? with only two geometrically
distinct closed geodesics are of great importance in the theory of closed geodesic
as a test case for several statements [Rademacher 1992, §5.3]. It was pointed
out in [Rademacher 2004, Chapter 5] that the Finsler metric of Katok’s example
on S? coincides with the Finsler metric of constant flag curvature constructed
in [Shen 2002]. These examples show that the length estimate for a shortest
geodesic given in Theorem 9.10 is sharp. Using the Legendre transformation, we
see that Katok’s examples describe Finsler metrics of Randers type.

It remains an open problem whether one can improve the Sphere Theorem
in the nonreversible case by choosing the lower curvature bound i as in the
reversible case.

2. Conventions

We consider metric structures on a differentiable manifold M = M™ of di-
mension n. If not otherwise stated, differentiable means C'°°-differentiable. The
tangent bundle of M is denoted by TM, with projection 7 : TM — M, and
T, M = 77 Y(z) for x € M. We denote by VM the vector space of smooth vector
fields on M, that is, the space T'(T'M) of smooth sections of the tangent bundle.
The zero section T°M of T'M is the union of the zero vectors 0, € T, M; it can
be identified with M. The cotangent bundle of M is denoted by T M.
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If (z1,...,2") are coordinates on M, the coordinate vector fields (91,...,,)
defined by 9;(x) = (8/0z%)(x) form a basis for the tangent space T, M. For
this set of coordinates, the tangent bundle can be given canonical coordinates by
associating (z,y) = (z',...,2",y',...,y") to the tangent vector Y i, y'd;(z) €
T, M. A vector field V can be written as V(z) = .1, v (2)9;(x).

The real vector space of differentiable functions f : M — R is denoted by

FM = C*>®(M). A multilinear map

A: VM x---xVM — FM
—_————
k

is called a (0, k)-tensor field on M if it is linear in each argument with respect to
the vector space FM. A multilinear map A : VM x --- x VM +— VM is called a
(1, k)-tensor field on M if it satisfies the same condition. A (0, k)-tensor field A
on M is symmetric if for any x € M the induced k-linear map A, : T, M X ... x
T, M — R is symmetric, that is, satisfies A, (X, (1), ..., Xo@)) = Ax(X1, ..., Xi)
for all Xy,..., Xy € T, M and all permutations o € &. Symmetric (1, k)-tensor
fields are defined similarly.

Let X be a vector field on M and let f € FM. Forp € M and v : (—e,e) —» M
a smooth curve with v(0) = p and 7/(0) = X(p), the quantity (d/dt)|i=of(y(t))
does not depend on the choice of . As p varies, this defines a new function on
M, called the Lie derivative of f in the direction of X, and written X f or X (f).
We also write df (p) X for X f(p).

The projection 7 : TM — M induces by differentiation the double tangent
bundle 1. : TTM — TM; for any X € T, M, the space Tx (T M) is called the
double tangent space at X € T'M and has dimension 2n, where n is the dimension
of M. The tangent vectors Y’'(0) of vertical curves Y : (—e,e) — Tp,M C
TM with Y(0) = X span a distinguished n-dimensional subspace of T'x (T M),
called the vertical tangent space and denoted by T%(T'M) = Tx (T, M). Hence
TY(TM) = ker(dr : Tx(TM) — T,M). Together the vertical subspaces form
the vertical subbundle T"TM C TTM.

Given a tangent vector Y € T, M, we define a map Y : T, M — T(T, M) =
T, M x T, M by setting Y(X) = (X,Y). Then from any vector field on M we
obtain an associated vertical vector field on T'M (that is, a section of TVTM):
its value at X € T, M is Y (X), where Y is the value at z of the given vector
field on M. All of this is independent of coordinates.

If Y is a vector field on M with associated vertical vector field ¥ on TM, the
Lie derivative of a function F' : U C TM — R with respect to Y is given by

VF(V) = (d/dt)|e—oF(V+1Y).

In terms of a set of canonical coordinates (x,y) = (x',...,2" y!,...,y") on
TM, we have 8/0z'F = §/0y'F for F equal to each coordinate function; hence

0/0xt = 0/0y".
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3. Finsler Metrics

DEFINITION 3.1. A Finsler manifold (M, F) is a differentiable manifold M
equipped with a Finsler metric F'. A Finsler metric on M is a continuous map,
F : TM — R differentiable outside the zero section T°M and satisfying three
conditions:

(1) Fis positively homogeneous, that is, F'(uX) = pF(X) for all positive p € R
and all tangent vectors X € T M.

(2) If F(X) =0 then X =0.

(3) The Legendre condition or strong convezity condition: for any nonzero V €
T, M, the symmetric bilinear form gy : T, M x T, M — R given by

e 1 02
XY)=(X,V)y = XVF*(V)=-——|  F}V+sX+tY
is positive definite.
REMARK 3.2. (a) In terms of a set of canonical coordinates (z,y) = (z!,..., 2",

y',...,y") on TM, and setting

(2,9) ( g 0 ) 1 9%F? (1)
9ij\ T, Y 9(x,y) 85817 Oz 9 Bylayﬂ s Y),
the Legendre condition states that the symmetric matrix (gij(x,y))l <ij<n is

positive definite whenever y # 0.

(b) Since F'(uX) = pF(X) for all p > 0, we have

(V,V)y = L& FXV +tV) = 1 (1+t)2F2(V) = F3(V)
2d2|,_, 2dt2|,_,
In coordinates,
L j 9? 2 2
VY gt @) = Foxy).

(¢) Euler’s Theorem states that for a positively homogeneous function f : V' — R
of order k on a vector space V (meaning that f(uX) = p*f(X) for X € V and
u > 0), the radial derivative coincides up to the factor k with f itself:

> 5 f6) = k().

i=1
See [Bao et al. 2000, Theorem 1.2.1].

DEFINITION 3.3. The Legendre transformation on a Finsler manifold (M, F) is
the map Lp : TM — T*M defined by

Lr(V)W) = gv(V,W).

One can view L (V) as the 1-form dual to V' with respect to the metric gy.
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LEMMA 3.4. If F is a Finsler metric, F(X +Y) < F(X) + F(Y) for all
X, Y € T, M. Equality holds only if Y = uX for some pu > 0.

This implies that (X,Y)y < F(X)F(Y) for all X,Y € T, M, with equality if
and only if Y = puX for some p > 0 [Shen 2001a, §1.2; Bao et al. 2000, p. 10].

LEMMA 3.5 [Bao et al. 2000, Proposition 14.8.1; Shen 2001a, Lemma 1.2.4]. Let
V,W € T, M be nonzero. If (X,V)y = (X, W)w forall X € T,M, then V =W.

Consequently, the Legendre transformation is an isomorphism.

A Riemannian metric g on a manifold M is symmetric (2,0)-tensor field
g: VM x VM — FM such that for every x € M the bilinear map g, : T, M X
T.M — R is positive definite. The associated Finsler metric is defined by
F(X) = y/g(X, X); forming the metric gy for any nonzero V we obtain g for
every nonzero V.

EXAMPLE 3.6 (RANDERS METRICS). Suppose given a Riemannian metric o and
a differential 1-form (. There is a vector field ¢ satisfying 5(X) = a(X, () for

all X; we say ( is dual to 8 with respect to a. Define ||5] := ||C]| = v/ «((, ). If
18]l < 1 everywhere,

F(X) = /a(X, X) + B(X) = \/a(X, X) + a(X, ()

defines a Finsler metric. This type of Finsler metric is called a Randers metric.
Since X # 0 implies || X|| = /a(X, X) > 0, we have

P = X0 (1+ (€)= 1X0 @ = el >

showing that F satisfies condition (2) of Definition 3.1. Condition (1) is obvious.
For the proof of (3) we refer to [Bao et al. 2000, Chapter 11].

A Randers metric F'(X) = /a(X, X) + a(X, () is only positively homogeneous.
If a(X,() # 0 then F(—X) # F(X). This motivates the following notion:

DEFINITION 3.7. On a Finsler manifold (M, F') the reversibility function A :
M — R7 is defined by

AMz) :==sup {F(-X) | X € T,M, F(X)=1}.

The number A = A(M, F) = sup {\(z) | z € M} is called the reversibility of the
Finsler manifold (M, F), if it exists — for example, if M is compact.

One has to show that the function X is continuous, which is done using a standard
argument: The subspace T'M = {X € T, M | F(X) = 1} is called the unit
sphere or indicatriz at the point x. It is a compact space diffeomorphic to
the sphere S"~1. The subspaces T2 M, z € M, form a sphere bundle over M.
The function X € T} M — F(—X) € R is continuous, therefore the supremum
is actually the maximum of this function. The sphere bundle T'M — M is
locally trivial, that is, for small open sets U C M the restriction T'U — U can
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be identified via a fiber-preserving diffeomorphism with the canonical projection

U x S™~! — U on the first factor. The function T'U 2 U x S~ 1 — F(-X) € R

is continuous. A proof by contradiction, using the sequential compactness of

S7~1 then shows that the reversibility function A : M — R is continuous. If M

is compact, the function is bounded and the supremum is actually a maximum.
Since F' is positively homogeneous we could also write

We call a Finsler metric reversible if F(—X) = F(X) for all X € TM. Then
obviously A = 1. If there is a tangent vector X such that F/(—X) # F(X) then

F(-X) F(X)
)\>max{ 7(X) ’F(X)}>1'

F(=X)
A(z) zmax{ FX)

Hence a Finsler metric is reversible if and only if A = 1. In this case the indicatriz
TZ}M is symmetric with respect to reflection X — —X. Sometimes a reversible
metric is also called symmetric, but this terminology conflicts with other notions
such as symmetric quadratic forms and symmetric spaces.

For an arbitrary Finsler metric on a compact manifold M we obtain

MIF(X) < F(=X) < MF(X).

If v+ [0,
fl F(v'(t))dt. We also introduce v~ : [0,1] — M, the curve v run in reverse:
y~1(t) = (1 — t). The lengths of v and y~! satisfy

1] — M is a smooth curve on M, we define the length of v as L(vy) =

SLO) < L) < ML) (3-1)

EXAMPLE 3.8. Let F(X) = y/a(X,X) + a(X, () be a Randers metric, with
vector field . For fixed x € M, we will find A(x) by looking at the quotient
F(—X)/F(X) on the unit ball {X € T,M | a(X,X) =1} of a:

F(=X) _ 1-a(X,((x))

X = .
T FX) T T a(X (@)
This quotient attains its maximum for X = —((x)/||¢(x)]|, and we obtain
L+ K@)
Az) =
1= [¢@)II
For a nonzero tangent vector V € T, M, we define on T, M the trilinear form

<X17X2; X3>V =

1

1

1 93 >
= FAV 4+ s X, .

4 051082083 | (s1,82,53)=(0,0,0) ( Z )

i=1

X1 X X3F*(V)

For a given everywhere nonzero vector field V' defined on an open subset U C M,
we obtain a symmetric (0, 3)-tensor, called the Cartan tensor; its coefficients are
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usually denoted Cjji, (that is, the functions C; ;1 at V' € T, M express the trilinear
form (, , )y in a given system of canonical coordinates).

The Cartan tensor vanishes if and only if the Finsler metric comes from a
Riemannian metric g (meaning that F2(X) = g(X, X)). Euler’s theorem implies
that

VX,V = (X,V,Y )y = (X, V)y =0 (3-2)

for all vector fields X,Y.

A distance function on a differentiable manifold M is a smooth function 6 :
M x M — [0,00) such that 6(p,q) = 0 if and only if p = ¢, and such that the
triangle inequality is satisfied:

0(p,q) < O(p,7) +0(r,q) forall p,q,r € M.

Given a connected Finsler manifold (M, F), the induced distance 6 : M x M — R
is defined by

0(p,q) :=inf {L(c) | ¢: [0,1] — M piecewise smooth, ¢(0) = p, ¢(1) = ¢}.

(Piecewise smooth means that ¢ is continuous and there is a finite partition of the
interval [0, 1] such the restriction of ¢ to each closed subinterval is smooth.) It is
easy to check that 6 is a distance function. If the Finsler metric is nonreversible,
the induced metric is not symmetric: there are points p, ¢ with 8(p, q) # 6(q, p).

LEMMA 3.9. The induced distance of a Finsler manifold (M, F') with reversibility
A > 1 satisfies

%0(177 q) < 6(g,p) < M(p,q) (3-3)

PRrROOF. For every k € N, let 74 : [0,1] — M be a piecewise smooth curve with
p = v(0), ¢ = (1) and L(yk) < 0(p,q) + 1/k. Then (3-1) gives L(v;l) <
M(p,q) + A/k for all k. Thus (g, p) < L(vi) < A(0(p, q) + 1/k) for all k. O

Given a Finsler manifold (M, F), the symmetrized distance d : M x M — R is
defined by d(p,q) = 5(0(p.q) + 6(q,p)). The distance functions 6 and d of a
Finsler manifold coincide if and only if the Finsler metric is reversible.

For U an open subset of a manifold M, recall that VU is the space of smooth
vector fields on U, and let VU™ C VU be the subset of nowhere vanishing vector
fields. For the next theorem we recall the definition of an affine connection: a
map VV: (X,Y) € VU x VU +— VXY € VU, linear in Y and satisfying

VX(fY)=fVXY +X(f)Y and VixY = fVxY forall f € FU, X,Y € VU.

THEOREM 3.10. Let (M, F) be a Finsler manifold and U C X an open subset.
There is a map

V:(V,X,Y)eVUT x VU x VU — V{Y € VU

with the following properties:
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(a) for every V.€ YUY, the map VV : (X,Y) € VU x VU — VY € VU is an
affine connection.
(b) VV is torsionfree, that is,

VY —VVX = [X,Y] foralX,Y € VU. (3-4)
(c) VY is almost metric, that is,
XY, 2)v) = (VXY, Z)v + (Y, VX2Z)v + 2(VXV,Y, Z)v.  (3-5)
Moreover we have
2(VYY, Z)v = X (Y, Z2)v) + Y ({2, X)v) = Z({X,Y)v)
+ <[Xa YLZ>V - <[K Z]7X>V + <[Z7X]7Y>V
—2(VXVY, Z)y = 2(VyV,Z, X)v +2(V3V,X,Y)y (3-6)

for all vector fields X, Y, Z € VU, and this equation, called the generalized Koszul
formula, uniquely determines V.

SKETCH OF PROOF. From the requirements (3-4) and (3-5) we obtain, through
straightforward calculations, the generalized Koszul formula (3-6). Equations
(3-5), (3-6) and (3-2) then imply that

(VUV, Z)yy =2V((V, Z)v) = Z((V.V)v) + 2([Z,V],V),,

and

2(VXV. Z)y = X (V. Z)v) +V((Z, X)v) — Z((X,V)v)
(X, V], 2), — (V. 2), X)), +{[Z,X],V), —2(VyV, Z, X)y. (3-7)

Thus the right-hand side of (3-6) can be expanded into an expression devoid of
any reference to V, showing that V%Y is uniquely determined. Then one has
to check that the VY thus defined is in fact an affine connection, torsionfree and
almost metric. |

REMARK 3.11. (a) In the Riemannian case the connection VY = V is indepen-
dent of V' € VU, it is metric, meaning that X((Y, Z)) =(VxY,Z)+ (Y, VxZ),
and it is determined by the Koszul formula:

V is called the Levi-Civita connection or canonical connection.

(b) We point out the correspondence between the development adopted above
(which one can find in [Matthias 1980, Chapter 2]) and the description given in
[Bao et al. 2000, Chapter 2] and [Shen 2001a, §5.2]. In canonical coordinates
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(z,y) = (2t,..., 2"y, ..., y") of the tangent bundle TU of an open set U C M,

we obtain the functions
0 0 1 02 9
gij + (x,y) € TU v gij(x,y) = g(zay)(@a @) = §WF (z,y).

The coefficients C; i = Cijx(z,y) of the Cartan tensor are

10, o 9 0
Carlrad) = 4y ¥ (00) = <% D’ W>'

We also define g% (x, y) as the coefficients of the inverse matrix of g;;(z,y). Then
one can define formal Christoffel symbols 7§k :TU — R:

i i 991 9y, dg
Yiele,w) = 30" 9) (B2 () — T () + 2 ().

We can raise and lower indices by contracting with the coefficients g% and Jijs
for example, C;k = ¢'C};. Here we use the Einstein summation convention.
Then we define the quantities

N! = Ni(z,y) = vip(z,9)y* — Chp(z, vk v
It turns out that the coefficients of the Chern connection are
F;’k(xv y) = 7;% - gli (CijTNIZ - CjkTNir + Cki7‘N;)7

(see [Bao et al. 2000, (2.4.9)]), the Chern connection is given by

0 0
Va/qu%(x,y) = Pfj(iﬁ»y)@,

and one shows that
N/ (z,y) = Ty, 9)y".

The Chern connection is torsionfree, which implies that Ffj = F;k It is also
almost metric, which implies (see [Shen 2001a, (5.22), (5.29)])

dy; |
%(% Y) = gral, + gi; T, + 20N

= gkl]f‘;-m + gkjl“fm + QCjleﬁwyr.
In particular:

LEMMA 3.12. For two wvector fields V,W € VU and a point p € U with
V(p) = W(p) and for arbitrary vector fields X, Y € VU we have:

VY (p) = VXY (p).
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Using the connection VY we introduce the covariant derivative VV/dt along a
curve c: [a,b] — M. For a vector field X along the curve ¢ with tangent vector
field ¢’ define (VV/dt) X (t) = VY X (t), where on the right-hand side one has to
take extensions of the vector fields V, X, ¢’ onto an open subset containing the
curve. This expression is independent of the chosen extensions. If the vector
fields V, ¢’ coincide, we also write simply (VV/dt) X = (V/dt) X.
For a differentiable map H : [0,1] x [0,1] — M and a vector field X (s,t) along

F (meaning that X (s,t) € Ty s M), we define (VV/0t) X (t) as a vector field
along the curve t — H(sy,t) for a fixed s; and (VV/9s) X (t) as a vector field
along the curve s — H(s,t1) for a fixed ¢;. Then we obtain the following rule
for exchanging the order of differentiation:

VVoH VVOH

ot s 0s Ot

This rule follows since the connection VVis torsionfree.

4. First Variation of the Energy Functional

In the Morse-theoretic proof of the Sphere Theorem we use the energy func-
tional F on a suitable space of curves as the Morse function. For a smooth curve
c:[0,1] — M, the energy is defined as

E(c) = %/0 F2( (1)) dt.

For a variation ¢, in the first variation formula one studies the first derivative
(d/ds)|s=0E(cs):

LEMMA 4.1 (FIRST VARIATIONAL FORMULA). Ifcs : [a,b] — M, for s € (—¢,¢),
is a smooth variation of the curve ¢ = co with variation vector field V(t) =
(0/0s)|s=0cs(t), then

b

d \V
5| ) = €OV~ @V @)y = [ (V) a @)
PROOF.
18// 7VC/S// vc,S///> 7< 863 I>
28S<Csacs>cg _< 88 CS7CS>C’S +< 85 Csvcmcs C'S - (V/@t) 68 7Cs C'S
—_————
=0
0 /0, Ocs ,> <VS , Ocs ,>
9 <35 C> <35 (V/ot)e,) 9s 85/

Hence we conclude that

d b// _ ,
[ an=vo.c),

ds

a

—/b<V(t),(V/dt)c’>C, i O
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COROLLARY 4.2. Ifc:[0,1] — M is a piecewise smooth curve such that no
other piecewise smooth curve joining p = ¢(0) and ¢ = ¢(1) is shorter, then c is
a geodesic, that is, ¢ is smooth and (V/dt)c’ = 0.

PROOF. Let ¢ be smooth when restricted to each subinterval [t;,t;41] of a
partition 0 = tp < #; < --- <ty = 1 of [0,1]. We first want to prove that these
restrictions are geodesics, so that c is a broken geodesic (also known as a geodesic
polygon). If (V/dt)c/(s) # 0 for some s € (tj,tj41), we choose a vector field V(¢)
along the image of ¢ as follows:

V(t) = 9(0) 5 (1),

where ¢ : [0,1] — [0,1] is a smooth function with ¢(s) = 1 and ¢(t) = 0 for
t ¢ (tj,tj+1). Then we take a smooth variation ¢, : [0,1] — M of the piecewise
smooth curve ¢ with variation vector field V(t) = (9/0s)|s=ocs(t). (Saying that
the family ¢, is a smooth variation of c is saying that, for each j =0,...,k — 1,
the restrictions c|[t;,t;41] form a smooth variation of ¢|[t;,t;41].) Then the
first variation formula (Lemma 4.1) gives

L= [ (Gev)a= [ o5

Since ¢(t) >0 for all t and ¢(s)=1, the right-hand side is positive, a contradiction.
Hence no such s exists, and c is a broken geodesic.

Now fix [ € {1,2,...,k—1} and choose any tangent vector Vo € T ;)M and a
variation vector field V' = V (t) along the broken geodesic ¢ such that V' (¢;) = Vj
and V(t;) =0 for j # I. Again, Lemma 4.1 shows that

d
0= —

2
dt.
ds

0:%

 Bles) = (B Vo) gy = () Vo) s

for all Vo € T, M. (Here, as usual, ¢/(t*) = lim.g, >0/ (t £ €).) We con-
clude that ¢/(t;7) = ¢/(¢; ), since the Legendre transformation is an isomorphism
(Lemma 3.5). Hence c¢ is a smooth curve. O

A vector field V' € VU is called a geodesic vector field if VY,V = 0, which says
that the flow lines of V' are geodesics of the Finsler metric. These lines can also
be seen as geodesics of an associated Riemannian metric:

LEMMA 4.3. Let V be a nowhere vanishing geodesic field defined on an open
subset U C M. Denote by V the Levi-Civita connection of the Riemannian
manifold (U, gv). Then

VYV =VxV

for all vector fields X; in particular, the vector field V is also geodesic for the
Riemannian manifold (U, gy).
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PROOF. V is uniquely determined by the Koszul formula (see (3-8), with ¥
playing the role of V). Since V“fV = 0 we conclude from Equation 3-7 that

(VxV,Z)y =(VXV,Z)y (4-2)
for all vector fields X,Y. O
We obtain a similar statement if we restrict to vector fields along a given geodesic:

LEMMA 4.4. Let ¢:[0,1] — M be a non-self-intersecting geodesic of the Finsler
manifold (M, F), and V € VU™ an extension of the velocity vector field ¢ onto
an open neighborhood U of ¢([0,1]). We call the Riemannian manifold (U, gv)
an osculating Riemannian manifold, denote its Levi-Civita connection by ¥V and
the covariant derivative along ¢ by (V/dt). Then c is also a geodesic of the
osculating Riemannian metric gy and

\Y% \Y%
—X(t)=—=X(t
Xt =2 X(t)
for any vector field X along c.
PROOF. As in the proof of Lemma 4.3 we show that (4-2) holds along the given
geodesic:
(VxV, Z)v(e(t)) = (VXV, Z)v(e(®)).

Then
(VV/dt)u X (t) = VL X () = V() + ¢, X]

=Vxd +[d,X]=VVX(t)=(V/dt)X(t).
For X = ¢ it follows that ¢ is also a geodesic of the osculating Riemannian
metric. 0

5. Flag curvature, Jacobi Fields and Conjugate Points

For a Riemannian manifold (M, g) with Levi-Civita connection V, the Rie-
mann curvature tensor is a (1,3)-tensor defined by

R(X,Y)Z =VxVyZ —VyVxZ -V xyZ, forX,Y,ZeVM.
It is determined by the Jacobi operators or directional curvature operators RX,
X e T, M, given by

Y € T,M +— RX(Y) := R(Y,X)X.

The sectional curvature K(o) = K(X,Y) of a plane o C T, M spanned by the
tangent vectors XY is defined by
B <R(X, Y)Y,X> B <RX(Y),Y>
CXPYPR - (XY)? O XPYR - (X,Y)?

The Finsler geometry counterparts of these entities can be introduced by

K(X,Y)

considering the osculating Riemannian metric. In the next statement we make
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use of the notion of a geodesic variation of a geodesic ¢; this is simply a variation
¢s of ¢ such that each curve ¢ : [0,1] — M is geodesic.

PROPOSITION 5.1. (a) [Shen 2001b, Lemma 8.1.1] For every nonzero tangent
vector X € T, M on a Finsler manifold M with geodesic ¢ = cx : [0,1] — M
and cx(0) = X, the map R* : T,M — T, M given by

X Ve
RX(Y(0) = ——> Y (0),
where Y (t) = (0/0s)|s=0 cs(t) is the variation vector field of a geodesic vari-
ation of ¢, is well-defined and linear. It is called the Riemann curvature
(operator) of the Finsler manifold.

(b) [Shen 2001b, Proposition 8.4.1] For every nonzero tangent vector X € T, M
with a nonzero geodesic vector field V' extending X € T, M in an open neigh-
borhood U of x, the Riemann curvature operator RX of the Finsler manifold
coincides with the Jacobi operator RX of the osculating Riemannian metric
g =g defined on U.

We can now introduce the Finsler counterpart of the sectional curvature. In
contrast with the Riemannian case, the notion depends not only on the choice
of a two-dimensional tangent plane but also on a direction in this plane.

DEFINITION 5.2. For a Finsler manifold (M, F') and a flag (X, o) consisting of a
nonzero tangent vector X € T, M and a plane o C T, M spanned by the tangent
vectors X, Y, the flag curvature is defined as

K(X;0)=K(X;Y) = ()Y )y

’ ’ (XEYIE - (X%

The notation 6 < K < 1, where ¢ € (0,1), will be used often; it is a shorthand
for the condition § < K(X;0) < 1 for all flags (X;0) in the tangent bundle.
Given a nonzero vector field V on a Finsler manifold (M, F') with connection V"
(see Theorem 3.10), one can consider the curvature tensor RV defined by

RY(X,Y)Z =VYXVyZ —-VyVYZ =V y 2.

If the vector field V is geodesic, it follows from the definition of the Riemannian
curvature that

RY(Y) = RV(Y,V)V = =VyVyV — Vi V.

As in the Riemannian case, the flag curvature geometrically controls the infini-
tesimal behavior of geodesics, as described by the Jacobi fields along a geodesic:

DEFINITION 5.3. On a Finsler manifold (M, F') we call a vector field Y = Y (¥)
along a geodesic ¢ : [0,1] — M a Jacobi field if it satisfies the differential equation
v2

Y () + RY(Y) =0.
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It follows from Proposition 5.1 that the Jacobi fields of an osculating Riemannian
metric (U, gy) along the geodesic coincide with the Jacobi fields of the Finsler
metric along c¢. Therefore the following well-known facts of Riemannian geom-
etry (see [Klingenberg 1995, 1.12], for example) carry over to the Finsler case
immediately:

LEMMA 5.4. Let (M, F) be a Finsler manifold and ¢ : [0,1] = M a geodesic.

(a) For any Yo,Y1 € Too)M, there is a uniquely determined Jacobi field Y along
¢ with initial conditions Y (0) =Yy and (V/dt)Y (0) = Y3.

(b) If, in addition, (Yo,c'(0))er0) = 0 = (Y1, (0))er 0y, the Jacobi field Y thus
defined satisfies <Y(t),c’(t)>c,(t) =0 for all t € [0,1].

The Jacobi equation of Definition 5.3 is the linearization of the geodesic equation:
LEMMA 5.5. Let (M, F) be a Finsler manifold.

(a) The wariation vector field V(t) = (0/0s)|s=0cs(t) of a geodesic variation
¢s 2 [0,1] = M on M is a Jacobi field.

(b) For every Jacobi field Y =Y (t) along the geodesic ¢ : [0,1] — M there is a
geodesic variation ¢ : [0, 1] — M whose variation vector field coincides with Y.

The proof from the Riemannian case carries over; see [Klingenberg 1995, 1.12.4].

DEFINITION 5.6. Let (M, F') be a Finsler manifold and X a unit tangent vector
in TM. Let the geodesic parametrized by arc length with initial direction X be
defined (at least) in the closed interval [0,a], and denote it by ¢ : [0,a] — M,
so that ¢/(0) = X. Suppose that for some s € (0,a) there is a nontrivial Jacobi
field Y = Y (¢) along ¢ that vanishes for t = 0 and ¢ = s. (Nontrivial means that
(V/dt)Y (0) # 0.) Then the point ¢(s) is called conjugate to p = ¢(0) along c.
Moreover, Y can be chosen so that (Y, ¢') = 0, and the set of all Y satisfying
all these conditions is a vector space whose dimension is called the multiplicity
of the conjugate point ¢(s). We define conjy € (0,00] as the smallest positive
number r such that ¢(r) is conjugate to p along ¢. The point ¢(r) is called the first
conjugate point to p along c. The conjugate locus is the set of all first conjugate
points to p. The conjugate radius conj,, of a point p € M is the infimum of the
set {conjy | X € T,M, F(X) =1}.

The conjugate locus of p consists of critical points of the exponential map (see
Section 8). The function X € Ty M — conjy € RT U {co} is continuous. We
denote by conj := inf{conj, | p € M} the conjugate radius of M. If M is
compact this is a positive real number or oco.

REMARK 5.7. In the case of constant flag curvature one can describe Jacobi fields
explicitly. Let ¢ : R — M be a geodesic parametrized by arc length on a Finsler
manifold (M, F) and assume that the flag curvature along ¢ is a constant §,
meaning that K(c'(t); V) = ¢ for every t and every V & T, M forming a flag
with ¢/(¢). One can choose an orthonormal basis (e, es,...,e,) of the tangent
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space Tog)M with respect to the metric (-,-)» with e, = ¢/(0). Using parallel
transport defined by the covariant derivative V/dt along ¢ we obtain a frame
(e1(t),ea(t),...,en(t)) along ¢ = ¢(t) orthonormal with respect to (-, ). and
satisfying eq (t) = ¢/(¢) for all t € R. Then with Y (¢) = >_""_, y;(t)e;(t) the Jacobi
equation for a Jacobi field orthogonal to ¢’ (with respect to (-,-).) decouples
because of the identities

V2 -
@Y(t) = Z Yy (t)ei(t)
=2

and
RE(Y, ¢ (t) = Z yi(R” (e:)se).€i(t) = Z%K(el; e;)ei(t) = 5Zyi€i(t)
ij=2 i=2 =2

into n—1 ordinary differential equations
yl () + 6y (t) =0, i=2,...,n.
The solutions y” + dy = 0, y(0) =0, ¥’ (0) =1 are

1/v/6sin(Vot) if § >0,
ys(t) = ¢ ¢ if6=0,
1/v/=dsinh(v/—0t) if § <O.

Hence in the case of constant flag curvature K(c(t)) = § along a geodesic ¢, we
obtain for conj, o) the value 7/V6if § > 0, and oo if § < 0.

6. Second Variation of the Energy Functional

The first variational formula shows that geodesics can be seen as critical points
of the energy functional. Therefore it is natural to study the second-order behav-
ior of the energy functional at a geodesic. This leads to the second variational
formula.

For a piecewise smooth curve ¢ : [0,1] — M denote by W, the set of piecewise
smooth vector fields along ¢. The index form of a geodesic ¢ : [0,1] — M is the
symmetric bilinear form I. : W, x W, — R defined by

L(X,Y) = /O 1 <<%X, %Y>C/(t) — (R (X), ) (t)) dt.

LEMMA 6.1 [Shen 2001a, §10.2; Shen 2001b, §8.5]. Let ¢s : [0,1] — M, for s €
(—e,€), be a variation of the geodesic ¢ = co with fized end points c5(0) = ¢(0),
es(1) = ¢(1); or let cs : St — M be a variation of the closed geodesic ¢ = cy by
closed curves. Let the variation vector field be V(t) = (0cs/0s)|s=o0cs(t). Then

d2

@ SZOE(CS) = IC(‘/, V)
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For a geodesic ¢ : [0,1] — M on a Finsler manifold (M, F') with an osculating
Riemannian metric § = gy defined in a neighborhood of ¢([0,1]), the index
forms I, I, with respect to the Finsler metric and with respect to the osculating
Riemannian metric coincide.

We introduce some subspaces of the space W, of vector fields along ¢ defined
at the beginning of this section. W? denotes the subspace consisting of vector
fields that vanish at the end points. If ¢ is a closed geodesic, also known as a
periodic geodesic (that is, ¢(0) = ¢(1) and ¢/(0) = ¢/(1)), we denote by W} the
subspace of W, consisting of periodic vector fields (X (0) = X(1)). Note that a
closed geodesic can be though of as having domain S! = [0,1]/{0,1}.

Using Lemma 6.1 we obtain:

COROLLARY 6.2. (a) For points p,q € M let ¢ : [0,1] — M be a geodesic joining
p = c(0) and q¢ = c¢(1). The restriction of the index form of c to W2 is denoted
by I0. Ifcs : [0,1] — M, s € (—¢,¢€), is a piecewise smooth variation of ¢ with
variation vector field Y € W2 and with fized end points p = c5(0), ¢ = cs(1),
we have

d2
ds?

(b) Let c:S' — M be a closed geodesic and denote the restriction of the index
form I. to W} by IL. Ifcs: St — M, s € (—¢,€) is a variation of ¢ by closed
curves with variation vector field Y, we have

d2
ds?

We now define important invariants of geodesics and closed geodesics.

_OE(CS) =1°(Y,Y).

_Ble) = LY.Y).

DEFINITION 6.3. (a) The indez ind ¢ of a geodesic ¢ : [0,1] — M joining points
p and ¢ of a Finsler manifold is by definition the same as the index ind W2 of
the quadratic form

W2 xw! —R,
that is, the maximal dimension of a subspace on which I? is negative definite.
The nullity nul ¢ is the maximal dimension of a subspace W’ C W2 such that
I9(X,Y)=0forall X € W and Y € W).

(b) The A-index ind, ¢ of a closed geodesic ¢ : S* — M on a Finsler manifold
is the maximal dimension of a subspace on which the index form

I wlxw! -R

is negative definite. The A-nullity nul ¢ is the maximal dimension of a subspace
W' C W} such that I}(X,Y) =0 forall X € W” and Y € W}.

As in the Riemannian case, one can show that these numbers are finite:

LEMMA 6.4. The index ind ¢ and the nullity nulc of a geodesic ¢ are finite. So
are the A-index indp ¢ and the A-nullity nul ¢ of a closed geodesic c.
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PrOOF. Let ¢ : [0,1] — M be a geodesic. Choose a partition 0 = tg < t; <
.-+ < tr = 1 of the unit interval such that there is no pair of conjugate points
in [t;,t;1+1]. Define the following subspaces of the vector space W2 of piecewise
smooth vector fields along ¢ vanishing at the endpoints:

J:={X € W2 | X|[ts,ti41] is a Jacobi field for i =0,...,k—1},
H={XeW?|Xt)=0fori=1,...,k—1},
WCJ- ={Xe WCO | (X,c)e = 0 and X|[t;, t;11] is smooth for i =0, ..., k—1}.

Then, for X,Y € Wi,

I(X,Y) = /01<<ZX YY>C, — (R (X, c’)c',Y>c,> dt

dt” dt
! v? / AW
:_/O <@X—|—R (X’C)C’Y>C,dt
k—1
v \Y
—X.*——X.*Yi>. -1
# 3 (X ) = SXED.Y(®) - (6

i—1

<

It follows that J and H N W are orthogonal with respect to I., that is,
I.(X,Y) = 0 forall X € J and Y € HNW,}. Therefore we can conclude
that W0 is the direct orthogonal sum J @& (H N W) with the following argu-
ment: For every X; € T, )M and X;11 € Ty, )M there is a unique Jacobi
field Y along c|[t;, t;y1] with Y(¢;) = X; and Y (¢t;41) = Xiy1, since ¢|[t;, tit1]
is by assumption free of pairs of conjugate points. On the other hand, the in-
dex form I? is positive definite on H since there is no conjugate point c(t*),
t* € (ti,ti+1), to the point ¢(t;) along c|[t;, t*]. This shows that the indices and
nullities match:

inde = ind I = ind(I°|J), nulc = nulI? = nul(I°%].J). (6-2)

Since J is finite-dimensional these invariants are finite. An analogous proof shows
that the A-index and A-nullity of a closed geodesic are also finite. O

We call a geodesic ¢ nondegenerate if nulc = 0. This implies that the point
q = ¢(1) is not conjugate to p = ¢(0) along c.

We call a closed geodesic ¢ : S' — M nondegenerate if nuly ¢ = 1. Since in
this case I1(¢/, ¢’) = 0, the nullity is at least 1. (That’s why some other authors
define the nullity of a closed geodesic as nuly ¢—1.) A Finsler metric all of whose
closed geodesics are nondegenerate is called bumpy.

7. Results from Topology

Using the energy functional on the space §2,, M of curves on a Finsler manifold
M joining two fixed points p, ¢ € M, we obtain a CW-decomposition of the space
QpgM. The Morse indices of the geodesics in 2, are related to the dimensions
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of the cells of the CW-decomposition. In this chapter we review results from the
topology of CW-complexes and the relation between the topology of 1,4 M and
that of M. As general references we cite [Milnor 1969; Bredon 1995; Spanier
1966].

DEFINITION 7.1. Let A, X be topological spaces with A C X. We say that X is
obtained from A by adjoining k-cells e?, j € Jg, if the following conditions hold:

(a) For every j € Ji the set e? is a closed subset of X.

(b) Let éf = e? N A. Then for all i,j € J; with i # j the subsets ef — é¢¥ and
ef — é? are disjoint.

(¢) The topology of X = AU UjeJk e;? is the weak topology with respect to the
component subsets A and ef, for j € Jg. (This means that U C X is open if
and only if U N A is open in A and U N e? is open in e? for each j.)

(d) For every j € Jj, there is a continuous map

63 (D, 8471 — (eh éb)

7777

with ¢;(D¥) = €f such that the restriction ¢; : D¥ — SF~1 — el —éM is
k

a homeomorphism, and such that a subset U C ej is open if and only if

Uun é? C é? and cbj_l(U) C D* are open subsets.
For k£ = 0 the space X is the disjoint union of the space A and a discrete space.

DEFINITION 7.2. A (relative) CW-complex (X, A) consists of a topological space
X, a closed subspace A C X, and a sequence of closed subspaces (X, A)* C X,
k > 0 (where (X, A)¥ is called the k-skeleton) with X = AU [J;~0(X, A)* such
that the following conditions hold: -

(a) (X, A)? is obtained form A by adjoining O-cells and for every k > 1 the space
(X, A)* is obtained from (X, A)*~! by adjoining k-cells.
(b) The topology of X is the weak topology of the union AU [J, (X, A)F.

Hence it is possible to build up a CW-complex recursively. Start with the topo-
logical space (X, A)~! := A, and recursively assume that (X, A)*~! has been
defined. Given continuous maps ¢; : S¥~1 — (X, A)F~1 j € J;, (called at-
taching maps), we form the subset (X, A)* as follows: Let é¥ = ¢;(S*~!) and
el := DF Uy, é¥, meaning that e
of D¥ and €% with the equivalence relation identifying each x € S*~! with
oi(x) € éé‘?. The sets D* \ S¥~! and e? \ é? are homeomorphic and can be
identified. Next define the characteristic map ¢; : (D*,S*1) — (e?,é?) by
¢j(x) = x, for x € DF — 8% 1 and ¢;(y) = ¢;(y), for y € S*~1. Then set
(X, A)F = (X, A)k1 UUjes, e?. A subset U C (X, A)¥ is open if and only if the
intersection U N (X, A)*~! is open in (X, A)*~! and for all j € J; the preimages
(b;l(Uﬂe;?) are open subsets of D¥. The subsets e;ﬁ j € Ji, are called the closed
k-cells of the CW-complex. Because of possible identifications on the boundary,

is the quotient space of the disjoint union
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these cells are in general not homeomorphic to D*. The subsets e? —é? are called

open cells; they are homeomorphic to D* — S¥~1 but in general these sets are
not open subsets of the k-skeleton (X, A)*.

A subcomplex of a CW-complex is the union of closed cells of the CW-complex
with the same attaching resp. characteristic maps which is itself a CW-complex.
For example, the k-skeleton (X, A)* is a subcomplex. For A = @ we simply
write X*¥ = (X, @)k,

REMARK 7.3. The advantage of using CW-complexes is that one generally needs
fewer cells to write a space as a CW-complexes than to triangulate it. A simple
but important example: for n > 1 the n-dimensional sphere S = {z € R"*! |
|z|> = 1} has the structure of a CW-complex with one 0-cell €® and one n-cell;

the attaching map is the constant map ¢ : S"~1 — €0.

CW-complexes are very useful if one considers homotopy properties of topolog-
ical spaces. For example, Morse theory shows that any manifold is homotopy
equivalent to a CW-complexes; see the proof of Corollary 7.7.

Two continuous maps f,g : X — Y are called homotopic if there is a con-
tinuous map F : X x [0,1] — Y, (z,t) — Fy(z) = F(x,t), with Fy = f and
Fy = g. There is also a relative version of this concept: Let (X, A) and (Y, B) be
pairs of topological spaces, meaning that A C X and B C Y. A continuous map
f:(X,A) — (Y, B) between these pairs is a continuous map f : X — Y with
the property f(A) C B. Two continuous maps f,g : (X, A) — (Y, B) agreeing
on A are homotopic relative to A, or homotopic rel A, if there is a continuous
map F : (X, A) x [0,1] — (Y, B), (z,t) — Fy(x) = F(z,t), with Fo = f, F1 =g
and F}|A = f|A = g|B for all ¢ € [0,1]. Two topological spaces X,Y are called
homotopy equivalent if there are continuous maps f: X - Y andg:Y — X
such that the compositions f o g and g o f are homotopic to the identity maps
idy and idx, respectively. Then f is called a homotopy equivalence. We call a
pathwise connected topological space X n-connected for some n > 1 if for every
j € {1,...,n} every continuous map f : S — X is homotopic to a constant map.
(This implies that the homotopy groups 7;(X,p) = 0 vanish for all j =1,...,n,
but we do not need this concept here.) A 1-connected space is also called simply
connected. A topological pair (X, A) is called n-connected for some n > 1 if
for every j € {1,...,n} every continuous map f : S — X is homotopic to a
continuous map whose image lies in A.

A continuous map f : X — Y between CW-complexes is called cellular if it
respects the CW-structure, that is, if the image f(X*) of the k-skeleton lies in
the k-skeleton of Y: f(XF) C Y.

PROPOSITION 7.4 (CELLULAR APPROXIMATION THEOREM). Every continuous
map f : X — Y between CW-complezxes is homotopic to a cellular map. (See
[Spanier 1966, Theorem 7.6.17] for a proof.)
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Thus every continuous map f : S/ — S™ between spheres is homotopic to a
cellular map F : S7 — S™, where the spheres have the CW-structure described
in Remark 7.3. Now suppose that j < n; since the j-skeleton of S™ equals the
0-skeleton (a single point), S™ is (n—1)-connected. The same argument shows:

PROPOSITION 7.5. If a pathwise connected CW-complex X has no j-dimensional
cells for any j € {1,2,...,k}, the space X is k-connected.

We note the following consequences of Whitehead’s and Hurewicz’s theorems
[Bredon 1995, Theorems VII-11.2 and VII-10.7):

PROPOSITION 7.6 [Bredon 1995, Corollary VII-11.14]. (a) Let f : X — Y be a
continuous map between two simply connected CW-complezes, such that the
induced homomorphism f. : Hi(X;Z) — H;(Y;Z) of the singular homology
groups with integer coefficients is an isomorphism for all i. Then f is a
homotopy equivalence.

(b) If a topological space X is (n—1)-connected for some n > 2, then for every
homology class h € H,(X;7Z) there is a continuous map fr : S — X and a
generator g € H,(S™;Z) such that (fr)«(g9) = h. (Hence every n-dimensional
homology class can be represented by a spherical cycle.)

COROLLARY 7.7. A compact and (n—1)-connected differentiable manifold M is
homotopy equivalent to the n-sphere.

PROOF. We use the fact that an n-dimensional manifold has the homotopy
type of a finite CW-complex X (meaning there are only finitely many cells) of
dimension n (meaning the maximal cell dimension is n). This can be proved
using a Morse function on M; one obtains a CW-structure where every critical
point of index k corresponds to a k-dimensional cell. Since the critical points
are nondegenerate and the manifold is compact, there are only finitely many of
them. The index of a critical point on a differentiable manifold is bounded above
by the dimension of the manifold.

The manifold is simply connected, therefore orientable. Hence H, (M;Z) £ 7Z
[Bredon 1995, Corollary VI-7.2]. It follows from Proposition 7.6(b) that there
is a continuous map f : S® — M inducing an isomorphism f, : H,(S™;Z) —
H, (M;Z). Since S™ and M™ are (up to homotopy equivalence) CW-complexes,
we conclude from Proposition 7.6(a) that f is a homotopy equivalence. g

REMARK 7.8. The Poincaré conjecture states that for n > 3, an n-dimensional
simply connected and compact manifold homotopy equivalent to the n-sphere
is homeomorphic to the n-sphere. For n > 5 the conjecture was proven by S.
Smale, for n = 4 by M. Freedman. There is an announcement of a proof for
n = 3, by G. Perelman [Milnor 2003].

Given a topological space X and a point p € X, we define the loop space
Qp(X) = {7 : [0, 1] — X | v continuous, v(0) = y(1) = p},
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PROPOSITION 7.9. If X is a pathwise connected topological space and Q,X is
the loop space of X with p € X, the homotopy groups satisfy

T—1(QpX) 2 m X forall k > 1.
ProOF. Consider the cube I* = [0, 1]*, with boundary
Ik = {(x1,...,2) € I* | there is j = 1,..., k with z; € {0,1}}

Given a continuous map f : (I**1 [¥+1) — (X,p) for some point p € X, we
define F(f) : (I¥, %) — (9,X, p) by

F(f)(.l?l,xg, e ,xk)(t) = f(a;‘hl‘g, e ,$k+1).

Also, for a continuous map g : (I*, %) — (QX,p) we define a continuous map
G(g) : (IM1, IF1) — (X, p) by

G(g)(x1,.. . xps1) = g(x1, ..o, xk) (Thg1)-

This lets us define the isomorphism between the homotopy groups 7 (22X, p)
and mg4+1(X, p). O

COROLLARY 7.10. Let M be a simply connected, compact, n-dimensional man-
ifold and p,q € M arbitrary points. Consider the space

QpgM :={~:[0,1] = M | v piecewise smooth,v(0) = p,v(1) = ¢}.

1If this space is homotopy equivalent to a CW-complex with no cells of dimension
je{l,...,k}, then M is k-connected. In particular, if k =n — 1 the manifold
is homotopy equivalent to the n-sphere.

Proor. The space €,,M of piecewise continuous curves joining p and gq is
homotopy equivalent to the space 27, M of continuous curves joining p and g with
the compact-open topology. This can be shown by using the finite-dimensional
approximation Q(k,a) for Q*M = {v € Q,qM | E(vy) < a} with a sufficiently
large &k [Milnor 1969, Theorem 17.1]. The next step is that the homotopy type
of the spaces Q,,M does not depend on the chosen points. For two curves
7,72 ¢ [0,1] — M with ~2(1) = ~1(0), denote by 1 * 2 : [0,1] — M their
composition, defined by

Y2(2t) for 0 <t <1,

(2t —1) for 3 <t <1

Y1k 72(t) = {

Now fix a curve y; € Qg M; the map v € QpqM — v ¥y € Q.M defines a
homotopy equivalence. Hence we can conclude from Proposition 7.5 that the loop
space is k-connected. This finally implies by Proposition 7.9 that the manifold is
(k—1)-connected. If K = n—1 we conclude from Corollary 7.7 that the manifold
is homotopy equivalent to the n-sphere. O
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8. Morse Theory of the Energy Functional

For a Finsler manifold (M, F') and two points p, ¢ € M we consider the energy
functional on the space 2,,, of curves joining the points p and ¢. A critical value
k equals the energy E(c) of a geodesic ¢ joining these points. Morse theory
provides a connection between invariants of critical points of a function on a
manifold and global topological invariants, in our case a connection between
homology or homotopy invariants of the loop space and indices of geodesics.

We introduce the space Q,,M of absolutely continuous curves v : [0,1] — M
satisfying v(0) = p, y(1) = ¢, and

/1 F2(+(t))dt < oo.

0

The energy functional £ : Q,,M — R, given by

1
B0 =5 [ PP
0

is C11-differentiable, that is, it is C'-differentiable and its derivative is locally
Lipschitz continuous [Mercuri 1971].

If ¢ : [0,1] = M, s € (—¢,¢), is a variation of ¢ = ¢¢ with fixed end points
p = ¢(0), ¢ = ¢(1), we conclude from the first variation formula (Lemma 4.1)
that the variation vector field Y (¢) = (d/ds)|s=ocs(t) satisfies

dE(e)Y = 2 S_OE(CS)—/01<%c/,y>d(t)dt.

The curve c is a critical point of the energy functional if dE(c)Y = 0 for every
vector field Y € W2, Then it follows from Corollary 4.2 that the critical points
are the geodesics ¢ : [0,1] — M, starting at p = ¢(0) and ending at ¢ = ¢(1). For
nonnegative x > 0 we define the sublevel sets

Q= Q" :i={0 € QM| E(c) < K}

then QéqM with 2] = 0(p, q)? contains the minimal geodesics joining p and g.
For [ small enough there is a unique minimal geodesic, that is, QéqM contains
exactly one element. If the case p=¢q the subset Qgp consists of the point curve p.

We choose an arbitrary Riemannian metric g on the manifold, which induces
a Hilbert space structure on QpM. If ¢ : [0,1] — M is a smooth curve with
¢(0) = ¢(1) and X, Y are smooth vector fields along ¢, a Riemannian metric on
QpqM is defined by

1

\Y

91(X,Y) :/0 g(X(t)7Y(t))dt+/O g(%X(t), Ey(t)) dt,

where V/dt is the covariant derivative along ¢ induced by the Levi-Civita con-
nection of the Riemannian manifold. The energy functional induces a Lipschitz
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continuous gradient vector field grad E through the equation
g1(grad E(c), X) = dE(c) X

for all X. The energy functional satisfies the Palais—Smale condition and the
negative gradient flow, that is, the flow of the vector field —grad £ on A, is
defined for every t > 0 [Mercuri 1971].

For the Morse theory of the energy functional we have to consider also the
second derivatives of the energy functional at the critical points. For a non-
Riemannian Finsler metric the square F? of the Finsler metric F is not C?-
differentiable at the zero section. Hence E is C2-differentiable only at the regular
curves, those curves ¢ with ¢/(t) # 0 for all t. Geodesics of positive length are
regular, so we can use the statement in Corollary 6.2. As remarked just before
that corollary, the index form I? of the geodesic defined with the Finsler metric
coincides with the index form /. of an osculating Riemannian metric.

We will not go into details in this construction since instead of the space €2,
one can use a finite-dimensional approximation. This allows us to use Morse the-
ory for a finite-dimensional compact manifold instead of the infinite-dimensional
Hilbert manifold €Q,,M. The finite-dimensional approximation was introduced
by M. Morse and is explained in [Milnor 1969, Chapter 16]. We start with a com-
pact Finsler manifold (M, F') with injectivity radius inj > 0 (see Definition 9.1
below). For every pair of points p,q € M with distance 0(p,q) < inj, there is
a unique minimal geodesic from p to q. Choose ¢ > 0 and k € N such that
1/k < (inj)?/(2a), and set t; := i/k for i € N. Define

Qpq(k,a) == {c € Q4 M | c|[ti, ti11] is a geodesic }.

Since
9 9 2 2a . .,
6% (c(ts), eltirn)) < L (ellts, tia]) < TE(ellti tina]) < 7= <inf?,
a curve ¢ € Qy,(k,a) is uniquely determined by the points ¢(t1),...,c(tk—1) €

M x --- x M. Therefore we can identify Q,4(k,a) with the submanifold with
boundary

{(xh...,xk,l)€M><---><M|9(xi,:ri+1)§ inj forizO,...,k—l}

1
2
of the product manifold M x --- x M, where we set p = xg, ¢ = z. We
conclude that Q,4(k, @) has the structure of a compact manifold with boundary

of dimension (k—1)dim M. Then there is a strong deformation retraction
Ty Qy, — Q0 ue(0,1],

with ro(c) = ¢ for all ¢ € QF , ru(c) = c for all ¢ € Qy4(k,a), u € [0,1], and
r1(c) € Qpq(k,a) for all Qf . It is defined for u € [t;, t;11], as follows: For ¢t <t;,

r.(c)(t) is the broken geodesic with corners ¢(0),c(t1), c(t2), ..., c(t;); ru(t) for
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t € [ti,u] is the minimal geodesic between c(t;) and ¢(u) and r,(c)(t) = c(t) for
t > t;+1. Then the restriction E’ : Q,q(k,a) — R of E given by

E'(x1,. . ap) = 2350 02z, 2i00)

is a C'l-smooth function. The first variational formula implies that the critical
points are the geodesics from p to ¢ with E(c) < a, and the function is C'*°
differentiable in the neighborhood of critical points of positive length.

For a broken geodesic ¢ = (z1,...,2) (smooth except at t = t1,...,t5_1,
where ¢; no longer bears the meaning i/k), a tangent vector y(¢)=(9/9s)| s=o ¢s(¢)
is given by a variation ¢s = (2§,...,2}) € Qpq(k, a), s € (—¢,¢), that is, a curve

in Qpq(k,a). Since the variation vector field of a geodesic variation is a Jacobi
field (Lemma 5.5), the tangent space T,€,, consists of broken Jacobi fields,

ToQpq(k,a) = {X € W | X|[t;, ti41] is a Jacobi field}.

In particular, if ¢ is a geodesic (smooth throughout), the tangent space T,
coincides with the space J introduced in the Proof of Lemma 6.4. Therefore the
Proof of Lemma 6.4 also shows that restricting the index form to the tangent
space Tc{,q(k, a) changes neither the index nor the nullity.

The energy functional E’ : QpoM(k,a) — R is a differentiable function on
the compact manifold Q,,M (k,a). It is a Morse function if all critical points
are nondegenerate, that is, if all geodesics ¢ joining the points p and ¢ with
energy < a are nondegenerate —in symbols, nulc = 0. Assume ¢ € Q,4(k,a) is
degenerate, so there is X € W2 with X # 0 and I2(X,Y) =0 for all Y € W).
Since X is a piecewise smooth vector field, choose 0 = tg < t; < -+ <t =1
such that X is smooth when restricted to each subinterval [¢;,¢;11], and also
such that no subinterval contains a pair of conjugate points. Then we obtain
from Equation 6-1:

1 2
0=I(X,Y)= _/O <%X+RC (X, c/)c’,Y>c/dt
k—1 v v
—Xf——X+Yi>. -1
+;<dt () - XY (1) . (31)

Let Y € W2 be a broken Jacobi field with Y (t;) := (V/dt) X (t; ) — (V/dt) X (t]),
so the restrictions Y|[t;,t;+1] are Jacobi fields along c|[t;,t;+1]. Then Equa-
tion 81 implies

k—1

L(X,Y)=)_

i=1

2
:()7

c!

Vo v ..
EX(E: ) — EX(ti )

hence X is a smooth vector field. We have shown:

LEMMA 8.1. The energy functional E' : Qp4(k,a) — R is a Morse function if
and only if the point q is not conjugate to p along any geodesic ¢ with E(c) < a
joining p and q.



286 HANS-BERT RADEMACHER

The next proposition relates the conjugate points of p € M to the critical points
of the exponential map at p. (Recall that the exponential map exp, : Tp,M — M
is defined by exp,(X) = cx (1), where for X € T, M we denote by cx : R — M
the geodesic with ¢’ (0) = X. This assumes that the metric is complete —
more precisely, forward geodesically complete—an assumption that is satisfied
in particular if the manifold is compact, thanks to the Finsler version of the
Hopf-Rinow Theorem [Bao et al. 2000, §6.6].)

PROPOSITION 8.2. Let (M, F) be a complete Finsler manifold and letp € M. A
point q = expp(X) is a critical point of the exponential map exp,, : TyM — M if
and only if q is a conjugate point of p along the geodesic t € [0,1] — exp,(tX) €
M from p to q.

The proof of the Riemannian case [Milnor 1969, Theorem 18.1] carries over. As
an application of Sard’s Theorem one obtains:

COROLLARY 8.3 [Milnor 1969, Corollary 18.2]. Let (M, F') be a compact Finsler
manifold and let p € M. For almost all points g € M (that is, up to a set of
measure zero) the point q is not a conjugate point to p along any geodesic from
p to q. For almost all ¢ € M the energy functional E : QpqM — R is a Morse
function.

It is the chief observation of Morse theory that the topology of the sublevel
sets QF M = {0 € Qp, | E(0) < k} and Q5 (k,b) can only change if  is
a critical value. The change in topology can be described by the indices of
the corresponding critical points. Applied to the energy functional, this line of
argumentation yields (compare [Milnor 1969, Theorem 17.3]):

THEOREM 8.4 (FUNDAMENTAL THEOREM OF MORSE THEORY). Let (M, F) be
a compact Finsler manifold and p € M an arbitrary point. For almost all ¢ € M
and for all a > 0 the function E' : Q,q(k,a) — R is a Morse function and there
are only finitely many geodesics ¢ joining p and q with E(c) < a.

M and Q’;q(k‘,a) have the homotopy type of a CW-complex
having as many m-cells as there are geodesics ¢ joining p and q with E(c) < a

and ind ¢ = m.

The spaces Q)

SKETCH OF PROOF. As remarked in Proposition 8.2, for almost all ¢ € M and
all @ > 0 the energy functional E’ : Q,,(k,a) — R is a Morse function. If there
is no critical value in [«, ], one can use the flow of the negative gradient field
—grad E' on Q,,(k,a) and retract ng(k,a) onto Q7 (k,a).

The behavior of a Morse function near a critical point is described by the
Morse Lemma [Milnor 1969, Lemma 2.2]. Applied to E’ it states that near a
geodesic ¢ one can introduce local coordinates y = (y1,...,y,), with ¢ corre-
sponding to 0 = (0,...,0), such that

indc¢ T

By, ) =B =Y v+ > .
j=1

j=ind c+1
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Herer = (k—1)dim M = dim Q,4(k, a). Hence the index describes the dimension
of a subspace on which the energy of nearby curves decreases quadratically,
whereas on a complementary subspace the energy grows quadratically. This
implies that the geodesics are isolated. Since Qp4(k,a) is compact, there are
only finitely many geodesics joining p and ¢ with energy < a.

Assume for simplicity that there is only one geodesic of energy a joining p
and q. Let inde = m. Then one can show that for sufficiently small ¢ > 0
the set Qg;s (k,a) has the homotopy type of Q3 °(k,a) with an m-dimensional
cell attached [Milnor 1969, Theorem 3.2]. This m-cell corresponds to the set
{(yl, Uk 0, 0) [y 2, < 5} in the coordinates used in the Morse
Lemma. (]

REMARK 8.5. In Remark 5.7 we discussed Jacobi fields along a geodesic where
the flag curvature is constant and positive. Now we consider the index form
1.(6,1) of a geodesic ¢ = ¢;(4) : [0,1] — M of length [ with constant flag curvature
K(c'(t);0). We can use bounds for the flag curvature to estimate the index and
the conjugate radius, as in the Riemannian case.

We choose e, ez, ..., e, in Ty M, orthonormal with respect to (-, )e and
such that ¢/(0) =
respect to (V/dt) along c. We can write vector fields X = X(¢) along c as
X(t) = > z;(t)e;(t), for smooth functions z; : [0,1] — R. Then

F(c')er. We extend this frame by parallel transport with

1.(0,1)(X, X) = /1 (2i(t)* — o7 (t)) dt

0

and one shows that
ind¢(9) =ind I.(6,1) = k(n — 1) (8-2)

for 1 € (km/V/6, (k+1)m/V/3). See [Klingenberg 1995, Example 2.5.7].

Now let v : [0,1] — M be a geodesic of a Finsler metric with a lower bound
for the flag curvature: K > §. We again choose along v an orthonormal frame
(e1,€2,...,e,)(t) parallel with respect to (V/dt). We can estimate the indexes
ind~y and ind I, by comparing them with the index ind ¢;(0) of a geodesic ¢;(4)
of the same length on a space form with constant sectional curvature:

1
L(X.X) = / (24()? — K (€1 (t): ea(t))a2(1)) dt

1
< / (2} (t)* — 623 (1)) dt = I.(5,1)(X, X).
0
This computation and a similar one in the case of an upper bound for the flag
curvature lead to the following estimates for the distance of conjugate points and
indices of geodesics. Here we use the fact that the index form I, of v = yx is
positive definite for L(vy) < conjy and degenerate for L(vy) = conjy.
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LEMMA 8.6. Let v = vx : [0,a] — M be a geodesic parametrized by arc length
on a Finsler manifold (M, F), with v%(0) = X.

(a) If the flag curvature K = K(v';0) satisfies K < A (resp. K < A) then
conjy > m/VA (resp. conjyx > w/VA).

(b) If the flag curvature K = K(v';0) satisfies § < K (resp. 6 < K) then
conjy < m/VA (resp. conjyx < w/VA).

(c) If the Ricci curvature Ric = Ric(y')F? satisfies Ric > §(n—1)F? (resp. Ric >
5(n — 1)) then conjy < /9 (resp. conjy < w/V/59).

SKETCH OF PROOF. The argument for cases (a) and (b) is given in Remark 8.5.

The argument in case (c) is the same as in the Riemannian case. As in the
preceding remark we choose an orthonormal frame (eq,...,e,)(t) along v with
L(y) = a = 7/, parallel with respect to V/dt, and such that 7/(0) = X =
F(X)e1(0). Then we define the vector fields

X;(t) = sin(Vot)e;(t), i=2,...,n.

We compute for the index form I, :
S L(X, Xi) = Z/ (cos? (V3 1) — K (ex(t); e:(t)) sin2(Va 1)) dt
i=2 i=2 70

=(n-1) i: (5(:082(\/515) - Msinz(\/gt)> dt

n—1

0
<(n-— 1)5/a (COSQ(\/(_H) - sin2(\/5t)) dt = 0.
0

We conclude that conjy < 7/v/9. O

The diameter of a complete Finsler manifold M is the maximal distance of two
points. By the Hopf-Rinow theorem [Bao et al. 2000, §6.6] there is a minimal
geodesic between two points of maximal distance. Since a geodesic is not minimal
after the first conjugate point, the diameter is at most max {conjy | X € T*M}.
Therefore we obtain as a consequence of Lemma 8.6 the following generalization
of the Bonnet—Myers theorem of Riemannian geometry:

COROLLARY 8.7 [Auslander 1955]. Let (M, F) be a complete Finsler manifold
of dimension n with Ricci curvature Ric(V) > §(n—1)F?(V) for some positive
& and for all nonzero tangent vectors V.. Then M is compact and its diameter
is at most 7/\/6.

Since this estimate also holds for the universal covering space, we conclude that
the universal covering space is also compact, so the fundamental group of the
manifold is finite. In the proof of the Sphere Theorem the following statement
is of importance:
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PROPOSITION 8.8. Let (M, F) be a compact and simply connected Finsler man-
ifold of dimension n, and let p,q € M be such that q is not conjugate to p along
any geodesic joining p and q. Assume there is a number m > 2 such that every
nonminimal geodesic ¢ from p to q has index at least m. Then:

(a) The manifold is m-connected (see page 280 for definition).
(b) If m =n — 1, the manifold is homotopy equivalent to the n-sphere.

Proor. It follows from the Fundamental Theorem of Morse Theory (Theo-
rem 8.4) that the space Q,, has the homotopy type of a CW-complex with no
cells of dimension k € {1,2,...,m — 1}. By Proposition 7.5 this implies that
the space 1,4 is (m—1)-connected; Proposition 7.9 then implies that M itself is
m-connected. Part (b) follows from Corollary 7.7. O

9. Shortest Nonminimal Geodesics and the Sphere Theorem

Now we come to the crucial geometric argument in the proof of the Sphere
Theorem. We obtain a lower bound for the length of a nonminimal geodesic ¢
joining two points p, ¢ or a nonconstant geodesic loop. In contrast to a minimal
geodesic, this geodesic will meet the cut locus, after which the geodesic is not
minimal anymore.

The exponential map exp,, : T,M — M is C*°-smooth on T;,M \ {0} and
C'-smooth on T,M [Shen 2001a, §11.1]. The differential at 0 € T,M is an
isomorphism; hence there is an € > 0 such that the restriction

exp, : Bo(Tp,M) ={X e ,M|F(X) <e} - M

is a local diffeomorphism onto its image B.(p) C M. If a piecewise smooth
curve ¢ : [0,a] — M is minimal, that is, L(c) = 6(c(0),c(a)), it follows from
Corollary 4.2 that ¢ is a smooth geodesic.

DEFINITION 9.1. For a unit tangent vector X € T, M, set
t(X) =sup {s > 0| f(exp,(sX),p) = s}.
Then g = exp, (t(X)X) is called a cut point. The cut locus
Cut(p) := {exp,(tH(X)X) | F(X) =1, ¢(X) < oo}

is the union of all cut pomts on geodesics starting from p. The injectivity radius
at p is injp := inf {0 p,q) | g € Cut( )} If the manifold is compact we define
the injectivity radius of M as inj = inj(M; F) = inf {inj plpe M} The
symmetrized injectivity radius at p is d(p) = inf {d(p,q) | ¢ € Cut(p)}. If the
manifold is compact, we define the symmetrized injectivity radius d = d(M; F) =
inf {d(p) | p € M }. Finally, given two points p, q we define

I(p, q) := inf {Q(p,T) +6(r,q) | r € Cutp}.
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Hence d(p) is the symmetrized distance between p and its cut locus, whereas
inj p is the distance 6(p, Cut(p)) with respect to the distance function 6. For a
reversible Finsler metric these functions coincide. In general we have the bounds

$(1+1/X)inj p <d(p) < 5 (1+ A)inj p,

2 22
- <inip < ——_
1+/\d(p)_1an_ 1+/\d(p)7

which imply the corresponding estimates for global injectivity radii inj and d in
case of a compact manifold. Obviously ¥(p, p) = 2d(p) and the triangle inequality
for 6 implies

J(p,q) +0(q,p) > 2d(p). (9-1)

If the manifold is compact, the cut locus of a point is also compact, so the
infima in the above definitions of the injectivity radius and the symmetrized
injectivity radius are actually minima.

DEFINITION 9.2. A broken geodesic with one
corner joining p and ¢ is a continuous curve
¢ :[0,b] = M such that p = ¢(0), ¢ = ¢(b),
and for some a € (0,b) the restrictions ¢; = Co

C1

¢|[0,a] = M and ¢y = ¢l|la,b] — M are mini-

mal geodesics. The point r = ¢(a) is the corner q
of ¢. We call ¢ smooth at r if ¢ (a) = ¢j(a). The ?

length of ¢ is given by L(c) = L(c1)+ L(c2) = 0(p,r)+0(r, q). If p = q, we have a
closed broken geodesic, and its length is twice the symmetrized distance between
pand r: L(c) = 2d(p,r).

LEMMA 9.3. Let (M, F) be a compact Finsler manifold with reversibility A and
flag curvature K < 1, and let p € M be a point on M. If there is a cut point
r € Cutp with 0(p,r) < m, there is a local hypersurface H C M with r € H such
that for every smooth curve T : (—1,1) — H with 7(0) = r there are two geodesic
variations c1s,c2.s ¢ [0,0(p,q)] — M with ¢1,5(0(p, 7)) = c2,5(0(p, 7)) = 7(s),
L(ci,s) = L(ca,s) and such that c1 = c19, ca = ca29 are two distinct minimal
geodesics joining p and T. H

PROOF. We conclude from Lemma 8.6 that, since r is not conjugate to p along
a minimal geodesic, there are distinct minimal geodesics ¢y, ¢z : [0,0(p, )] — M
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parametrized by arc length with ¢1(0) =c2(0) =p and ¢1(6(p, 7)) =c2(6(p, 7)) =7
Since r is not conjugate to p along c; or ¢z, we can choose an open neighborhood
U C M of r and open disjoint neighborhoods U; C T, M of ¢}(0), for j = 1,2,
such that the restrictions of the exponential map exp, : T,M — M to Uy, U
are diffeomorphisms; see Proposition 8.2. We define functions f1, fo : U — R by
setting

fi(w) = F((exp,|U;) "' (v)), j=1,2.

These functions are differentiable and of maximal rank, with f;(r) = 6(p,r),
grad fj (T) = C_,j (e(p’ T)) and df] (T)(X) = <C; (9(p7 T))7 X>c; (0(p,r))

for j = 1,2 and for all X, as follows from the Gauss lemma (see [Bao et al. 2000,
§6.1] and [Shen 2001a, 11.2.1]). One can view f1, fo as distance functions on the
Finsler manifolds (U7, F) and (U, I), where U] is a small open neigborhood of
the image of the curve ¢([0,6(p,)]). Since

grad f1(r) = ¢ (0(p,7)) # c5(0(p, 7)) = grad fo(r),

the function f; — fo has maximal rank in an open neighborhood of r, which
we again denote by U; thus H = f710) = {z € U | fi(z) = fa(z)} is a
smooth hypersurface with » € H. We finish by setting ¢} ,(0) = firt(r(s)) and
ch5(0) = f5 ' (7(s)). O

LEMMA 9.4. Let (M, F) be a compact Finsler
manifold with reversibility A\ and with flag cur-
vature K < 1. Let p,q € M be two points with
I(p,q) + 0(q,p) < 7(1 +A71). Then there is a
cut point r € Cutp and a geodesic ¢ of length
I(p,q) parametrized by arc length from p to q
going through r.

ProoF. Choose r € Cutp such that ¥(p,q) =
O(p,r) + 0(r,q). If 8(p,r) > =, the definition
of the reversibility (Lemma 3.9) implies that
6(r,p) > /A, hence J(p, q) +6(q,p) = O(p, )+
0(r,q) + 0(q,p) = 0(p,7) + 0(r,p) = 2d(p,r) >
7(1+A1), contradicting the assumption. Thus
we have proved that 6(p,r) < .

On the other hand, if 0(r, ¢) > 7, we have §(q,r) > /X and ¥(p,q) +6(q,p) =
O(p,r) + 0(r,q) + 0(q,p) > 0(r,q) + 0(q,r) = d(r,q) > n(1 + A~1). Therefore it
follows also that 6(r,q) < .

Since 0(p,r) < m, the point r is not conjugate to p along a minimal geodesic
joining p. Therefore Lemma 9.3 gives an open hyersurface H C M with r € H

such that for every smooth curve 7 : (=1,1) — H with 7(0) = r there are
variations ¢ s, 2,5 : [0,0(p, )] — M such that L(¢15) = L(é1,5), p = c1,5(0) =
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c2,5(0), 7(s) = c1,5(1) = ¢c2,5(1) and ¢1 = ¢19,¢2 = c20 : [0,0(p,7)] — M are
distinct minimal geodesics joining p and r.

Now let ¢3 : [f(p,r),¥(p,q)] — M be a minimal geodesic parametrized by
arc length joining c3(f(p,r)) = r and ¢3(2d(p,q)) = p. Since O(r,q) < m, the
point ¢ is not conjugate to r along a minimal geodesic from r to ¢q. Therefore
we can choose a geodesic variation cg s : [0(p,7),(p,q)] — M with ¢3¢ = c,
cs3,5(0(p,7)) = 7(s) and c3 5(I(p,q)) = g for all s € (—1,1).

Now we can combine the smooth geodesic variations ¢, c2,s and c3 s to
obtain two piecewise smooth variations ¢ 4, ¢ 5 : [0, 3(p, q)] — M with

(el it [0.00.0)],
¢js(t) = .
c3s(t) ifte [Q(p, ), 9(p, q)]

These are variations of the broken geodesics ¢; = (¢1,c¢3) and é = (c2,c¢3) by
broken geodesics with fixed end points p = ¢;(0) and g = ¢&;(J(p, ¢)) and with
7/(0) = (9/0s)s=0 ¢;,5(0(p, 7).

We assume that ¢} (6(p,r)) # c5(0(p,r)) and c4(0(p,r)) # c5(6(p,r)). Since
¢1 and ¢y are distinct, ¢} (0(p, 7)), ch(0(p,r)), c5(0(p,r)) are pairwise disjoint.
Recall from Definition 3.3 the Legendre transformation £(X)(Y) = (Y, X)x.
Given three pairwise distinct nonzero vectors X1, X, X3 € T,-M, we have

dim{Y € T,M | £L(X1)(Y) = L(X2)(Y) = L(X3)(Y)} <n—2.

Applying this ¢} (8(p, 7)), c4(0(p,7)), c4(0(p, 7)), we see that there is a tangent
vector V € T, H C T, M such that £(c3(6(p,7)))(V) is not equal simultaneously
to L(c1(0(p,7))) (V) and L(c2(0(p,7))) (V). We assume without loss of generality
that

L(ex(0(p, 7)) (V) = L{es(0(p,))) (V) # 0.

The first variational formula for the energy functional (Lemma 4.1), applied
to the variation ¢; s of the broken geodesic ¢, yields

d -
@l Fle) = L(c1(0p,7))) — L(c3(0(p,7))) # 0.
By using s — 7(—s) instead of s — 7(s), if necessary, we can assume that
d
—| E(é1s .
ds o0 (Cl’ )< O

It follows that 0(p,é1,s(0(p,7))) + 0(¢1,5(0(p,7)),q) < 6(p,r) + 6(r,q) for small
s > 0. Since for sufficiently small s > 0 the geodesics ¢; 4, ¢25 : [0,0(p,r)] — M
intersect at t = 0(p, r), the cut point & s(t1,s) of €1 s occurs no later than 6(p,r),
that is, t1 s < 6(p,r). Since

9(]37 61,3(t1,s)) +9<61,s(t1,s)7 Q) S 9(}% El,s(g(pa 7‘))) +9(61,s(0(p5 T))v 61,3(19(17’ Q)))
= L(El,s) < ’19(]9, q)a
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we have found for sufficiently small s > 0 a cut point r1 s = ¢ 5(t1,s) € Cutp
satisfying 0(p,r1,s) +6(r1.s,q) < 8(p,7) +6(r, q¢) = ¥(p, ¢), which contradicts the
definition of ¥(p, ¢). Hence ¢ (0(p,r)) = c4(8(p, 7)), that is, the broken geodesic
(c1, c3) with break point r is actually smooth. O

LEMMA 9.5. Let (M, F) be a compact Finsler manifold with reversibility A and
flag curvature K < 1.

(a) Let p,q € M with q ¢ Cutp and assume that 9(p,q) + 0(q,p) < w(1 +A~1).
Then ¥(p, q) is the length of the shortest nonminimal geodesic from p to q.
(b) If the symmetrized injectivity radius d of M satisfies d < w(1+A~1)/2, there
is a shortest geodesic loop ¢ with initial point p and a point ¢ € Cut(p) on this

loop with L(c) = 2d = 2d(p, q).

PrROOF. (a) The cut locus Cut p is a closed subset; hence there exists r € Cut p
with 8(p,r)+0(r,q) = I(p, q). It follows from Lemma 9.4 that there is a geodesic
¢ from p to ¢ through r with L(c) = 9¥(p,q). Since r is a cut point and r # ¢,
this geodesic is not minimal.

(b) Let g € Cut(p) be a point with d = d(p,q). We know from Lemma 9.4 that
there is a geodesic loop ¢ with ¢(0) = p and L(c) = 2d. We only have to show
that this curve is a shortest geodesic loop. If ¢; is a shortest geodesic loop with
¢1(0) = p and with cut point ¢ = ¢1(to), the restriction ¢4][0, to] is minimal and
L(c1) > 2d(p,q). But we showed in Lemma 9.4 that there is a geodesic loop
¢ € Q, with L(c) = 2d = 2d(p). This finally implies that L(c1) = 2d. O

REMARK 9.6. If the Finsler metric is reversible, the proof of Lemma 9.4 simplifies
considerably. The argument for this case was introduced by Klingenberg [1995,
2.1.11] in the Riemannian setting. The minimal geodesic c3 coincides with one of
the minimal geodesics ¢1,ca (say ¢1) up to orientation, that is, 8(p,r) = d(p,r)
and c3(t) = ¢1(2d(p,r) — t). By using the same argument exchanging the roles
of p,r one can prove then that there is a closed geodesic ¢ of length 2d. If ¢ is
parametrized by arc length, ¢(d) is the cut point, and there is no shorter geodesic
loop.

If we use the same argument as in the proof of Lemma 9.4, we obtain:

LEMMA 9.7. Let (M,F) be a compact Finsler manifold with reversibility A
and flag curvature K < 1. If the symmetrized injectivity radius satisfies d <
T (1 + %), there is a point p € M and a cut point r € Cutp such that either

(a) there is a closed geodesic ¢ : [0,2d] — M parametrized by arclength with
L(c) = 2d and ¢(0) = p, c(0(p,7)) =7, or

(b) there are two distinct geodesic loops c1,ca : [0,2d] — M parametrized by arc
length (that is, both have the same length 2d) with ¢1(0) = p = co(0(r,p)) and
c(0(p,r)) = r = c2(0).
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X p

PrOOF. If we use the statement of Lemma 9.4 and the argument in the proof
of the same lemma, exchanging the roles of p and ¢, we reach the follow-
ing statement: There are three minimal geodesics c1,c2 : [0,0(p,q)] — M
and c3 : [0(q,p),2d] — M with d = d(p,q), p = c1(0) = ¢2(0) = c3(2d),
and ¢ = c1(0(p,q)) = c2(0(p,q)) = c3(0(p,q)). Without loss of generality we
can assume that the broken geodesic (c1,c3) with corner ¢ is smooth at g¢:
i1 (0(p,q)) = c4(0(p,q)). In addition there are two cases: Either the broken
geodesic formed by cs, ¢; is smooth at p, so that ¢5(2d) = ¢} (0), which means
that the geodesics c1, c3 form a closed geodesic, or the broken geodesic formed
by c3, co is smooth at p. (Il

In the reversible case we have case (a) of the lemma. It is not clear whether case
(b) occurs in the nonreversible case.

LEMMA 9.8. Let (M, F) be a compact Finsler manifold with reversibility A and
flag curvature K <1 and let p,q € M be two points with distance 6(p, q) < injp.
Let ¢ : [0,1] — M be a nonminimal geodesic with ¢1(0) = p and ¢1(1) = q, and
let co : [0,1] — M be a curve such that the reversed curve cy' : [0,1] — M,
cot(t) = co(1 —t) is a minimal geodesic with ¢ = co(1), p = co(0) and length
L(co) = 0(q,p). If cs : [0,1] — M, s € [0,1], is a homotopy of piecewise smooth
curves with fized endpoints p = ¢5(0), ¢ = ¢s(1) for all s € [0,1] between the
curves cg, c1, then

1
e Lic,) > (1 —).
(qp)+srél[g§] (cs) > +3

PROOF. We are assuming that 6(q,p) + L(cs) < (1 + A71) for all s € (0,1];
hence there is a p > 0 such that 6(q,p)+L(cs) < (m—p) (1+A71) for all s € [0, 1].
We show by contradiction that

O(p,cs(t)) <m—p foralls,tel01]. (9-2)
If there are s,t € [0,1] such that 0(p, c5(t)) > m — p, then
0(q,p) + L(cs) = 0(p, cs(t)) + 0(cs(t), @) + 0(q, p)

> 0(p7 Cs(t)) + G(Cs(t)vp) > 0(pa Cs(t))(l + /\_1)
> (m=p)(1+ A7),
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which contradicts our assumption.

Define the closed ball B,(T,M) := {v € T,M | F(v) < a} of radius a > 0 in
the tangent space T, M at p. The subset B,(p) := {x eM|0p,zx) < a} cM
equals the image expp(Ea(TpM )) of the exponential map exp,, : T,M — M for
an arbitrary a > 0. It follows from 9-2 that cs(t) € Br_,(p) for all s,t € [0,1].
The restriction

F:=exp,: Bx_,(T,M) — Br_,(p)
has everywhere maximal rank since the flag curvature satisfies K < 1; thus it is
a local diffeomorphism. The restriction

expp : Binjp(TpM) - Binjp(p)

is a diffeomorphism, since 6(¢,p) < injp for sufficiently small n > 0 we have
¢s([0,1]) C Binjp(p) for all s € [0,7n). Hence there is a uniquely defined lift

Gyt €0,1) — &(t) € Bingp(T,M)

for s € [0,m) with cs(t) = exp,(¢s(t)), 0p = ¢5(0), and X = éo(1) = ¢5(1) for all
s € [0,m). Since the restriction F = expp\gw_g(TpM). is a local diffeomorphism,
there is a uniquely determined extension

Cs 1t €]0,1) — &5(t) € Br_p(T,M)

with c,(t) = exp,(Cs(t)) of the lift for all s € [0,1]. It remains to show that this
lift is a homotopy with fixed end points. Define Jy := {s € [0,1]|¢,(0) = 0,},
Ji = {s € [0,1]|¢s(1) = X }; these subsets contain the nonempty interval [0,7)
and are closed in [0, 1]. Since the restriction F of the exponential map is a local
diffeomorphism the subsets Jy, J; C [0,1] are also open, hence Jy = J; = [0, 1].
By assumption ¢ : [0,1] — M is a geodesic from p to g; hence é;(t) = tc}(0)
for all ¢ € [0, 1], contradicting é; (1) = 0,. Therefore we arrive at a contradiction
starting from the assumption 6(q,p) + L(cs) < 7 (1 + %) for all s € [0, 1], which
finally proves the claim. g

With the long homotopy lemma we are able to gain a lower bound for the length
of nonminimal geodesics:

PROPOSITION 9.9. Let (M, F) be a simply connected, compact Finsler manifold
of dimension n > 3, with reversibility X and flag curvature (1 - 1_%\)2 <K<1.
If p € M, there exists for every e > 0 a point q that is a reqular point of exp,, and
that satisfies 6(q, p) < € and ¥(p,q) + 0(q,p) > 7 (1 + §). (Recall that ¥(p, q) is
the length of a shortest nonminimal geodesic from p to g.)

PRrROOF. Since M is compact we can choose § > (1 — ﬁf such that the flag
curvature K of satisfies § < K < 1. For a given € > 0 we choose a regular point
q of exp,, with 6(q,p) < e and

>| =

0(q,p) <7r<1+ %)
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Now we assume that there is a shortest nonminimal geodesic ¢; : [0,1] — M
from p = ¢1(0) to ¢ = ¢1(1) with length L(c;) and satisfying L(c1) + 6(q,p) <
m (1 + %)

M is simply connected, so there is a path s € [0,1] — ¢; € Q,,M going from
co (the reverse of the minimal geodesic c¢; ' from g to p of length 6(g,p)) to the
geodesic c¢;. This path describes a map

H: ([0,1],{0,1}) — (QpgM, Q5 M),

with H(s) = ¢, QoM = {y € QM | E(y) < s}, and & defined by
2vk = (1 + A1) — 0(q,p). Let ¢* : [0,1] — M be a geodesic from p to g
with length L(c*) > 7 (14 %) — 6(¢,p) > 7/v/6. Lemma 8.6 gives the bound
inde > n —1, so indc > 2 in view of the assumption n > 3. We can conclude
from the Fundamental Theorem of Morse Theory (Theorem 8.4) that the pair
(Qpg M, Q5 M) has the homotopy type of a CW-complex with no 1-dimensional
cells; hence the relative homotopy group

m (M, Q5 M) =0,

is 1-connected, as is the pair (quM, ng_M); see Proposition 7.5. Therefore
there is a map ® : (u,s) € [0,1] x ([0,1],{0,1}) = @(s) € (QpgM, Q5 M)
with ®,,(0)(t) = co(t), Pu(1)(t) = c(t) for all t,u € [0,1] and Py(s) = ¢s and
¢s = ®1(s) € Q5 for all s € [0,1]. This implies that L(cs) < (1 + %) —0(q,p)
for all s € [0,1], that and ¢y = ¢y is up to orientation the minimal geodesic,
and that ¢; = c¢ is a shortest nonminimal geodesic joining p and ¢. But we
conclude from the Long Homotopy Lemma 9.8 that there is a s* € (0,1) with
L(Zs+) > (1+ 5) — (g, p), which is a contradiction. O

The assumption that ¢ is a regular value of the exponential map exp, ensures
that the energy functional is a Morse function, so all geodesics joining p and
q are nondegenerate. If one aims at estimating the length of geodesic loops or
closed geodesics it won’t be the case in general that p itself is a regular value of
the exponential map exp,. For example, on the standard sphere every point p
is conjugate to itself along a great circle; in particular every point p is a critical
point of exp,,. But the statement of Proposition 9.9 is also correct if we remove
this assumption. In that case either one has to use a version of Morse theory
including degenerate critical points [Rademacher 2004, Theorem 3] or one can
argue as follows:

THEOREM 9.10. Let (M, F) be a simply connected, compact Finsler manifold of
dimension n > 3, with reversibility A and flag curvature (1 — 1%\)2 <K <1
Then every nonconstant geodesic loop ¢ has length at least (1 + %) and the

injectivity radius satisfies inj > w/\.
PROOF. For a point p € M the function

(g,7) € M x Cutp — 0(p,r) +0(r,q) € R
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is continuous, hence also the map
g€ M — I(p,q) =inf {0(p,r) +6(r,q) | r € Cutp}.
Choose a sequence (g;)ien of regular points of the exponential map exp, with
lim; o 6(q;, p) = 0. We conclude from Proposition 9.9 that
2d(p) = lim 9p,ai) > w(1+ 1)

11— 00

The estimate for the injectivity radius follows from Equation 9-1. O
Now we can prove the Sphere Theorem:

THEOREM 9.11. A simply connected and compact Finsler manifold of dimension
n >3 with reversibility A and with flag curvature K satisfying (1 — 1%\)2 <K<1
is homotopy equivalent to the n-sphere.

For n = 2, Synge’s Theorem (Theorem 10.2) implies that an orientable compact
surface carrying a Finsler metric of positive flag curvature K > 0 is diffeomorphic
to the 2-sphere.

PROOF OF THE SPHERE THEOREM. Since M is compact we can choose § >
71' (1 + )\_1) such that the flag curvature K satisfies § < K < 1. We choose € > 0
with

s<w(1+§—%). (9-3)

We conclude from Proposition 9.9 that there is a regular point ¢ € M of the
exponential map exp, with 6(¢,p) < ¢ and J(p,q) > 7 (1 + %) — &; hence
I(p,q) > /6, by 9-3. We conclude from Lemma 8.6 that the index indc
of a nonminimal geodesic ¢ joining p and ¢ satisfies ind ¢ > n — 1. Then Propo-
sition 8.8 implies that M is homotopy equivalent to the n-sphere. ]

10. Length of Closed Geodesics in Even Dimensions

In even dimensions one obtains a lower bound for the length of closed geodesics
for every metric of positive curvature on a simply connected manifold without
assuming a lower curvature bound. The crucial point (Synge’s argument) is
that in even dimensions there is a periodic parallel vector field along a closed
geodesic. By scaling the metric we can assume that the flag curvature K satisfies
0< K <1.

LEMMA 10.1. Let (M, F) be a compact, oriented Finsler manifold of even di-
mension with positive flag curvature 0 < K < 1. For every closed geodesic ¢ there
is a parallel and periodic vector field W with (W, W) =1 and (W, ') = 0.

PROOF. The covariant derivative (V/dt) along the geodesic ¢ : [0,1] — M
with ¢(0) = ¢(1) defines a parallel transport P : T,M — T,M with P(X(0)) =
X(1) and X = X (¢) is a parallel vector field along ¢ with respect to (V/dt).
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Since (d/dt) (X (¢), X(t))c, =2((V/dt)X (), X(t)>c,, the parallel transport is an
orientation-preserving isometry. Since P(¢(0)) = ¢(1), the parallel transport
defines an isometry of the orthogonal complement

TyM:={X e€T,M|(X,é)e =0}

This vector space has odd dimension, so there exists a nonzero eigenvector to
the eigenvalue 1, that is, a vector v € TPLM with Pv = v. Then the parallel field
W along ¢ with W (0) = v is periodic: W (1) = W (0). O

Now we prove a generalization of Synge’s Theorem:

THEOREM 10.2. Let (M, F) be a compact Finsler manifold of positive flag cur-
vature.

(a) If M is orientable, it is simply connected.
(b) If M is nonorientable, its fundamental group satisfies (M) = Zo.

PROOF. Let M be orientable, and assume that 71(M) # 0. Then there is a
nontrivial homotopy class in M and a shortest closed curve in this nontrivial
homotopy class is a closed geodesic ¢ : [0,1] — M. By Lemma 10.1 there is a
parallel and periodic vector field W along c¢; the index form at W satisfies

1
I.(W; W) = / <RCI(VV, e, W>C,dt < 0;
0

therefore there is a variation by homotopic closed curves ¢ with L(cs) < L(c)
for s > 0, contradicting the assumption that c is a shortest closed curve in the
given homotopy class. Hence 71 (M) = 0.

If M is nonorientable one passes to the orientable double cover, which by (a)
is simply connected, so w1 (M) = Zs. O

THEOREM 10.3. Let (M, F) be a simply connected compact Finsler manifold of
even dimension n > 2 with reversibility A and with flag curvature 0 < K < 1.
Then every nonconstant closed geodesic ¢ has length L(c) > m (1 + %)

PROOF. Let ¢ : S' — M be a shortest closed geodesic with 0 < L(c) < m (1+ ).
By Lemma 10.1, there exists a parallel unit vector field W along ¢; it follows
that the index form I. on V. satisfies I.(W,W) < 0. Let ¢, s € (—¢,¢), be
a variation of ¢ = ¢y with variation vector field W. It follows from the second
variation formula that E(cs) < E(co) for all s € (—¢,0) U (0,¢). Since there are
no critical values of E in the interval (0, E(co))7 there is a map hy : S' — M,
s € [-1,1], with ¢ = hg, L(h1) = L(h—1) = 0 and L(hs) < L(¢) = L(hg) for
all nonzero s € (—1,1). One can generalize the Long Homotopy Lemma 9.8 to
the case of homotopies ¢, : S — M of freely homotopic closed curves. This
generalization yields a contradiction. O
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11. An Example

Shen [2002] constructed Finsler metrics of constant flag curvature and Ran-
ders type. It turns out that in the Hamiltonian description these are the met-
rics introduced in [Katok 1973] and investigated in [Ziller 1982], as observed
in [Rademacher 2004, Chapter 4]. These examples show that the estimates in
Proposition 9.9 and Theorem 9.10, for the lengths of nonminimal geodesics be-
tween fixed points and of nonconstant geodesic loops, are sharp.

One can describe a Finsler metric using the Legendre transformation with a
Hamiltonian function [Ziller 1982, Chapter 1]. The Katok examples on S? =
{(z,y,2) € R® | 22 + y?> + 22 = 1} can be introduced as follows. We start
with the standard Riemannian metric g on the 2-sphere S2, letting g* be the
dual metric on the cotangent bundle T*M. In the Hamiltonian description the
standard metric is determined by the quadratic Hamiltonian function

y € T*S* — g*(y,y) €R,

or by the 1-homogeneous Hamiltonian Hy : T%S? — R, Ho(y) = /g*(y,9).
Let ¢f : T*S? — T*S? be the corresponding Hamiltonian flow. Then t € R
7*(§(y)) is a geodesic of the standard metric; here 7* : T*S? — S2 is the
projection of the cotangent bundle.

Let V(x,y,2) = (y,—2,0) be the Killing field belonging to the 1-parameter
subgroup ¢* : S? — 52 generated by the rotations around the z-axis. A. Katok
introduced the following perturbation of Randers type:

H.:T*S* = R; H.(y) = Vg* (v, y) + ey(V).

In [Bao et al. 2003] these perturbations are connected to Zermelo navigation.
For ¢ € [0,1) this defines a quadratic Hamiltonian % H? and using the Legendre
transformation of this Hamiltonian we obtain a Finsler metric Fx.

The description of the geodesics appears to be easier in the Hamiltonian pic-
ture: Since ¢! is a group of isometries leaving Hy invariant, the Hamiltonian
flow 9L of the quadratic Hamiltonian %H 2 is generated by two commuting flows,
Pl = f o (¢°1)*. Here (¢')* : T*S? — T*S? is the flow on the cotangent bundle
induced by differentiating ¢¢. The projection of the Hamiltonian flow onto the
2-sphere yields the geodesics of the Finsler metric. As described in [Ziller 1982,
Chapter 1] one can visualize the geodesic flow of these Finsler metrics by identi-
fying the cotangent bundle T*S? with the tangent bundle 7},S? via the standard
Riemannian metric g. Then the geodesic flow can be seen as the geodesic flow
of the standard metric observed from a coordinate system rotating around the
z-axis with constant speed 27e, as shown in the figure on the next page. For
irrational € the only closed geodesics are ¢4 (t) = (cos 27t, +sin 27t, 0), ¢ € [0, 1],
i.e., the equator with both orientations. (We consider ¢ and c_ geometrically
distinct; for example their lengths L(cy) = 27/(1 £ ¢) differ.)
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Using the results [Hrimiuc and Shimada 1996, Theorem 5.8], [Shen 2001a,
Example 3.1.1] one obtains in geodesic polar coordinates (r, ¢) € (0,7) x [0, 27]
of the standard metric the following formula for F. :

\/(1 — e2sin? r) dr? + sin’(r) d¢? — esin® r do

F,. =
1—e2sin?r

(11-1)

It is shown in [Shen 2002, Remark 3.1] that this metric has constant flag curva-
ture 1. The reversibility of the Finsler metrics F. can be computed by

max { H.(—y) | y € T*S?, H.(y) = 1}.

Collecting the results from [Ziller 1982] and [Rademacher 2004, Chapter 5] one
obtains:

THEOREM 11.1 [Rademacher 2004, Theorem 5]. There is a one-parameter family
F., e €0,1), of Finsler metrics on the 2-sphere S? of constant flag curvature 1.
These Finsler metrics are nonreversible for ¢ € (0,1) and Fy is the standard
metric. The reversibility is A = (14¢)/(1—¢). If ¢ is irrational there are exactly
two geometrically distinct closed geodesics c4 of length L(cy) = 2n(1 &)~ L
In particular the shortest closed geodesic cy satisfies L(cy) = 2m(1 + \71) =
7/(1 4 ¢). The injectivity radius and the diameter equal .
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