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1. Introduction

Roughly speaking, Finsler metrics on a manifold are regular, but not neces-
sarily reversible, distance functions. In 1854, B. Riemann attempted to study a
special class of Finsler metrics— Riemannian metrics —and introduced what is
now called the Riemann curvature. This infinitesimal quantity faithfully reveals
the local geometry of a Riemannian manifold and becomes the central concept
of Riemannian geometry. It is a natural problem to understand general regu-
lar distance functions by introducing suitable infinitesimal quantities. For more
than half a century, there had been no essential progress until P. Finsler studied
the variational problem in a Finsler manifold. However, it was L. Berwald who
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first successfully extended the notion of Riemann curvature to Finsler metrics
by introducing what is now called the Berwald connection. He also introduced
some non-Riemannian quantities via his connection [Berwald 1926; 1928]. Since
then, Finsler geometry has been developed gradually.

The Riemann curvature is defined using the induced spray, which is indepen-
dent of any well-known connection in Finsler geometry. It measures the shape
of the space. The Cartan torsion and the distortion are two primary geometric
quantities describing the geometric properties of the Minkowski norm in each
tangent space. Differentiating them along geodesics gives rise to the Landsberg
curvature and the S-curvature. These quantities describe the rates of change of
the “color pattern” on the space.

In this article, I am going to discuss the geometric meaning of the Landsberg
curvature, the S-curvature, the Riemann curvature, and their relationship. I will
give detailed proofs for several important local and global results.

2. Finsler Metrics

By definition, a Finsler metric on a manifold is a family of Minkowski norms
on the tangent spaces. A Minkowski norm on a vector space V is a nonnegative
function F': V — [0, 00) with the following properties:

(i) F is positively y-homogeneous of degree one, i.e., F(Ay) = AF(y) for any

y € V and any A > 0;

(ii) Fis C* on V \ {0} and for any tangent vector y € V \ {0}, the following

bilinear symmetric form g, : V. x V. — R is positive definite:
1 o* , ,
g, (u,v) = 3 a0t (F?(y + su + tv)) | s=t=o-

A Minkowski norm is said to be reversible if F(—y) = F(y) for y € V. In this
article, Minkowski norms are not assumed to be reversible. From (i) and (ii),
one can show that F(y) > 0 for y # 0 and F(u+v) < F(u) + F(v) for u,v € V.
See [Bao et al. 2000] for a proof.

Let ( , ) denote the standard inner product on R™, defined by (u,v) :=
S u'v'. Then |y| := \/(y,y) is called the standard Euclidean norm on R™.
Let b € R™ with |b| < 1, then F = |y| + (b, y) is a Minkowski norm on R™, which
is called a Randers norm.

Let M be a connected, n-dimensional, C'°*° manifold. Let TM = J ,; T M
be the tangent bundle of M, where T, M is the tangent space at z € M. We
denote a typical point in TM by (x,y), where y € T, M, and set T M, := TM\{0}
where {0} stands for {(x,0) | x € X, 0 € T, M}. A Finsler metric on M is a
function F' : TM — [0, 00) with the following properties:

(a) Fis C* on T My;
(b) At each point x € M, the restriction F, := F|r, ps is a Minkowski norm on
T, M.
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The pair (M, F') is called a Finsler manifold.

Let (M, F) be a Finsler manifold. Let (z?,%") be a standard local coordinate
system in TM, i.e., y*’s are determined by y = y*(9/92")|,. For a vector y =
Y1 (8/02")|5 # 0, let gi;(2,y) == 3[F?],iys(z,y). The induced inner product g,
is given by

g,(u,v) = gij(z,y)u'v?,
where u = u*(9/0z")|, and v = v*(9/0z")|,. By the homogeneity of F,

F(z,y) = \/gy(y,y) = \/gij(x,y)y”yj.

A Finsler metric F' = F(x,y) is called a Riemannian metric if the g;; = g;;(x)
are functions of z € M only.

There are three special Riemannian metrics.

ExAMPLE 2.1 (EUCLIDEAN METRIC). The simplest metric is the Euclidean
metric ag = ag(z,y) on R™, which is defined by

ao(w,y) = |y, y=(y') € T,R" =R". (2-1)
We will simply denote (R™, ag) by R™, which is called Fuclidean space.
EXAMPLE 2.2 (SPHERICAL METRIC). Let S™ := {z € R""! | |z| = 1} denote the
standard unit sphere in R"*!. Every tangent vector y € T,,S™ can be identified
with a vector in R"*! in a natural way. The induced metric a1 1 on S™ is defined

by ay1 = ||y, for y € T,S™ € R*™!, where || -|| denotes the induced Euclidean
norm on T,S™. Let ¢ : R® — S™ C R"*! be defined by

x 1
= (i i) )

Then ¢ pulls back a41 on the upper hemisphere to a Riemannian metric on R™,
which is given by

_ VP + (=Pl — (=, 9)?)
L4 [a]?

a4 , yeT,R"=R" (2-3)

EXAMPLE 2.3 (HYPERBOLIC METRIC). Let B™ denote the unit ball in R™.

Define
VP = (=Pl = (@, 9)?)
1= )
1—|zf?

We call a_y the Klein metric and denote (B™, «—_1) by H".

y € T,B" =~ R". (2-4)

The metrics (2-1), (2-3) and (2-4) can be combined into one formula:

1 2 2 _ 2
o = VA plP)l = ple, ) (2.5)
L+ plaf?

Of course, there are many non-Riemannian Finsler metrics on R™ with special

geometric properties. We just list some of them below and discuss their geometric
properties later.
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EXAMPLE 2.4 (FUNK METRIC). Let

o . VI = (2PyP = (,9)*) + (=)

1= fa]? ’

y € T,B" = R". (2-6)

© = O(z,y) is a Finsler metric on B, called the Funk metric on B".
For an arbitrary constant vector a € R™ with |a| < 1, let

_ VI — (2PlyP — (2,9)?) + (z,9) (a,y)
1—|z|? 1+ {(a,z)

O, : (2-7)

where y € T,B™ 2 R". O, = O,(z,y) is a Finsler metric on B™. Note that
Oy = O is the Funk metric on B"”. We call ©, the generalized Funk metric
on B™ [Shen 2003a].

EXAMPLE 2.5 [Shen 2003b]. Let 6 be an arbitrary number with § < 1. Let

b VPP ) Hwy) PP PP, 9)?) +6(r.y)
o 2(1—[zf?) 2(1—82[z]?) ’

where y € T,B™ =2 R". Fj is a Finsler metric on B™. Note that I’y = a_; is
the Klein metric on B™. Let © be the Funk metric on B™ defined in (2-6). We
can express Fs by

EXAMPLE 2.6 [Berwald 1929b]. Let

(VIyP = (=PTyP = (@, 5)*) + (z,9))

= , (2-8)
(1= |2[%2V/1y? = (22ly[? - (z,y)?)
where y € T,B" 2 R™. Then B = B(x,y) is a Finsler metric on B™.
EXAMPLE 2.7. Let € be an arbitrary number with |e| < 1. Let
VIGF A +0)) + (1—2) (@) + VI—(a.y)
Fs = ) (279)
v

where

© = elyl” + (J2Plyl® - (2,9)%), ¥i=1+2efa* + 2]

F. = F.(z,y) is a Finsler metric on R"™. Note that if ¢ = 1, then F; = a4 is
the spherical metric on R".

R. Bryant [1996; 1997] classified Finsler metrics on the standard unit sphere
S? with constant flag curvature equal to +1 and geodesics being great circles.
The Finsler metrics F. in (2-9) is a special family of Bryant’s metrics expressed
in a local coordinate system. See Example 12.7 for further discussion.



LANDSBERG, S- AND RIEMANN CURVATURES 307

The examples of Finsler metrics above all have special geometric properties.
They are locally projectively flat with constant flag curvature. Some belong to
the class of («, B)-metrics, that is, those of the form

F= a(b(é), (2-10)

o
where o = a,(y) = \/a;j(z)y’y? is a Riemannian metric, 8 = (,(y) = b;(z)y’
is a 1-form, and ¢ is a C'* positive function on some interval I = [—r, r| big

enough that r > f/a for all z and y € T, M. It is easy to see that any such
F' is positively homogeneous of degree one. Let |32 := sup,er, ar B (¥)/ 2 (y)-
Using a Maple program, we find that the Hessian g;; := 1[F?],i,; is

gij = paij + pobibj + p1(bic; + bja;) + paaviay,

where a; = o and

p= ¢ — 500, po = ¢¢" +&'¢’,
pr=—s(¢¢" +¢'¢') + b9,  pa=5(¢d" +¢'¢') — 56,
where s := 8/« with [s| < ||8]|z < r. Then

det (gij) = "1 (¢ — 5¢')" 2 ((¢ — s¢') + (IIB]12 — 52)¢") det (az;) .
If ¢ = ¢(s) satisfies

¢(s) >0, o(s) —s¢'(s) >0, ((¢—s¢")+ (" —5%)¢"(s)) 20  (2-11)

for all s with |s| < b < r, then (g;;) is positive definite; hence F is a Finsler
metric.

Sabau and Shimada [2001] have classified (o, 3)-metrics into several classes
and computed the Hessian g;; for each class. Below are some special («, 3)-
metrics.

(a) ¢(s) = 1+ s. The defined function F' = o+ (3 is a Finsler metric if and only
if the norm of § with respect to « is less than 1 at any point:

1Blla == 1/ a¥ (x)bi(x)bj(x) <1, xe€ M.

A Finsler metric in this form is called a Randers metric. The Finsler metrics
in Example 2.4 are Randers metrics. The Finsler metrics in Example 2.5 is
the sum of two Randers metrics.

(b) ¢(s) = (1 + s)2. The defined function F = (a + )%/« is a Finsler metric if
and only if ||3]|z < 1 at any point x € M. The Finsler metric in Example 2.6
is in this form.

By a Finsler structure on a manifold M we usually mean a Finsler metric.
Sometimes, we also define a Finsler structure as a scalar function F'* on T*M
such that F* is C* on T*M \ {0} and F} := F*

T:M 1S A Minkowski norm on
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T M for x € M. Such a function is called a co-Finsler metric. Given a co-Finsler
metric, one can define a Finsler metric via the standard duality defined below.

Let F* = F*(x,£) be a co-Finsler metric on a manifold M. Define a non-
negative scalar function F' = F(x,y) on TM by

. £(y)
Flay) = s Flee

Then F = F(z,y) is a Finsler metric on M, said to be dual to F'*. In the same
sense, F* = F*(x,&) is also dual to F:

. - £(y)
Fa8) = yESEFM F(z,y)

Every vector y € T, M \ {0} uniquely determines a covector £ € T M \ {0} by

1d
E(w) := 5%(F2(:1:, Y+ tw))|t:0, we T, M.
The resulting map ¢, : y € T, M — £ € Ty M is called the Legendre transforma-
tion at z. Similarly, every covector & € T M \ {0} uniquely determines a vector

y € T, M\ {0} by

1d, . .
n(y) == =— (F*(z, £ +tn))|tm0, n € TiM.

S 24t
The resulting map ¢ : € € TXM — y € T, M is called the inverse Legendre
transformation at x. Indeed, ¢, and ¢ are inverses of each other. Moreover,

they preserve the Minkowski norms:

Flz,y) = F(2,0a(y), F(2,§) = F(x,£;())- (2-12)

Let ® = ®(z,y) be a Finsler metric on a manifold M and let ®* = ®*(z,¢)
be the co-Finsler metric dual to ®. By the above formulas, one can easily show
that if y € T, M \ {0} and £ € T M \ {0} satisfy

d * *
E((I) (x7§+t77))|t:0:77(y), nETxM
Then
O(x,y) = 1. (2-13)
Let V be a vector field on M with ®(x,—V,) < 1 and let V* : T*M — [0, 00)
denote the 1-form dual to V', defined by

Vi) =¢(Va), £e€T;M.
We have ®*(x,-V}) = ®(x,—V,) < 1. Thus F* := ®* + V* is a co-Finsler
metric on M. Define F = F(z,y) by

F(z,y) := sup W)

Sy eT,M. 2 14
cer:m F*(2,§) ( )
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F' is a Finsler metric on M, called the Finsler metric generated from the pair
(®,V). One can also define F' in a different way without using the duality:

LEMMA 2.8. Let ® = ®(z,y) be a Finsler metric on M and let V' be a vector
field on M with ®(z,—V,) < 1 for all z € M. Then F = F(z,y) defined in
(2-14) satisfies

Yy
@(z, Yy Vr) =1, yeT,M. 215
Fle.y) v (2-15)

Conversely, if F = F(x,y) is defined by (2-15), it is dual to the co-Finsler metric
F*:=®* 4+ V* as defined in (2-14).

PRrROOF. For the co-Finsler metric F* = ®* 4+ V*, let F = F(z,y) be defined in
(2-14). Fix an arbitrary nonzero vector y € T, M. There is a covector & € T M
such that

F(z,y) = % (2-16)

Let n € T M be an arbitrary covector. Consider the function

o £(y) +tn(y)
ht) = O+ (2, & +tn) + (V) +tn(Vy)'

Then h(t) < h(0) = F(z,y). Thus h'(0) = 0:

M) F* (2,6) — ) (5 (2, €+ ) oo + 0(V2)) = 0.

Dividing by F*(x,¢) and using (2-16), one obtains

1(9) ~ ) (5 (@ (@ 64 ) limo + (V) =0

From this identity it follows that

y
F(x,y)

Thus F(z,y) satisfies (2-15) as we have explained in (2-13).
Conversely, let F' = F(x,y) be defined by (2-15). Then for any £ € T M,

* _ _y
v(e.6) = s o s - V)

d
@ @ e+ t)mo = 0 5= = V), meTIM.

One obtains

W) _ o y — Bz (6 = F* (g
swp = s (F(w) V) +E(Va) = @7 (2,6) + V7 (€) = F*(2,).

Thus F* is dual to F' and so F' is dual to F'*, that is, F is given by (2-14). O
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Let ® = \/¢;j(x)y'y’ be a Riemannian metric and let V = V¥(z)(9/9z") be a

vector field on a manifold M with

B, ~Va) = Vil 1= /o5 (@)Vi@)Vi@) <1, ze M.
Solving (2-15) for F' = F(z,y), one obtains

VA =0 VIVIbijyiyd + (¢iy° V)2 — by V7
1— 6y, ViV '

F= (2-17)

Clearly, F' is a Randers metric. It is easy to verify that any Randers metric

F = a+j, where a = \/a;j(z)y'y? and 8 = b;(z)y’, can be expressed in the form
(2-17). According to Lemma 2.8, any Randers metric F = o + 3 expressed in
the form (2-17) can be constructed in the following way. Let ®* := /¢% (2)§;¢;
be the Riemannian metric dual to ® = \/¢;;(z)y'y/ and V* := £(V,) = Vi(x)¢;
be the 1-form dual to V. Then F* := ®*(z,£) + V*(&) = /9" (2)&&; + Vi(2)&;
is a co-Finsler metric on M. Moreover, the dual Finsler metric F' of F'* is given
by (2-17). This is proved in [Hrimiuc and Shimada 1996].

It was discovered in [Shen 2003c; 2002] that if ® is a Riemannian metric of
constant curvature and V is a special vector field, the generated metric F' is
of constant flag curvature. This discovery opens the door to a classification of
Randers metrics of constant flag curvature [Bao et al. 2003]. But Maple programs
played an important role in the computations that led to it.

EXAMPLE 2.9. Let ¢ = ¢(y) be a Minkowski norm on R™ and let
Uy = {y eR" | o(y) < 1}.

Define
d(z,y) = é(y), yecT,R"=R".

b = O(x,y) is called a Minkowski metric on R™. Let V, := —zx, for x € R*. V
is a radial vector field pointing toward the origin. For any € Uy,

®(z, -V,) = ¢(x) < 1.
The pair (®, V) generates a Finsler metric © = ©(x,y) on Uy, by (2-15):
O(z,y) = ¢(y + O(z,y)z). (2-18)
Differentiating with respect to z* and y* separately, one obtains
(1= put (w)a') O (2,y) = by (w)O(2,y),
(1= ut (w)z") Oy (2,y) = Pyr (w),
where w := y + ©(x, y)z. It follows that
Our (2,y) = O(2,y)Oyk (z,y). (2-19)
This argument is from [Okada 1983].
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A domain Uy in R™ defined by a Minkowski norm ¢ is called a strongly convex
domain. A Finsler metric © = O(z,y) defined in (2-18) is called the Funk metric
on a strongly convex domain in R". When ¢ = |y| is the standard Euclidean
metric on R™, Uy = B” is the standard unit ball and © = O(z,y) is given by
(2-6). Equation (2-19) is the key property of ©, from which one can derive other
geometric properties of ©.

DEFINITION 2.10. A Finsler function © = ©(z,y) on an open subset in R™ is
called a Funk metric if it satisfies (2-19).

EXAMPLE 2.11. Let ®(x,y) := |y| be the standard Euclidean metric on R™ and
let V=V (z) be a vector field on R™ defined by

Ve = |z|*a — 2(a, )z,
where a € R™ is a constant vector. Note that
(e, ~Vy) = /3, VVI = |Va| = lallal? < 1, = € B (1/\/]a]),
and that

d)ijyivj = |x|2<a, y> - 2<CL, $> <$7 y>
Given the pair (®,V’) above, one obtains, by solving (2-15) for F,

\/(IxIQ<a,y>—2<a,ﬂr><x,y>)2 +1yl? (1-lal?lz[*) — (2[*{a, y)~2(a, 2) (2, 9))
1 — |af?|2|* '

F =

(2-20)
This Randers metric F' has very important properties. It is of scalar curvature
and isotropic S-curvature. But the flag curvature and the S-curvature are not
constant. See Example 11.2 below for further discussion.

3. Cartan Torsion and Matsumoto Torsion

To characterize Euclidean norms, E. Cartan [1934] introduced what is now
called the Cartan torsion. Let F' = F(y) be a Minkowski norm on a vector space
V. Fix a basis {b;} for V. Then F = F(y'b;) is a function of (y'). Let

Gij = %[FQ]y?‘yj7 Cijk := i[Fz]yiyjy"’ (y), Ii:= jk(y)oijk(y)a
where (g%) := (g;;)7*. It is easy to see that
0

Ii = a—yl(ln \/det(gjk)). (3*1)
For y € V'\ {0}, set
Cy(u,v,w) = Cijk(y)uivjwk, I,(u):= Ii(y)ui,

where u := u'b;, v := v7b; and w := w¥by. The family C := {C, |y € V\ {0}}
is called the Cartan torsion and the family I := {I, |y € V \ {0}} is called the
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mean Cartan torsion. They are not tensors in a usual sense. In later sections, we
will convert them to tensors on T'Mj and call them the (mean) Cartan tensor.

We view a Minkowski norm F' on a vector space V as a color pattern. When
F' is Euclidean, the color pattern is trivial or Fuclidean. The Cartan torsion
C, describes the non-Euclidean features of the color pattern in the direction
y € V\ {0}. And the mean Cartan torsion I, is the average value of C.

A trivial fact is that a Minkowski norm F' on a vector space V is Euclidean if
and only if C, =0 for all y € V'\ {0}. This can be improved:

PROPOSITION 3.1 [Deicke 1953]. A Minkowski norm is Euclidean if and only if
I=0.

To characterize Randers norms, M. Matsumoto introduces the quantity
1
Mijk = Cijk — n——l—l(hhjk + Ijhik + Ikhij), (3*2)
where h;j = FF i = gij — 9ipy?9jqy?/F?. For y € V \ {0}, set
M, (u,v,w) = Mijk(y)uivjwk,

where u = u'b;, v = v/b; and w = w¥by,. The family M :={M, | y € V\{0}} is
called the Matsumoto torsion. A Minkowski norm is called C-reducible if M = 0.

LEMMA 3.2 [Matsumoto 1972b]. Every Randers metric satisfies M = 0.

PROOF. Let F' = a 4+ 3 be an arbitrary Randers norm on a vector space V,

where a = \/a;jy’yl and B = b;y" with ||B|lo < 1. By a direct computation, the

gij = $[F?]yi,s are given by

F Yiyi ( yz-> ( yj>
i = — i — — —(b; + = b — R 3-3
Jij o <aJ a o + F + o it o (3-3)
where y; := a;;y?. The hij = FF, i, = gij — gipy?9jqy?/F? are given by
a+p Yilj
hij = — (aij -2 ) (3-4)

The inverse matrix (¢%) = (g;;) ™" is given by

(w2 ) ). e

The determinant det(g;;) is
a+p

det (g;5) = < )vH-l det (a;;) .

From this and (3-1), one obtains

_ ntl ( wb .
L= 2(a+ B) (bz a a)' (3-6)
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Differentiating (3-3) yields
1
Cijk = o (Lihjk + Lihi + Ixhig), (3-7)
implying that M;;, = 0. (]
Matsumoto and Hojo later proved that the converse is true as well, if dim'V > 3.

PROPOSITION 3.3 [Matsumoto 1972b; Matsumoto and Hojo 1978]. If F is a
Minkowski norm on a vector space V of dimension at least 3, the Matsumoto
torsion of F' vanishes if and only if F' is a Randers norm.

Their proof is long and I could not find a shorter proof which fits into this article.

4. Geodesics and Sprays

Every Finsler metric F' on a connected manifold M defines a length structure
Ly on oriented curves in M. Let ¢ : [a,b] — M be a piecewise C* curve. The
length of c is defined by

b
Lr(c) = / F(c(t),¢é(t)) dt.
For any two points p,q € M, define

dF(pv q) = infc LF(C)7

where the infimum is taken over all piecewise C*° curves ¢ from p to q. The
quantity dp = dr(p,q) is a nonnegative function on M x M. Tt satisfies

(a) dr(p,q) > 0, with equality if and only if p = ¢; and
(b) dr(p,q) < dp(p,7) + dp(r,q) for any p,q,r € M.
We call dp the distance function induced by F'. This is a weaker notion than the
distance function of metric spaces, since dr need not satisfy dr(p,q) = dr(q,p)
for p,q € M. But if the Finsler metric F is reversible, that is, if F(z,—y) =
F(x,y) for all y € T, M, then dp is symmetric.

A piecewise C* curve o : [a,b] — M is minimizing if it has least length:

Lp(o) =dp(o(a),a(b)).

It is locally minimizing if, for any to € I := [a, D], there is a small number € > 0
such that ¢ is minimizing when restricted to [tg — ¢, to +¢] N I.

DEFINITION 4.1. A C curve o(t), t € I, is called a geodesic if it is locally
minimizing and has constant speed (meaning that F'(o(t),d(t)) is constant).

LEMMA 4.2. A C* curve o(t) in a Finsler manifold (M, F) is a geodesic if and
only if it satisfies the system of second order ordinary differential equations

5'(t) +2G"(a(t),6(t)) =0, (4-1)



314 ZHONGMIN SHEN

where the G* = G'(z,y) are local functions on TM defined by
G = %gil(x,y)([Fg]zkyz (z,9)y" — [F?] (x7y)) (4-2)
This is shown by the calculus of variations; see, for example, [Shen 2001a; 2001b].
Let {0/0z%,0/0y"} denote the natural local frame on TM in a standard local
coordinate system, and set
; 0

= - — 2 -
Gi=y Oxt oyt’

(4-3)

where the G = G%(z,y), which are given in (4-2), satisfy the homogeneity
property

G'(x, \y) = N> G*(z,y), A >0. (4-4)
G is a well-defined vector field on TM. Any vector field G on T'M having the
form (4-3) and satisfying the homogeneity condition (4-4) is called a spray on
M, and the G? are its spray coefficients.

Let )

Ni— oG" 0 _: 0 i 0
Joooyi’ dxt T Oxt T oyi”
Then HTM := span{d/dx'} and VT M := span{d/0y'} are well-defined and
T(TMy) = HTM @ VTM. That is, every spray naturally determines a decom-
position of T'(TMy).

For a Finsler metric on a manifold M and its spray G, a C* curve o(t) in
M is a geodesic of F' if and only if the canonical lift v(¢) := ¢(t) in TM is an
integral curve of G. One can use this to define the notion of geodesics for sprays.

It is usually difficult to compute the spray coefficients of a Finsler metric.
However, for an (a, 3)-metric F', given by equation (2-10), the computation is
relatively simple using a Maple program. Let G* be the spray coefficients of the
Riemannian metric «, with coefficients f;k, so that G = %f‘;k(x)yjyk. These
coefficients are called the Christoffel symbols of a. By (4-2), they are given by

i a’l (8aﬂ Oay; (9ajk>

ik T o

dxk " Oxi  Oal

To find a formula for the spray coefficients G* = G*(z, y) of F in terms of o and
8, we introduce the covariant derivatives of 3 with respect to a. Let 8% := da’
and 0" := T, dz*. We have

o' =07 N0, day; = ar;0," + ad;".

Define b;,; by 4
b;:j07 == db; — b;0,”.
Let
rij i= 53 (b + b)), sij =5 (bij — bjii)
Sij = aihshj, Sj 1= bisij, €ij = Tij + biSj + bjsl
By (4-2) and using a Maple program, one obtains the following relationship:
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LEMMA 4.3. The geodesic coefficients G* are related to G* by

g9 o — s(¢d" + ')
O T T (s + B - )9
—2a¢’ yi o .
(Gt ) (5 st ) 09

where s = f/a, sio = sijyj, 50 = 8y’ roo = rijyiyj and b? = aijbibj.

Consider the metric

po et 0”
o

where o = \/a;;(2)y'y’ is a Riemannian metric and 8 = b;(z)y’ is a 1-form
with ||8ls < 1 for every € M. By (4-5), we obtain a formula for the spray
coefficients of F":

as'y +

ala —23) ( —4a g

. — 2 Y o' .
i __ L B ]
G_G+a 202h% + a2 — 332 afﬂaso—'_roo)(a—'—anﬂb)’

-3
where b = || 6]

Given a spray G, we define the covariant derivatives of a vector field X =
X(t)(0/02")|(r) along a curve ¢ by

0
ox'’

0
ozt

DX (t) = (X'(t) + X7 (t)N(c(t), (1))

o) (4-6)

VeX(t) == (X'(t) + X7 (£)Ni(c(t), X (¢)))

c(t)

D:X () is the linear covariant derivative and VX (t) the covariant derivative of
X (t) along c. The field X is linearly parallel along ¢ if D.X(t) = 0, and parallel
along ¢ if V; X (t) = 0. For linearly parallel vector fields X = X (¢) and Y = Y (¢)
along a geodesic c, the expression g, (X(t),Y(t)) is constant, and for a parallel
vector field X = X (t) along a curve ¢, F(c(t), X(t)) is constant.

5. Berwald Metrics

Consider a Riemannian metric F' = 4/g;;(x)y’y’ on a manifold M. By (4-2),
we obtain G* = $T%, (x)y7y*, where

o) = 300w (2 ) 4 O () - T ) 6-1)
In this case the G' = G(z,y) are quadratic in y € T, M at any point € M.
A Finsler metric F = F(z,y) is called a Berwald metric if in any standard
local coordinate system, the spray coefficients G* = G'(z,y) are quadratic in
yeT, M.

There are many non-Riemannian Berwald metrics.
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EXAMPLE 5.1. Let (M,&) and (M, ) be Riemannian manifolds and let M =
M x M. Let f:[0,00) % [0,00) — [0,00) be a C* function satisfying f(\s, \t) =
Af(s,t) for A > 0 and f(s,t) # 0 if (s,t) # 0. Define

F(z,y) == /£ (a2 D)2 oz p)]?), (5-2)

where v = (7,2) € M and y =y Dy € TmM%Tf]\zf@Tg;M.
We now find additional conditions on f(s,t) under which the matrix g¢;; :=
1

5[F?],iyi is positive definite. Take standard local coordinate systems (z%,§%)

in TM and (z%,y%) in TM, so that j = 5*9/0z" and y = y®d/0z*. Then

(xt,y7) == (2%, 29, 7%,y*) is a standard local coordinate system in T'M. Express

a and a by
a(z, ) = \/9a5(@)5°9,  alz,y) = \/gab(z)y®y?,

We obtain
Jab = 2fssg&g5 + fsgaE7 Gab = 2fstg&?_Jﬁa Gab = 2fttgggb + ftggba (573)

where y5 = gaggji’ and y, = ng?_lb- By an elementary argument, one can show
that (g;;) is positive definite if and only if f(s,t) satisfies the conditions

fs>0, fi>0, fi+25fss>0, fe+2tfie>0, foft—2ffse>0.

In this case,
det (gi;) = h([a]*, [o]?) det (a5) det (ga) , (5-4)
where
b= (f) (0P (ff = 2f far), (5-5)

where 7 ;= dim M and n := dim M.
By a direct computation, one can show that the spray coefficients of F split
as the direct sum of the spray coefficients of & and a:

G (z,y) = G*(7,9), G*(z,y) = G*(z,y), (5-6)

where G% and G¢ are the spray coefficients of & and a. From (5-6), one can see
that the spray of F' is independent of the choice of a particular function f(s,t).
In particular, the G%(z,y) are quadratic in y € T, M. Thus F is a Berwald
metric.

A typical example of f is

f=s+t+e/sk+tk

where ¢ is a nonnegative real number and k is a positive integer. The Berwald
metric obtained with this choice of f is discussed in [Szabé 1981].
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Let (M, F) be a Berwald manifold and p,q € M be an arbitrary pair of points
in M. Let c¢:[0,1] — M be a geodesic going from p = ¢(0) to ¢ = ¢(1). Define
a linear isomorphism T : T,M — T,M by T(X(0)) := X (1), where X (t) is a
linearly parallel vector field along ¢, so D:X (t) = 0. Since F is a Berwald metric,
the linear covariant derivative V. coincides with the covariant derivative D. along
¢, by (4-6). Thus X (¢) is also parallel along ¢, that is, V. X (¢) = 0. Therefore,
F(c(t), X (t)) is constant. This implies that T : (T, M, Fp) — (TyM, F,) preserves
the Minkowski norms. We have proved the following well-known result:

PROPOSITION 5.2 [Ichijyd 1976]. On a Berwald manifold (M, F), all tangent
spaces (T, M, Fy) are linearly isometric to each other.

On a Finsler manifold (M, F'), we view the Minkowski norm F, on T, M as an
infinitesimal color pattern at x. As we mentioned early in Section 3, the Cartan
torsion C,, describes the non-Euclidean features of the pattern in the direction
y € T, M \ {0}. In the case when F is a Berwald metric on a manifold M, by
Proposition 5.2, all tangent spaces (T, M, F;;) are linearly isometric, and (M, F)
is modeled on a single Minkowski space. More precisely, for any pair points
x,2’ € M and a geodesic from z to 2/, (linearly) parallel translation defines
a linear isometry T' : (T, M, F,) — (T,»M,F,/). This linear isometry 7' maps
the infinitesimal color pattern at = to that at z’. Thus the infinitesimal color
patterns do not change over the manifold. If one looks at a Berwald manifold
on a large scale, with the infinitesimal color pattern at each point shrunken to
a single spot of color, one can only see a space with uniform color. The color
depends on the Minkowski model.

A Finsler metric F' on a manifold M is said to be affinely equivalent to another
Finsler metric F on M if F and F induce the same sprays. By (5-6), one can
see that the family of Berwald metrics in (5-2) are affinely equivalent.

PROPOSITION 5.3 [Szabd 1981]. Fvery Berwald metric on a manifold is affinely
equivalent to a Riemannian metric.

Based on this observation, Z. I. Szab6 [1981] determined the local structure of
Berwald metrics.

6. Gradient, Divergence and Laplacian

Let F = F(z,y) be a Finsler metric on a manifold M and let F* = F*(z,§)
be dual to F. Let f be a C! function on M. At a point 2 € M, the differential
dfy € T M is a 1-form. Define the dual vector V f, € T, M by

V= e;(dfz)v (671)
where ¢} : TXM — T,M is the inverse Legendre transformation. By definition,
V fz is uniquely determined by

WV, =2l

=5% (F**(z, dfy +t0))1=0, n€ TiM.
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V fo is called the gradient of f at x. We have
F(z,Vf;) = F*(z,dfs).

If fis C¥ (k> 1), then Vf is C*~! on {df, # 0} and C° at any point z € M
with df, = 0.

Given a closed subset A C M and a point x € M, let d(A,x) := sup,c 4 d(z,x)
and d(z,A) = sup,c d(z,z). The function p defined by p(x) = d(z, A) is
locally Lipschitz, hence differentiable almost everywhere. It is easy to verify
[Shen 2001b] that

F(x,Vp,) = F*(x,dp,) =1 almost everywhere. (6-2)

Any function p satisfying satisfies (6-2) is called a distance function of the Finsler
metric F'; another example is the function p defined by p(z) := —d(z, A). In
general, a distance function on a Finsler manifold (M, F) is C* on an open
dense subset of M. For example, when A = {p} is a point, the distance function
p defined by p(z) := d(x, p) or rho(z) := d(p,x) is C*° on an open dense subset
of M.

Let p be a distance function of a Finsler metric F' on a manifold M. Assume
that it is C*° on an open subset U C M. Then Vp induces a Riemannian metric
Fi= V/gv,(v,v) on U. Moreover, p is a distance function of F and Vp = @p is
the gradient of p with respect to F. See [Shen 2001b).

Every Finsler metric F' defines a volume form

dVp :=op(z)dx' -- - da",

where
Vol B”
P = " - " .
Vol {(y") € R™ | F(z,y"(0/02%)|,) <1}
Here Vol denotes Euclidean volume in R™. It was proved by H. Busemann [1947]
that if F' is reversible, the Hausdorff measure of the induced distance function

dr is represented by dVy. When F = /g;;(z)y'y’ is Riemannian,

or = \/det(g;;(z)) and dVp = /det(g;j(x))dz' ---dz".
For a vector field X = X*(z)(9/0x%)|, on M, the divergence of X is

1o
op(x) 0xt

(6-3)

divX =

(or(2)X"(x)). (6-4)
The Laplacian of a C? function f with df # 0 is
Af :=divVf.

A is a nonlinear elliptic operator. If there are points x at which df, = 0, then
Vf is only C9 at these points. In this case, Af is only defined weakly in the
sense of distributions.
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For a C*° distance function p on an open subset U C M, dp, # 0 at every
point x € U and the level set N,. := p~1(r) C U is a O hypersurface in U. Thus
Ap can be defined by the above formula and its restriction to N,, H := Ap|y,,
is called the mean curvature of N, with respect to the normal vector n = Vp|n,..

7. S-Curvature

Consider an n-dimensional Finsler manifold (M, F'). As mentioned in Section
5, we view the Minkowski norm F, on T, M as an infinitesimal color pattern at
z. The Cartan torsion C', describes the non-Euclidean features of the pattern in
the direction y € T, M \ {0}. The mean Cartan torsion I, is the average value
of C,. Besides the (mean) Cartan torsion, there is another geometric quantity
associated with F,. Take a standard local coordinate system (z¢, ") and let

det (g;(,y)
7:=In —< ’ ) , (7-1)
or ()
where op is defined in (6-3). 7 is called the distortion [Shen 1997; 2001b].
Intuitively, the distortion 7(z,y) is the directional twisting number of the infin-
itesimal color pattern at x. Observe that

9 1 Ok
i Iny/det(g;i(z,y)) = §gjk% = ¢/*Ciji. =: L. (7-2)

Here o does not occur in the first equality, because it is independent of y at
each point x. If the distortion is isotropic at z, that is, if 7(z) is independent of
the direction y € T, M, then 7(z) = 0 and F); is Euclidean (Proposition 3.1). In
this case, the infinitesimal color pattern is in the simplest form at every point.

It is natural to study the rate of change of the distortion along geodesics. For
y € T, M \ {0}, let o(¢t) be the geodesic with 0(0) = x and 6(0) = y. Let

d .
S = ET(O’(t), a(t))

S is called the S-curvature. It is positively homogeneous of degree one in y:

. (7-3)
t=0
S(z,  y) = AS(z,y), A>0.

In a standard local coordinate system (z¢,%%), let G* = G*(z,y) denote the
spray coefficients of F. Contracting (8-2) with g% yields

oG™ m1 OGmi_; i
g~ 29" Gt v~ 2E

SO
or or 1. ml 8gml 4

) , 0
S=y'— —-2—G"= . —2L,G" —y""——1
Y or Oyt 29 g Y Y ggm HOF
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and finally
oG™ 0
= — —ym— 1 . 74
ym Y ggm T (74)

PROPOSITION 7.1 [Shen 1997]. For any Berwald metric, S = 0.

However, many metrics of zero S-curvature are non-Berwaldian.

Some comparison theorems in Riemannian geometry are still valid for Finsler
metrics of zero S-curvature; see [Shen 1997; 2001b).

By definition, the S-curvature is the covariant derivative of the distortion
along geodesics. Let o(t) be a geodesic and set

T(t) :==7(0(t),6(t), S(t):=8(a(t),5(t)).

By (7-3), S(t) = 7/(t), so if S vanishes, 7(t) is a constant. Intuitively, the
distortion (twisting number) of the infinitesimal color pattern in the direction
&(t) does not change along any geodesic. However, the distortion might take
different values along different geodesics.

A Finsler metric F' is said to have isotropic S-curvature if

S =(n+1)cF.
More generally, F' is said to have almost isotropic S-curvature if
S=(mn+1)(cF+n),

where ¢ = c(z) is a scalar function and 1 = n;(z)y" is a closed 1-form.
Differentiating the S-curvature gives rise to another quantity. Let

E;; = %Syiyj (m,y) (7*5)

For y € T, M \ {0}, the form E, = E;;(z,y) dz’ ® dz’ is a symmetric bilinear
form on T, M. We call the family E :={E, |y € TM \ {0}} the mean Berwald
curvature, or simply the E-curvature [Shen 2001a]. Let h,, := h;;(z,y) dz* ® da?,
where h;; := F'Fyi,;. We say that I' has isotropic E-curvature if

E=1(n+1)cF 'h,

where ¢ = ¢(x) is a scalar function on M. Clearly, if the S-curvature is almost
isotropic, the E-curvature is isotropic. Conversely, if the E-curvature is isotropic,
there is a 1-form 7 = n;(x) dz* such that S = (n + 1)(cF + 7). However, this n
is not closed in general.

Finally, we mention another geometric meaning of the S-curvature. Let p =
p(x) be a C* distance function on an open subset U C M (see (6-2)). The
gradient Vp induces a Riemannian metric F=F (z,v) on U by

F(z,v) = Vav,(v,v), veT.U.
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Let A and A denote the Laplacians on functions with respect to F' and F. Then
H = Ap|n, and H = Ap|y, are the mean curvature of N, := p~1(r) with respect
to F' and F'| respectively. The S-curvature can be expressed by

S(Vp) =Ap—Ap=H—H.

From these identities, one can estimate A and obtain an estimate on Ap under
a Ricci curvature bound and an S-curvature bound. Then one can establish a
volume comparison on the metric balls. See [Shen 2001b] for more details.

8. Landsberg Curvature

The (mean) Cartan torsion is a geometric quantity that characterizes the Eu-
clidean norms among Minkowski norms on a vector space. On a Finsler manifold
(M, F), one can view the Minkowski norm F, on T, M as an infinitesimal color
pattern at x. The Cartan torsion C, describes the non-Euclidean features of
the pattern in the direction y € Tz M \ {0}. The mean Cartan torsion I, is the
average value of C'y. They reveal the non-Euclidean features which are different
from that revealed by the distortion. Therefore, it is natural to study the rate
of change of the (mean) Cartan torsion along geodesics.

Let (M, F') be a Finsler manifold. To differentiate the (mean) Cartan torsion
along geodesics, we need linearly parallel vector fields along a geodesic. Recall
that a vector field U(t) := UY(T)(9/0x")|,(1) along a geodesic o(t) is linearly
parallel along o if D;U(t) = 0:

U'(t) + U’ () Ni(o(t),6(t) = 0. (8-1)
On the other hand, by a direct computation using (4-2), one can verify that g;;
satisfy the following identity:
y™ 9gi m 093

- 2G = gim N + gm; N 8-2
axm aym g i +g J- " ( )

Using (8-1) and (8-2), one can verify that for two linearly parallel vector fields
U(t),V(t) along o,

d
Egd(t)(U(t)a V(t)) =0.
In this sense, the family of inner products g, does not change along geodesics.

However, for linearly parallel vector fields U(t), V() and W(t) along o, the
functions Cy ;) (U(t), V(t), W(t)) and I (U(t)) do change, in general. Set

LG UV . W) o (5.3

L,(u,v,w) = p

and

d
Jy(u) = %(I(}(t)(U(t)))h:O’
where u = U(0),v = V(0),w = W(0) and y = ¢(0) € T, M. The family

L={L,|yeTM\{0}} is called the Landsberg curvature, or L-curvature, and
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the family J = {J, | y € TM \ {0}} is called the mean Landsberg curvature,
or J-curvature. A Finsler metric is called a Landsberg metric if L = 0, and a
weakly Landsberg metric if J = 0.

Let (2°,9%) be a standard local coordinate system in 7'M and set Ciji =
1[F?] . From the definition, L, = L;;;, dz’ ® d’ ® dz* is given by

yiyiyk
m 601 ik m 301 ik m m m
Lijk =y ax:n —2G ay; — mjk:Ni — CimkNj — Ciijk , (874)
and J = Jydx! is given by
ol; ol;
J=y" —2G™ — I, N™. 85
Y em oym™ k (8-5)
We have
Ji = ¢’* Liji.

It fOll()WS fI‘()Hl (4 2) tha,t
3, ]- 6 S m

4\" gz Oxs
Differentiating with respect to y*, 47, y* and contracting the resulting identity
by %ys, one obtains
_lysg 63Gm

27 I iy oyk
Thus if G™ = G™(z,y) are quadratic in y € T, M, then L;;; = 0. This proves
the following well-known result.

Liji = (8-6)

ProproOSITION 8.1. FEwvery Berwald metric is a Landsberg metric.

By definition, the (mean) Landsberg curvature is the covariant derivative of
the (mean) Cartan torsion along a geodesic. Let o = o(t) be a geodesic and
U=U(t),V =V(), W =W(t) be parallel vector fields along o. Let

L(t) := Ly (U (1), V(t),W (1)), C(t) :=Cs)(U(t),V(t), W(t)).

By (8-3),

Lt)=C'(t).
If F' is Landsbergian, the Cartan torsion C in the direction &(¢) is constant
along o. Intuitively, the infinitesimal color pattern in the direction () does not
change along . But the patterns might look different at neighboring points.

It is easy to see that in dimension two, a Finsler metric is Berwaldian if and
only if E =0 (or S =0) and J = 0. It seems that E and L are complementary
to each other. So we may ask: Is a Finsler metric Berwaldian if E = 0 and
L = 07 A more difficult problem is: Is a Finsler metric Berwaldian if L = 07
So far, we do not know.

Finsler metrics with L = 0 can be generalized as follows. Let F' be a Finsler
metric on an n-dimensional manifold M. We say that F' has relatively isotropic
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L-curvature L + ¢cFC = 0, where ¢ = ¢(x) is a scalar function on M. We say
that F' has relatively isotropic J-curvature if J 4+ c¢FI = 0.

There are many interesting Finsler metrics having isotropic L-curvature or
(almost) isotropic S-curvature. We will discuss them in the following two sec-
tions.

9. Randers Metrics with Isotropic S-Curvature

We now discuss Randers metrics of isotropic S-curvature. Let F' = o + 3 be
a Randers metric on an n-dimensional manifold M, with a = y/a,;(z)y’y’ and
B = bi(x)y’. Recall from page 307 that this is a special case of an («, 3)-metric,
with ¢(s) = 1+ s. By (4-5), the spray coefficients G* of F' and G* of « are

related via
G'=G"+ Py + Q' (9-1)

where

P:=_—— —s9, Q'=as’,, (9-2)

and eqo = e€ijy'y’, so := siy’, ' := s';y7. The formula above can be found in
[Antonelli et al. 1993].
Let

pi=In /I [BJE.

The volume forms dVp and dV,, are related by
AV = e TOr@) gy,

Since si; = $ji, So0 := 8;;y'y? =0 and s’; = a”s;; = 0. Observe that

o(Py™) oP _ Q™ mo_
oy 8ymy +nP = (n+1)P, oy a” "sp0 + asy, = 0.
Since « is Riemannian, we have
oG™ m 0
ay—m =Y a—m In (o
Thus one obtains
oG™
= — — m—l
o oy™ Y ox™ nor
B aG™  o(Py™) oQ™ m Op m 0
- oym + oy™ + oy™ — (1 azm Y grm lnoq
e
= (+1)(P = po) = (n+1) (52 — (50 + ), (9-3)

%

where po 1= pgi(z)y".

LEMMA 9.1 [Chen and Shen 2003a]. For a Randers metric F = o+ 8 on an
n-dimensional manifold M, the following conditions are equivalent:
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(a) The S-curvature is isotropic, i.e., S=(n+1)cF for a scalar function ¢ on M.

(b) The S-curvature is almost isotropic, i.e., 8 = (n+1)(cF + n) for a scalar
function ¢ and a closed 1-form n on M.

(c) The E-curvature is isotropic, i.e., E = $(n+1)cF~'h for a scalar function
c on M.

(d) egp = 2¢(a® — 3?) for a scalar function ¢ on M.

PRrROOF. (a) = (b) and (b) = (c) are obvious.

(¢) = (d). First, S = (n+1)(cF +n), where n is a 1-form on M. By (9-3),
(c) is equivalent to the following egg = 2c¢F? + 20F, where 6 := so + po + 7. This
implies that

eoo = 2¢(a® + 3%) 4+ 208, 0= 4cB + 26.
Solving for 6 in the second of these equations and plugging the result into the
first, one obtains (d).
(d) = (a). Plugging ego = 2c(a? — 4?) into (9-3) yields

8 = (n+1)(cla— 8) — (50 + po))- (9-4)
On the other hand, contracting e;; = 2c(a;; —b;bj) with b/ gives s;+p;+2cb; = 0.
Thus sp + po = —2¢f. Plugging this into (9-4) yields (a). O

EXAMPLE 9.2. Let V = (4, B, C) be a vector field on a domain U C R?, where
A= A(r,s,t), B= B(r,s,t) and C = C(r,s,t) are C* functions on U with

V(z)| = VA@)2 + B(2)2 +C(x)2 <1, Va=(rs,t)ecU.

Let ® := |y| be the standard Euclidean metric on R®. Define F = o + 3 by
(2-15) for the pair (®,V). « and § are given by

_ V(@) + yPA - [V(@)P)
L= [V(z)]? ’

(V(z),y)

= T Vap

where y = (u,v,w) € T,U 2 R3. One can easily verify that ||3||, < 1 for z € U.
By a direct computation, one obtains

_ B*A,—B,)+C*(A,—Cy) — A, + H

€11

1-A2-B2-(C2 ’

oo — A2(BS_AT)+C2(BS_Ct)_Bs+H

2 1-A2_B2_(? ’
_ A%(Cy—A,)+ B*(Cy—B,) —-Cy + H
33 = 1-A2_B2_C» ’

e12 = —3(A+B,), ez =—32(4+Cp), e =1(B+Cy),
where H := 2ABejs + 2ACe13 + 2BCess. Here as usual we write A, = 0A/0r,
etc. On the other hand,
1—A2 - B2 - C?

al-j — blb] =
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It is easy to verify that e;; = 2c(a;; — b;ib;) if and only if A, B, and C satisfy
A, =B,=Cy, A +C.=0, A;+B,=0, B;+C,=0.

In this case,

B, = —-1C;.

__1 — _1
c=—54,=—3 2

By Lemma 9.1, we know that S = 4cF.

If F = o+ on an n-dimensional manifold M is generated from the pair (®,V),
where ® = \/¢;;y’y7 is a Riemannian metric and V = V¥(9/9z?) is a vector
field on M with ¢;;(z)Vi(z)v!(z) < 1 for any @ € M, then F has isotropic
S-curvature, S = (n + 1)c(z)F, if and only if

Visj + Visi = —4dedij,

where V; = ¢ijVj and V;,; are the covariant derivatives of V' with respect to ®.
This observation is made by Xing [2003]. It also follows from [Bao and Robles
2003b], although it is not proved there directly.

10. Randers Metrics with Relatively Isotropic L-Curvature

We now study Randers metrics with relatively isotropic (mean) Landsberg
curvature. From its definition, the mean Landsberg curvature is the mean value
of the Landsberg curvature. Thus if a Finsler metric has isotropic Landsberg cur-
vature, it must have isotropic mean Landsberg curvature. I don’t know whether
the converse is true as well; no counterexample has been found. Nevertheless, for
Randers metrics, “having isotropic mean Landsberg curvature” implies “having
isotropic Landsberg curvature”. According to Lemma 3.2, the Cartan torsion is
given by (3-7). Differentiating (3—7) along a geodesic and using (8-4) and (8-5),
we obtain

1
Lijr = n__"_l(Jihjk + Jihik + Jihij). (10-1)

Here we have used the fact that the angular form h, is constant along geodesics.
By (3-7) and (10-1), one can easily show that J; + ¢FI; = 0 if and only if
Liji 4+ cFCjj, = 0. This proves the claim.

LEMMA 10.1 [Chen and Shen 2003a]. For a non-Riemannian Randers metric
F = a+ B on an n-dimensional manifold M, these conditions are equivalent:

(a) J+cFI=0 (or L+cFC =0).
(b) S = (n+1)cF and 3 is closed.

(c) E = 3cF~'h and 3 is closed.

(d) ego = 2¢(a® — B?) and B is closed.

Here ¢ = ¢(x) is a scalar function on M.
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PrOOF. By (10-1), to compute L;j;i, it suffices to compute J;. First, the mean
Cartan torsion is

1
I = 5(” + D)F a2 (o — Byi), (10-2)
where y; := a;;57. By a direct computation using (8-5), one obtains

J; = %(n +1)F a2 (2@((ei0a2 — yieo0) — 2B(s;0% — yis0) + sio(a? + ﬁ2))
+a?(ej08 — bieoo) + Bleina® — yieoo) — 2(sia® — yiso) (o + 5%) + 48i00425)~

Using this and (10-2), one can easily prove the lemma. O

Thus, for any Randers metric F' = a + (3, the J-curvature vanishes if and only
if egg = 0 and dB = 0. This is equivalent to b;;; = 0, in which case, the
spray coefficients of F' coincide with that of a. This observation leads to the
following result, first established by the collective efforts found in [Matsumoto
1974; Hashiguchi and Ichijyo 1975; Kikuchi 1979; Shibata et al. 1977].

PropPOSITION 10.2. For a Randers metric F' = «+ 3, the following conditions
are equivalent:

(a) F is a weakly Landsberg metric, J = 0.

(b) F is a Landsberg metric, L = 0.

(¢) F is a Berwald metric.

(d) B is parallel with respect to .

ExAMPLE 10.3. Consider the Randers metric F' = a4 [ on R"™ defined by
V1-e? (z,y)

1+ ela]?

oo VA=) (@) +elyP( +ea]?) .
. 1+ claf? P

where ¢ is an arbitrary constant with 0 < e < 1. Since 3 is closed, s;; = 0 and
s; = 0. After computing b;.;, one obtains

eVl —¢g?

(1 +elz2)(e + [z2)

€ij

g
=
1+ ela]?

o Vl-—e?
2+ z[?)

On the other hand, a;; — b;b; ij- Thus e;; = 2¢c(a;; — b;bj) with

By Lemma 10.1, F satisfies L + cFC =0, S = (n+ 1)cF, and E = 1cF~'h.
See [Mo and Yang 2003] for a family of more general Randers metrics with
nonconstant isotropic S-curvature.
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11. Riemann Curvature

The Riemann curvature is an important quantity in Finsler geometry. It was
first introduced by Riemann for Riemannian metrics in 1854. Berwald [1926;
1928] extended it to Finsler metrics using the Berwald connection. His extension
of the Riemann curvature is a milestone in Finsler geometry.

Let (M, F) be a Finsler manifold and let G = y*(9/dz%) — 2G*(9/dy") be the
induced spray. For a vector y € T, M \ {0}, set

o PG A e

R, =2— — - - - 11-1
k oz Y OxI Oy + Oy oyk Oyl Oy* ( )

The local curvature functions RY; and Rjj, := g;; R', satisfy
RYy" =0, Rji=Ry,. (11-2)

R, = R, (0/0x%) ® da* : T,M — T,M is a well-defined linear map. We call
the family R = {R,, | y € TM \ {0}} the Riemann curvature. The Riemann
curvature is actually defined for sprays, as shown in [Kosambi 1933; 1935]. When
the Finsler metric is Riemannian, then

Rik(%?/) = Rjikl(x)yjyl7

where R(u,v)w = R}y (z)w/u'v’(0/dx")|; denotes the Riemannian curvature
tensor. Namely, Ry, (u) = R(u,y)y.

The geometric meaning of the Riemann curvature lies in the second variation
of geodesics. Let o(t), for a < t < b, be a geodesic in M. Take a geodesic
variation H (t,s) of o(t), that is, a family of curves o4(t) := H(t,s), a <t < b,
each of which is a geodesic, with o9 = 0. Let

OH
J(t) := —(%,0).
(1) =% (,0)
Then J(t) satisfies the Jacobi equation
DsDsJ(t) + Rs(1y(J(t) = 0, (11-3)

where D, is defined in (4-6). See [Kosambi 1933; 1935].

There is another way to define the Riemann curvature. Any vector y € T, M
can be extended to a nonzero C'*° geodesic field Y in an open neighborhood U
of x; a geodesic field is one for which every integral curve is a geodesic. Define

F(z,v) = /gy, (v,v), veT.U zeU.

Then F = F(z, v) is a Riemannian metric on U. Let g = gy be the inner product
induced by F' and let R be the Riemann curvature of F. It is well-known in
Riemannian geometry that

Ry(u) = O’ Q(Ry(u)a’l]) = Q(U,Ry(U», (1174)
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where u,v € T,U. An important fact is
R,(u) = Ry(u), u€T,M. (11-5)

See [Shen 2001b, Proposition 6.2.2] for a proof of (11-5). Note that g, = g,. It
follows from (11-4) and (11-5) that

Ry(y) =0, g,(Ry(u),v) = g,(u, Ry(v)), (11-6)

where u,v € T, M. In local coordinates, this equation is just (11-2). See [Shen
2001b] for the application of (11-5) in comparison theorems in conjunction with
the S-curvature.

For a two-dimensional subspace Il C T, M and a nonzero vector y € II, define

g, (R, (u),u)
9,(y,9)g, (u,u) — g, (y,u)?’

where u € II such that IT = span {y, u}. One can use (11-6) to show that K (II, y)
is independent of the choice of a vector u, but it is usually dependent on y. We
call K(IL,y) the flag curvature of the flag (IL,y). When F = /g;;(x)y'y? is a
Riemannian metric, K(II,y) = K(II) is independent of y € II, in which case
K (II) is usually called the sectional curvature of the section II C T, M.

A Finsler metric F' on a manifold M is said to be of scalar curvature K =
K(x,y) if for any y € T, M \ {0} the flag curvature K(II,y) = K(z,y) is
independent of the tangent planes Il containing y. From the definition, the flag
curvature is a scalar function K = K/(z,y) if and only if in a standard local
coordinate system,

K(ILy) := (11-7)

R, = KF?h, (11-8)
where hj, := g hj, = g9 FF,,.. F is of constant flag curvature if this K is a
constant. For a Riemannian metric, if the flag curvature K(II,y) = K(z,y) is a
scalar function on TM, then K (z,y) = K () is independent of y € T, M and it
is a constant when n > 3 by the Schur Lemma. In the next section we show that
any locally projectively flat Finsler metric is of scalar curvature. Such metrics
are for us a rich source of Finsler metrics of scalar curvature.

Classifying Finsler metrics of scalar curvature, in particular those of constant
flag curvature, is one of the important problems in Finsler geometry. The local
structures of projectively flat Finsler metrics of constant flag curvature were
characterized in [Shen 2003b]. R. Bryant [1996; 1997; 2002] had earlier classified
the global structures of projectively flat Finsler metrics of K = 1 on S™, and
given some ideas for constructing non—projectively flat metrics of K =1 on S™.

Very recently, some non—projectively flat metrics of constant flag curvature
have been explicitly constructed; see [Bao—Shen 2002; Bejancu—Farran 2002;
Shen 2002; 2003a; 2003b; 2003c; Bao—Robles 2003], for example. These are all
Randers metrics. Therefore the classification of Randers metrics of constant flag
curvature is a natural problem, first tackled in [Yasuda and Shimada 1977; Mat-
sumoto 1989]. These authors obtained conditions they believed were necessary
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and sufficient for a Randers metric to be of constant flag curvature. Using their
result strictly as inspiration, Bao and Shen [2002] constructed a family of Ran-
ders metrics on S? with K = 1; these metrics do satisfy Yasuda and Shimada’s
conditions. Later, however, examples were found of Randers metrics of constant
flag curvature not satisfying those conditions [Shen 2002; 2003c|, showing that
the earlier characterization was incorrect. Shortly thereafter, Randers metrics of
constant flag curvature were characterized in [Bao—Robles 2003] using a system
of PDEs, a result also obtained in [Matsumoto and Shimada 2002] by a different
method. This subsequently led to a corrected version of the Yasuda—Shimada
theorem. Finally, using the characterization in [Bao—Robles 2003], and moti-
vated by some constructions in [Shen 2002; 2003c], Bao, Robles and Shen have
classified Randers metrics of constant flag curvature with the help of formula
(2-17):

THEOREM 11.1 [Bao et al. 2003]. Let ® = \/¢;;y'y? be a Riemannian metric
and let V.= V%(0/dz") be a vector field on a manifold M with ®(x,V,) < 1 for
allz € M. Let F be the Randers metric defined by (2-17). F is of constant flag
curvature K = X if and only if

(a) there is a constant c such that V' satisfies V;; + V;; = —4cgij, where Vi :=
¢ijVj, and

(b) ® has constant sectional curvature K = X\ 4 ¢2,
where | denotes the covariant derivative with respect to ® and c is a constant.

The equation Vj; 4+ Vj; = —4cgy; of part (a) is by itself always equivalent to
S = (n+ 1)cF, for ¢ a scalar function on M [Xing 2003].

An analogue of Theorem 11.1 still holds for Randers metrics of isotropic Ricci
curvature, i.e., Ric = (n — 1)AF?, where A\ = \(z) is a scalar function on M.
See [Bao and Robles 2003b] in this volume.

We have not extended the result above to Randers metrics of scalar curvature.
Usually, the isotropic S-curvature condition simplifies the classification problem.
It seems possible to classify Randers metrics of scalar curvature and isotropic
S-curvature. The following example is our first attempt to understand Randers
metrics of scalar curvature and isotropic S-curvature.

EXAMPLE 11.2. Let F = a + 8 be the Randers metric defined in (2-20). Set
A =1 - |a|]?|z|*. We can write a = \/a;;(x)y'y? and 8 = b;(x)y’, where

aij:A A2 , b= A

ij n (lz)?a" = 2(a, z)2’) (|z|*a’ — 2(a, z)a) b |z|%a® — 2{a, x)a’
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Using Maple for the computation, we obtain, with the notations of Section 9,

2(a, ) |y* _

€po = N 2<aax>(a2 - /62)’
8j0 = ) <a,y>fﬁjA—2<ZE,y>aj ,
lal*al*{z, ) + (@, z){a,v)

So = bZSi() =2

A
By Lemma 9.1, we see that F' has isotropic S-curvature:
S = (n+1){a,x)F.
By (9-1), the spray coefficients G* = G*(z,y) of F are
G'=G'+Py' + aaijsjo,
where P = eqo/(2F) — so = (a,z) (o — 3) — so. Using the formulas for G* and
R, in (11-1), we can show that F is also of scalar curvature with flag curvature

K= 3@ +3{a,2)? — 2|z

12. Projectively Flat Metrics

A Finsler metric F' = F(z,y) on an open subset U C R™ is projectively flat if

every geodesic o(t) is straight in U, that is, if
o'(t) =" + f(t)y',

where f(t) is a C* function with f(0) =0, f/(0) =1 and z = (2'), y = (y*) are
constant vectors. This is equivalent to G* = Py, where P = P(x,y) is positively
y-homogeneous of degree one. P is called the projective factor.

It is generally difficult to compute the Riemann curvature, but for locally
projectively flat Finsler metrics, the formula is relatively simple.

Consider a projectively flat Finsler metric F' = F(x,y) on an open subset
U C R™. By definition, its spray coefficients are in the form G* = Py’. Plugging
them into (11-1), one obtains

Ry = E8, + 7y’ (12-1)
where
E=P?—PuyF, 7, =3(Pu — PPy)+Zy.
Using (11-6), one can show that 7, = —EF ' Fx and

, o F o
R = E(é” -z z). 12-2
k k Ia Y ( )
Thus F is of scalar curvature with flag curvature

P2 — P.y*

K= F2

(12-3)
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Using (7-4), one obtains

S=Mn+1)Px,y) —y™ Inop(x). (12-4)

ox™
By (12-2), one immediately obtains the following result. (See also [Szab6 1977]
and [Matsumoto 1980] for related discussions.)

PROPOSITION 12.1 [Berwald 1929a; 1929b]. Every locally projectively flat Finsler
metric is of scalar curvature.

There is another way to characterize projectively flat Finsler metrics.

THEOREM 12.2 [Hamel 1903; Rapcsdk 1961]. Let F = F(x,y) be a Finsler
metric on an open subset U C R™. F' is projectively flat if and only if F satisfies

Fpryy — Fp =0, (12-5)
in which case, the spray coefficients are given by G* = Py* with P = %kayk/F

PROOF. Let G = G%(x,y) denote the spray coefficients of F in the standard
coordinate system in TU = U x R™. One can rewrite (4-2) as

Gi= Py +Q, (12-6)
where .
z;‘g , Qz = %Fgll(kaylyk - le).

Thus F is projectively flat if and only if there is a scalar function P = P(z,y)
such that G* = Py, i.e.,

P =

Py’ + Q' = Py'. (12-7)
Observe that
9i9’ Q" = %Fyl(kayzyk —F.)=0.
Assume that (12-7) holds. Contracting with y; := g;;47 yields
P=P.
Then Q = 0 by (12-7). This implies (12-5). O
Since equation (12-5) is linear, if F; and F» are projectively flat on an open
subset U C R", so is their sum. If F = F(x,y) is projectively flat on U C R™,
so is its reverse F := F(x, —y). Thus the symmetrization
is projectively flat.
The Finsler metric F=a,(x,y) in (2-5) satisfies (12-5), so it’s projectively flat.

THEOREM 12.3. (Beltrami) A Riemannian metric F = F(x,y) on a manifold

M is locally projectively flat if and only if it is locally isometric to the metric a,,
in (2-5).
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Using the formula (9-1), one can easily prove the following:

THEOREM 12.4. A Randers metric F' = a+ on a manifold is locally projectively
flat if and only if « is locally projectively flat and B is closed.

Besides projectively flat Randers metrics, we have the following examples.

EXAMPLE 12.5. Let ¢ = ¢(y) be a Minkowski norm on R"™ and let U be the
strongly convex domain enclosed by the indicatrix of ¢. Let © = O(z,y) be the
Funk metric on U (Example 2.9). By (2-19),

@Ikylyk = (@("‘)yk)ylyk = %(@2)ykylyk = %[@2] @Iz.

yt =
Thus © is projectively flat with projective factor

o (")xkyk o @@ykyk 1
P==6 =725 ~2

By (12-3), the flag curvature is

K- 02 — 20,1y _ 02 — 202 1

402 402 4

EXAMPLE 12.6 [Shen 2003b]. Let ¢ = ¢(y) be a Minkowski norm on R™ and let
U be the strongly convex domain enclosed by the indicatrix of ¢. Let © = O(z,y)
be the Funk metric on U and define

F .= @(:E,y)(l + Ok (x,y)xk)

Since F'(0,y) = ©(0,y) = ¢(y) is a Minkowski norm, by continuity, F' is a Finsler
metric for x nearby the origin. By (2-19), one can verify that

kaylyk = Fzz, kayk = 20F.

Thus F is projectively flat with projective factor P = O(z,y). By (2-19) and
(12-3), we obtain

e? - @mkyk o 02 — @@ykyk

K= 2 2

=0.

Now we take a look at the Finsler metric F' = F.(z,y) defined in (2-9).

EXAMPLE 12.7. Let

VIGWF U= + ) + (- )@ y)? + VI— 2 ay)
v (12-8)

F .=

where

© = elyl + (|2Plyl® — (x,)?), ¥:=1+2efaf + |2
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First, one can verify that F' = F_(x,y) satisfies (12-5). Thus F' is projectively
flat with spray coefficients G* = Py’, where P = %sz (x,y)y*/F(z,y). A Maple
computation gives

VYGWT T + ) - (1- ) (0,9)? — (e + [of?) (2. )

P =
v

(12-9)
Further, one can verify that P satisfies

P.oy® = P? — F2.

Thus
P2 _P k P2 _ P2 _ F2
F? F?
That is, F' has constant flag curvature K = 1.
The projectively flat Finsler metrics constructed above are incomplete. They
can be pulled back to S™ by (2-2) to form complete irreversible projectively flat

Finsler metrics of constant flag curvature K = 1. See [Bryant 1996; 1997].

13. The Chern Connection and Some Identities

The previous sections introduced several geometric quantities, such as the
Cartan torsion, the Landsberg curvature, the S-curvature and the Riemann cur-
vature. These quantities are not all independent. To reveal their relationships,
we use the Chern connection to describe them as tensors on the slit tangent
bundle, and use the exterior differentiation method to derive some important
identities.

Let M be an n-dimensional manifold and T'M its tangent bundle. As usual,
a typical element of TM will be denoted by (x,y), with y € T, M. The natural
projection 7 : TM — M pulls back the tangent bundle TM over M to a vector
bundle 7*T M over the slit tangent bundle TMy. The fiber of 7*T'M at each
point (z,y) € TMy is a copy of T,, M. Thus we write a typical element of 7*T M
as (x,y,v), where y € T, M \ {0} and v € T}, M. Let Dil(z,y) = (2, (0/0z")]2).
Then {0;} is a local frame for 7*TM. Let (z*,y) be a standard local coordinate
system in TMy. Then HT*M := span{dwi} is a well-defined subbundle of
T*(TMy). Let

Syt = dy' — N;dzj,
where N} := dG'/dy’. Then VIT*M := span{dy'} is a well-defined subbundle

of T*(T'My), so that T*(TMy) = HT*M @& VT*M. The Chern connection is a
linear connection on 7*T M, locally expressed by

DX = (dX'+ X'w)®8;, X=X'0,;,
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where the set of 1-forms {wji} is uniquely determined by

dw' = w? A wji,
k k n+k (13-1)

dgij = girw;" + grjw;" + 2C;pw" ™",
where g;; = $[F%yiyi, Ciji = [F?] iy, ' = da’, and w"T := §y'. See
[Bao and Chern 1993; Bao et al. 2000; Chern 1943; 1948; 1992]. Each 1-form
w;* is horizontal: w;’ = T, da*. The coefficients T'%; = T, (x,y) are called the
Christoffel symbols. We have N; = ku;k Thus

W =dy' + yw;’ (13-2)
Put

Q= dw"™ — W AW, (13-3)

One can express ' as

1 )
QZ = Eleka A wl — szlwk A wn+l,

where 4 .
ON} ON}

ON} ON?
6‘:Ek_8xl+Ns ;—Nigs

Ry = - :
kl l ays k 8y8

and 4 _
jaF;'k _ ONi _ T

ayl - 8yl kil
Let R'; be defined in (11-1) and L;;; be defined in (8-4). Then
OR, B ORY,
oyt dyk

Likl =Yy

i i i 1 i ij
R, =Ry, szzg( )’ L'y = 9" Ljn. (13-4)

Put
jS = dwji — wjk Awl.
One can express ' as
le = iRjZklwk A wl —+ leklwk A wnJrl.
Differentiating (13-2) yields Q¢ = ijji. Thus
Ry = ijjik-l’ L'y = *yjpjikp

There is a canonical way to define the covariant derivatives of a tensor on
T' My using the Chern connection. For the distortion 7 on T'M \ {0}, define 7,,,
and 7., by

dr = 1w’ + 7" (13-5)
It follows from (7-2) that

T = - = Il (13*6)



LANDSBERG, S- AND RIEMANN CURVATURES 335

For the induced Riemannian tensor, g = g;;w’ ® w’, define 9ij|k and gij.r by
dgij — grjw;" — gikwjk = gij " + gijaw" .
It follows from (13-1) that
Gijlk = 0, gijor = 2Cjk-
Similarly, one can define Cjjr; at I;;. Equations (8-4) and (8-5) become
Lijk = Cijrpmy™,  Ji = Limy™. (13-7)
Differentiating (13-3) yields the Bianchi identity
dQY = - ANwt + " AQ (13-8)
It follows from (13-8) that
Rjikl = Rikl-j + Likj\l - Lilj\k + LilmL%‘ - L', Nz (13-9)

We are going to find other relationships among curvature tensors. Differenti-
ating (13-1) yields

0= giijk + g Q0 + 2(Cz’jk|lwl + Cijraw™ ) AW TR 4 20;,,0F.
It follows that
Rjirt + Rijry + 2Ci5m Ry = 0, (13-10)
where Ry := giij"}d7 and
Pjirt + Pijrr + 2C; 55 — 2035, L = 0,
where Pjii := gim P}y Then (13-9) can be expressed by
Rjiki = gim R + Likjy — Lujix + LumL"; — Likm L'
Plugging the formulas for Rj;x; and R,k into (13-10) yields

Lijen — Lijye = =3 (9imR"% 5 + 9imB.3) — Cijm R,

m m (13-11)
Iy — Ly = =R — L R
The expression for R',, in (13-4) can be written as
Ry = 5(R'py — Ry (13-12)

LEMMA 13.1 [Mo 1999]. L and R'; are related by
Cijk|p|qypyq + Ciijnl];
= _%gimRWIZ-j - %gjm Wl;z - %gim n_;-k) - %gjm n;k (13713)

In particular,
Ljplgy"y? + I R, = —5 (2R, + R ) (13-14)
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PRrROOF. By (13-7), we have
Lijk|mym = Cijk\p\qypyqa Jk|mym = Ik|p\qypyq'

Contracting the first line of (13-11) with g’ yields (13-13), and contracting
(13-13) with g% yields (13-14). Here we have made use of (13-12). O

The equations above are crucial in the study of Finsler metrics of scalar curva-
ture. Let F' = F(z,y) be a Finsler metric of scalar curvature with flag curvature
K = K(z,y). Then (11-8) holds. Plugging (11-8) into (13-13) and (13-14)
yields
Ciiklplay"y? + KF?Cyj = —
Ik‘p‘qyl)yq + KFQIk = —

F?(K ;hjr + K jhi, + K ;hij),

(n+1)F?K . (13-15)

W= W=

Using the first of these equations, one shows that any compact Finsler mani-
fold of negative constant flag curvature must be Riemannian [Akbar-Zadeh 1988].

It follows from (13-15) that for any Finsler metric F' of scalar curvature with
flag curvature K, the Matsumoto torsion satisfies

Mijiplqy™y? + K F* M = 0. (13-16)

One can use (13-16) to show that any Landsberg metric of scalar curvature
with K # 0 it is Riemannian, in dimension n > 3 [Numata 1975]. See also
Corollary 17.4.

Using (13-16), one can easily prove this:

THEOREM 13.2 [Mo and Shen 2003]. Let (M, F) be a compact Finsler manifold
of dimension n > 3. If F is of scalar curvature with negative flag curvature, F
must be a Randers metric.

Now we derive some important identities for the S-curvature. Differentiating
(13-5) and using (13-3) and (13-6), one obtains

0=d*r = (7'|kuwl + T|k.lw"+l) AwF + (Ik”wl + L") AWk + 1,
This yields the Ricci identities
Tep=Tjk + IR’y (13-17)
Tika=Iyx — Iprkl' (13-18)
From the definition (7-3), the S-curvature can be regarded as
S = Tmy™. (13-19)
Contracting (13-17) with y* yields
Sk =Tm¥™) ok = Tk + Tk = Dipmy™ — L LY o y™ 4 7 = Ji + T,
where we have made use of (13-17) and (13-19). We restate this equation as

Sk ZT‘k-l-Jk. (13-20)
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LEMMA 13.3 [Mo 2002; Mo and Shen 2003]. The S-curvature satisfies
Spmy™ — Sk = —5 (2R 0 + R, 1) (13-21)
PrOOF. It follows from (13-20) that
Sk = Tiw + Jrpi- (13-22)
By (13-17) and (13-22), one obtains
Srm¥™ = Sk = (Skim = SV = (Tklm = Tme)¥"™ + (Tim = Jmjp)y™
= LR, y" + Jkmy™ = RN, — IR} — %Im( "t — Rk)
= —3Im (R — R)- O

14. Nonpositively Curved Finsler Manifolds

We now use some of the identities derived in the previous section to establish
global rigidity theorems.

First, consider the mean Cartan torsion. Let (M, F) be an n-dimensional
Finsler manifold. The norm of the mean Cartan torsion I at a point x € M is
defined by

ITle = sup \/Tia,y)g¥ (x.9)I;(x.v).
0AyeT, M

It is known that if F = a + (3 is a Randers metric, then

n+1 n+1
If; < 1—1-B]2 < :
] 7 V1i=|B 7

The bound in dimension two was suggested by B. Lackey. See [Shen 2001b,

Proposition 7.1.2] or [Ji and Shen 2002] for a proof. Below is our first global
rigidity theorem.

THEOREM 14.1 [Shen 2003d]. Let (M, F') be an n-dimensional complete Finsler
manifold with nonpositive flag curvature. Suppose that F has almost constant
S-curvature S = (n+ 1) (cF +n) (with ¢ a constant and 1 a closed 1-form) and
bounded mean Cartan torsion sup,cys | Il|e < co. Then J =0 and RoI = 0.
Moreover F is Riemannian at points where the flag curvature is negative.

ProoF. It follows from (13-14) and (13-21) that
Liplqy"y ! + Ln R, = S jmy™ — S)ie- (14-1)
Assume that the S-curvature is almost isotropic:
S=(n+1)(cF+n),

where ¢ = ¢(z) is a scalar function on M and 7 = n;dz" is a closed 1-form on M.
Observe that

m m m
-k|m = m — lm - =0.
N-klmY Mk (77k| n \k)y (axm Ok
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Thus
Samy™ = S = (n+ 1) (comy™ Fp — ¢ F + 0my™ — 1))
= (n+1)(comy™Fi — e F).

In this case, (13-21) becomes

2R, + R = =30+ 1) (camy™ Fi — e F) (14-2)
and (14-1) becomes

Tiplgy"y? + In R = (n+ 1) (comy™ Fip — ¢ F).
By assumption, ¢ is constant, so this last equation reduces

Lipigy*y? + I, R, = 0. (14-3)

Let y € T, M be an arbitrary vector and let o(t) be the geodesic with o(0) = =
and 6(0) = y. Since the Finsler metric is complete, one may assume that o(t)
is defined on (—o00,00). The mean Cartan torsion I and the mean Landsberg
curvature J restricted to o(t) are vector fields along o (¢):

0 J(t) = J(o(t). 6(t)) 2

I(t) :=I'(a(t),5(t))

Izt lo(r)’ 02 lo(r)
It follows from (8-5) or (13-7) that
DAT(0) = I (o0, 50)™ (5] =T

It follows from (14-3) that

DsDsI(t) + Rty (L)) = 0.
Setting

p(t) = 9s(t) (I(t)7 I(t))7
we obtain
@"(t) = 2941 (DsDs (1), I(t)) + 2951 (Ds I (), Ds I (1))
= =295ty (Re)(L()), I(t)) + 2941 (J (1), T (1)). (14-4)

By assumption, K < 0. Thus

9oy (Rey (I(1)), I(t)) < 0.
It follows from (14—4) that

¢"(t) = 0.

Thus ¢(t) is convex and nonnegative. Suppose that ¢’(tg) # 0 for some t.
By an elementary argument, lim;—, 1o ¢(t) = 00 or lims—,_o ¢(t) = co. This
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implies that the mean Cartan torsion is unbounded, which contradicts the as-
sumption. Therefore, ¢’ () = 0 and hence ¢’ (t) = 0. Since each term in (14-4)
is nonnegative, one concludes that

95y (Roy(I(t), I(t)) =0,  J(t) =0.
Setting t = 0 yields
Qy(Ry(Iy)aIy) =0 (14-5)

and J, = 0. By (11-6), R,(y) = 0 and R, is self-adjoint with respect to g,,
ie, g, (Ry(u),v) = g, (u, Ry (v)), for u,v € T, M. Thus there is an orthonormal
basis {e;}I"; with e, =y such that

R,(e;) = Nie;, i=1,...,n,
with A, = 0. By assumption, the flag curvature is nonpositive. Then
g,(Ry(e;),e;) =X <0, i=1,....,n—1

Since I, is perpendicular to y with respect to g,, one can express it as I, =
uier+ -+ pn_1en—1. By (14-5), one obtains

n—1
0=g, (Ry(Iy)a Iy) = Z N%Ai-
i=1

Since each term p?)\; is nonpositive, one concludes that u;\; = 0, or yet

n—1
Ry(I,) = piXi=0. (14-6)
=1

Now suppose that F' has negative flag curvature at a point x € M. Then
Ai <Ofori=1,...,n—1. By (14-6), one concludes that u; =0,i =1,...,n—1,
namely, I, = 0. By Deicke’s theorem [Deicke 1953], F' is Riemannian. |

COROLLARY 14.2. Every complete Berwald manifold with negative flag curvature
1s Riemannian.

Proor. For a Berwald metric F' on a manifold M, the Minkowski spaces
(T, M, F,) are all linearly isometric (Proposition 5.2). Thus the Cartan tor-
sion is bounded from above. Meanwhile, the S-curvature vanishes (Proposition
7.1). Thus F must be Riemannian. O

ExXAMPLE 14.3. Let (M, &) and (M, ) be Riemannian manifolds and let ' =
F(z,y) be the product metric on M = M x M, defined in Example 5.1. We
computed the spray coefficients of F' in Example 5.1. Using (11-1), one obtains
the Riemann tensor of F':

RaB — R@E7 &b =0= RQB, Rgb — E‘lb’
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where Rag and Egb are the coefficients of the Riemann tensors of @ and a. Let
R = gikRkj as usual, and define R_; and R,y similarly. Using (5-3), one
obtains

Rap = staEa Rap =0 = Rz_sz Rap = fiRap-
For any vector v = v*(9/9z")|, € T, M,

g, (Ry(v),v) = fsﬁagvﬁvi’ + ftEgbv‘—lvb.

Thus if a7 and as both have nonpositive sectional curvature, F' has nonpositive
flag curvature.
Using (5—4), one can compute the mean Cartan torsion. First, observe that

1= g VAT = g (el eaP),

where h = h(s,t) is defined in (5-5). One obtains
hs — ht _
IEL = 7 Ya, Ia = 7 Ya,
h y a h y_
where 35 1= gagyi’ and J, = gapy?. Since g(—lﬁ% =0 and gjgﬁgb = 0, one obtains
— i j_hs—_aB ht—_g b _
g,(Ry(I,),I,) = LRI’ = WyaR 10+ ?ng [0 = 0.

Since R, is self-adjoint and nonpositive definite with respect to g,, R, (I,)=0.
Therefore F' satisfies the conditions and conclusions in Theorem 14.1.

The next example shows that completeness in Theorem 14.1 cannot be replaced
by positive completeness.

EXAMPLE 14.4. Let ¢(y) be a Minkowski norm on R™. Let © = ©(z,y) be the
Funk metric on U := {y € R" | ¢(y) < 1} defined in (2-18). Let a € R™ be an
arbitrary constant vector. Let

(a,y)

F = @(x,y) + m

, yeTU=U xR™

Clearly, F' is a Finsler metric near the origin. By (2-19), one sees that the spray
coefficients of F' are given by G* = Py’, where

P= %(@(x,y) 1 jra%g?@)'
Using this and (12-3), one obtains
(e ()

TR

Thus F' has constant flag curvature K = — %. See also [Shen 2003b, Example 5.3].
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Now we compute the S-curvature of F'. A direct computation gives

oG™

Let dV = op(x)dx' ---dx™ be the Finsler volume form on M. From (12-4), we

obtain . (1)
n + a,y m
5 F(x,y)—(n+1)1+<a,x> Y

where ¢(z) := —In((1 + (a,z))op(z)/™+D). Thus

S = lnop(x)

E=3in+1)F'h,

where hy = h;j(z,y) dz* @ da? is given by h;j = F(z,y)Fyiyi (2, y).
When ¢(y) = |y| is the standard Euclidean norm, U = B" is the standard
unit ball in R™ and

o VI = (ollyl? — o))

1= [af?

Thus

Vo2 = (22152 = @,9)2)  (a,y)
F= :
1—1z? 1+ (a,x)
Assume that |a| < 1. It is easy to verify that F is a Randers metric defined on
the whole B", with constant S-curvature § = 1(n + 1)F(z,y). One can show
that F is positively complete on B”, so that every geodesic defined on an interval
(A, 1) can be extended to a geodesic defined on (A, +00).

15. Flag Curvature and Isotropic S-Curvature

It is a difficult task to classify Finsler metrics of scalar curvature. All known
Randers metrics of scalar curvature have isotropic S-curvature. Thus it is a
natural idea to investigate Finsler metrics of scalar curvature which also have
isotropic S-curvature.

PROPOSITION 15.1 [Chen et al. 2003]. Let (M, F) be an n-dimensional Finsler
manifold of scalar curvature with flag curvature K = K (x,y). Suppose that the
S-curvature is almost isotropic,

S=(n+1)(cF +n),

where ¢ = c(x) is a scalar function on M and n = n;(x)y® is a closed 1-form.

Then there is a scalar function o = o(x) on M such that the flag curvature

equals
Cym ym

K=3

+o. (15-1)
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PROOF. By assumption, the flag curvature K = K (z,y) is a scalar function on
T My. Thus (11-8) holds. Plugging (11-8) into (14-2) yields

Camy " Fpy — e F = —2 K . F°. (15-2)
Rewriting (15-2) as

1 Camy™
-K - =0
(55 -57),. =0

one concludes that the quantity

3cymy™
c=K-—- ——
F
is a scalar function on M. This proves the proposition. ([

COROLLARY 15.2 [Mo 2002]. Let F' be an n-dimensional Finsler metric of scalar
curvature. If F has almost constant S-curvature, the flag curvature is a scalar
function on M.

From the definition of flag curvature, one can see that every two-dimensional
Finsler metric is of scalar curvature. One immediately obtains the following;:

COROLLARY 15.3. Let F be a two-dimensional Finsler metric with almost isotro-
pic S-curvature. Then the flag curvature is in the form (15-1).

Let F' = F(xz,y) be a two-dimensional Berwald metric on a surface M. It follows
from Corollaries 15.3 and 15.2 that the Gauss curvature K = K (z) is a scalar
function of x € M. Since F is a Berwald metric, the G = %F;ik(x)yjyk are
quadratic in y = y*(8/02")|, € T, M. By (11-1), the Riemann curvature, R?, =
R, (x,y), are quadratic in y. This implies that the Ricci scalar Ric = R™ (x,y)
is quadratic in y. Suppose that K(zo) # 0 at some point g € M. Then

Flao,? = Spest)

is quadratic in y € T,,M. Namely, F,, = F|Tx0M is Euclidean at x¢. By
Proposition 5.2, all tangent spaces (T, M, F,) are linearly isometric to each other.
One concludes that F, is Euclidean for any x € M and F is Riemannian. Now
we suppose that K = 0. Since F' is Berwaldian, F must be locally Minkowskian.
See [Szabd 1981] for a different argument.

16. Projectively Flat Metrics with Isotropic S-Curvature

Recall that a Finsler metric F' on a manifold M is locally projectively flat if
at any point € M, there is a local coordinate system (z*) in M such that every
geodesic o(t) is straight, i.e., oi(t) = f(t)a’ + b’. This is equivalent to saying
that in the standard local coordinate system (%, 4?), the spray coefficients G* are
in the form G* = Py’ with P = F,»y*/(2F). It is well-known that any locally
projectively flat Finsler metric F' is of scalar curvature, and its flag curvature
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equals K = (P? — P,.y*)/F? (see Proposition 12.1). Our goal is to characterize
those with almost isotropic S-curvature.

First, by Beltrami’s theorem and the Cartan classification theorem, a Rie-
mannian metric is locally projectively flat if and only if it is of constant sectional
curvature. Every Riemannian metric of constant sectional curvature p is locally
isometric to the metric o, on a ball in R”, defined in (2-5). A Randers metric
F = a+ [ is locally projectively flat if and only if « is locally projectively flat
(hence of constant sectional curvature) and ( is closed. This follows directly
from a result in [Bécsé and Matsumoto 1997] and the Beltrami theorem on
projectively flat Riemannian metrics. If in addition, the S-curvature is almost
isotropic, then 3 can be determined explicitly.

PROPOSITION 16.1 [Chen et al. 2003]. Let F = a+f be a locally projectively flat
Randers metric on an n-dimensional manifold M. Suppose that F' has almost
isotropic S-curvature, S = (n + 1) (cF + n), where ¢ is a scalar function on M
and n is a closed 1-form on M. Then:

(a) a is locally isometric to oy, and B is a closed 1-form satisfying

(n+4¢%)8 = —cory
(b) The flag curvature is given by

k
:%+302+u=%(u+402)z+g+%. (16-1)
(c) If u+4c* = 0, then c is a constant and the flag curvature equals —c*. In
this case, F = a+ (8 is either locally Minkowskian (¢ = 0) or, up to scaling
(c = 1), locally isometric to the generalized Funk metric ©, = Oq(z,y) of
(2-7) or its reverse O, = O4(x, —y).
(d) If p+4c® #0, then F = a + 3 must be locally given by

X k
Q= au(gc,y), /8 = _% (1672)
where ¢ := ¢, (x) is given by
o
e o e

+1
2/ + 2(a, x) + [x]?
for a € R™ a constant vector and A € R a constant number.

PROOF. Let oy, = \/a;;(z)y'y? and B = b;(x)y’. We may assume that o = «,
in a local coordinate system

u=0,

by pxtzd
S ltpfa (14 ple?)?

27
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The Christoffel symbols of « are given by

276), 4 2kl
L+ plaf?

_j‘k =M
Thus
A iz, y) y'
1+ plzf?
The spray coefficients of F' are given by G* = G + Py’ +Q*, where P = eqo/(2F)
and Q' = as’ are given by (9-1) and (9-2). Since 3 is closed, s;; = & (b;;; +
bj.;) =0 and s; := bjs’”, = 0. Thus Q" = 0. By assumption, S = (n+1)(cF +n)
and Lemma 9.1,
€00 = ﬂ|kyk = 20(02 - /52)- (16-3)
Thus P = ego/(2F) — so = ¢(a — ) and

~ 2z, y)3
k k k 2 _ g2 )
= 2 e 2 —_ _—_—
i _ Py 5o Mny) .
Then G* = Py’, where P = T3 + c(a — ). By (12-3), we obtain

KF? = P? — Ppyf = pa® + P (3a + B)(a — ) — ey (@ = 9).
On the other hand, by Theorem 15.1, the flag curvature is in the following form

3kayk
= 0'7
a+p

where 0 = o(x) is a scalar function on M. It follows from the last two displayed
equations that

2(2c,0y" + (0 + *)B)a+ (2c,6y" + (0 + c)B) B+ (0 — 3c* — p)a® =0.
This gives
20y + (0 +H)B=0, o—-3—pu=0.
Solving the second of these equations for o and substituting into the first we get
(14 4c?)B = —2c0y". (16-4)

To prove part (c) of the Proposition, suppose that i + 4c> = 0. Then c is
constant. It follows from (16-1) that K = 3c® + u = —c?. The local structure
of F' can be easily determined [Shen 2003a].

Now suppose instead that p + 4¢? # 0 on an open subset U C M. By (16-4),

2¢ck yk

o=

(16-5)
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Note that ( is exact. It follows from (16-3) and (16-5) that
/J’(xica:j + x]va)
L+ plaf?

0ij patxd 12¢cyicyi
— _ 4 2 ( 1] o ) xt b )
AN T ol ™ T o) * Tt 42

Crigi +

(16-6)

We are going to solve for c. Let

2¢v/1 4 plx|? 40

—7 ILL )
o= VE(p + 4c?)

1

2 /u’:Ov

2

where the sign is chosen so that the radicand 4(u + 4c?) > 0. Then (16-6)

reduces to
[0, p#0
fxlm] h 8(5@‘, n = 0.
‘We obtain
f= /\+<a,x>, M#Ov
Tl 4(A+2(a,z) + |2?), p=0,

where a € R” is a constant vector and A is a constant. This gives part (d). O
By Proposition 16.1, one immediately obtains:

COROLLARY 16.2. Let F' = a+ (3 be a locally projectively flat Randers metric on
an n-dimensional manifold M. Suppose that F' has almost constant S-curvature
S =(n+1)(cF+mn), where ¢ is a constant. Then F' is locally Minkowskian, or
Riemannian with constant curvature, or up to a scaling, locally isometric to the
generalized Funk metric in (2-7).

PROOF. Let p be the constant sectional curvature of a. If p + 4¢? = 0, by
Proposition 16.1(c), F' = a+ 3 is either locally Minkowskian or, up to a scaling,
locally isometric to the generalized Funk metric in (2-7). If u +4c? # 0 instead,
F = o+ ( is given by (16-2). Since ¢, = 0, we get # = 0 and F = « is a
Riemannian metric. ]

Proposition 16.1 completely classifies projectively flat Randers metrics of almost
isotropic S-curvature. If a Randers metric has almost isotropic S-curvature, its
the E-curvature is isotropic. By Lemma 9.1, the S-curvature is isotropic. Thus
a Randers metric is of almost isotropic S-curvature if and only if it is of isotropic
S-curvature. This is not true for general Finsler metrics: if ©(x,y) is the Funk
metric on a strongly convex domain U C R"™, the Finsler metric

(a,y)
F= T,U =~ R"
@(m7y)+1+<a7x>7 ye QfU R ’
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is projectively flat with almost isotropic S-curvature, according to Example 14.4.
Thus it has isotropic E-curvature. However, this F' is of isotropic S-curvature
only for certain U’s such as the standard unit ball.

A natural problem is whether there are other types of projectively flat Finsler
metrics of almost isotropic S-curvature. Here is the answer:

PROPOSITION 16.3 [Chen and Shen 2003b]. Let F' = F(z,y) be a projectively
flat Finsler metric on a simply connected open subset U C R™. Suppose that F
has almost isotropic S-curvature,

S=n+1)c(F+n), (16-7)
where ¢ is a scalar function on M and n is a closed 1-form on U.

(a) If K is not of the form —c?+c,my™/F at every point v € U, then F = a+ 3
is a Randers metric on U. Further, a is of constant sectional curvature K =
with p+ 4c* # 0 and « and B are as in Proposition 16.1(c).

(b) If K = —c% + cumy™/F on U, then c is a constant, and either F is locally
Minkowskian (¢ = 0) or there exist a Funk metric © and a constant vector
a € R™ such that F has the form

1 (a,y)
F:—{\IJ Y
2c +1—|—<a,x>’

where ¥ = O(z,y) ifc= 5 and ¥ = —O(z, —y) if c = —

N[—=

PROOF. Since F is projectively flat, the spray coefficients are given by G* = Py’,
where
P = Ea yk.
2F

Thus the S-curvature is given by (12—4) and the flag curvature of F' is given by
(12-3).

By assumption, S is of the form (16-7). Since 7 is closed on U, it can be
written as n(z,y) = dhy(y), where h = h(z) is a scalar function on U. Thus

P = cF + dop,, (16-8)

where p(z) := h(z) + (Inop(x))/(n + 1). It follows from the last two displayed
equations that

Fy' = 2FP = 2F (cF + ¢,:y").
Using this together with (16-8) and (12-3), one obtains
(CF + Qaw'iyi)z - (szyZF + Cinyi + Prigi yiyj)
2

_CQFZ - CwmymF + (@rl(p'ﬂ - (pr'bﬂ)yzyj
F? '

K:

(16-9)
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On the other hand, since F is of scalar curvature, by Proposition 15.1, the flag
curvature of F' is given by (15-1). Comparing (16-9) with (15-1) yields

(0 + ) F? 4+ 4comy™F + (0aizi — 02i023)y'y’ = 0. (16-10)
Assume that K # —c? + c,my™/F at every point + € U. Then, by (15-1),
for any = € U, there is a nonzero vector y € T,U such that
2CIWLym
F
We claim that o + ¢ # 0 on U. If not, there is a point xy € U such that

o(xg) + c(z9)? = 0. The inequality above implies that dc # 0 at zo. Then
(16-10) at xo reduces

o4+ £ 0.

Acam (20)y™ F(20,y) + (Pwizi (Zo) — @ui (20)wi (20))y'y’ = 0. (16-11)
Differentiating with respect to y?, then restricting to the hyperplane
V= Ay | cam(z0)y™ = 0},
one obtains
degi(20)F(20,) + (aizi (20) — @i (20)pai (20))y” = 0.

In other words, F'(zo,y) is a homogeneous linear function of y € V. This is
impossible, because F(z¢,y) is always positive for y € V' \ {0}.

Now we may assume that o + ¢? # 0 on U. One can solve the quadratic
equation (16-10) for F,

V(0 + ) (Qrini — Pritpe )Yy + 4(camy™)2 — 2c,my™
o+ c2? ’

That is, F is expressed in the form F = a+ 3, where a = /a;;y’y7 and 8 = by’
are given by

F=

(U + 62) (cpzizf - 30:121'90951’) + 4Cxi Cpi b 2C$i

= 0+ L

Since I is a Randers metric, by Lemma 9.1, one concludes that S is isotropic,
ie., n=0and
S = (n+1)cF.

Since F is projectively flat, a is of constant sectional curvature K = p and 8
is closed. Moreover, by Proposition 16.1, the flag curvature is given by (16-1).
Note that o + ¢? # 0 is equivalent to the inequality p + 4c? # 0. By Proposition
16.1(d), F is given by (16-2).

We now assume that K = —c? + c,iy'/F. It follows from (15-1) that

Qmeym _

o+ + i3 = 0.
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Suppose that c,m (x0)y™ # 0 at some point xg. From the preceding identity, one
sees that o(zg) + ¢(z9)? # 0. Thus

2¢ym (x0)y™

Fo) = S e

is a linear function. This is impossible. One concludes that c;my™ = 0 on U,
and hence c is a constant and o(z) = —c? is a constant too. In this case, the

flag curvature is given by K = —c?. Equation (16-10) reduces to
Prizi = PaiPei =0,
which is easily solved to yield
0= —ln(l + (a,az>) +C,

where a € R™ is a constant vector and C' is a constant.

Assume that ¢ = 0. Then K = —c? = 0. It follows from (16-8) that the
projective factor P = dy,, is a 1-form, hence the spray coefficients G* = Py’ are
quadratic in y € T,,U. By definition, F' is a Berwald metric, and every Berwald
metric with K = 0 is locally Minkowskian (see [Bao et al. 2000] for a proof).

Assume that ¢ # 0. By (16-8), P = cF+dp. With ¥ := P+4cF = 2cF +dyp,,
we have

F= gic(\If(:c,y) —dps) = QLC(\I/(x,y) ! %>

Since F' is projectively flat and P is the projective factor,
F = (PF)y., Pu = PPy +c’FF,..

These equations imply that W, = $W,;. Let © := ¥(x,y) if ¢ > 0 and © :=
—¥(z, —y) if ¢ < 0. Then © is a Funk metric and F' is of the form stated in part
(b) of the theorem. O

17. Flag Curvature and Relatively Isotropic L-Curvature

Although the relatively isotropic J-curvature condition is stronger than the
isotropic S-curvature condition for Randers metrics (Lemma 10.1), it seems that
there is no direct relationship between these two conditions. Nevertheless, for
Finsler metrics of scalar curvature, the relatively isotropic J-curvature condition
also implies that the flag curvature takes a special form in certain cases.

PROPOSITION 17.1 [Chen et al. 2003]. Let F be an n-dimensional Finsler man-
ifold of scalar curvature and of relatively constant J-curvature, so that

J+cFI =0, (17-1)
for some constant c. Then

K = —¢ 4 g3/t



LANDSBERG, S- AND RIEMANN CURVATURES 349

where T = 7(x,y) is the distortion and o = o(x) is a scalar function on M.

PROOF. By assumption, Ji = —cFI;. Using (13-6) and (13-7), one obtains
Liip1g¥Py? = Jyymy™ = —cFlymy™ = AF%r,,.
Plugging this into the second line of (13-15) yields
tn+ 1)K+ (K+c*)7p=0.
This implies that
((K + 02)(n+1)/367).k = (K + 62)(7172)/367(%(” YK+ KT.k) —0.

Thus the function (K + ¢2)("+1)/3¢7 is independent of y € T, M. g

Proposition 17.1 in the particular case ¢ = 0 was essentially achieved in the
proof of [Matsumoto 1972a, Proposition 26.2], where it is assumed that F is a
Landsberg metric, but what is needed is merely that J = 0. Since the notion of
distortion is not introduced in [Matsumoto 1972a], the result is stated in a local
coordinate system.

COROLLARY 17.2. Let F be a Finsler metric on a manifold M. Suppose that F
has isotropic flag curvature not equal to —c? and that F has relatively constant
J-curvature. Then F' is Riemannian.

Proor. By Proposition 17.1,
K(z) = —c% 4 o(x)e 37/ (n+1),

Since K (x) # —c?, one concludes that o(z) # 0, so 7 = 7(z) is independent of
y € TpM. It follows from (7-2) that I; = 7,; = 0. Thus F' is Riemannian by
Deicke’s theorem [Deicke 1953]. O

PROPOSITION 17.3. Let F be a Finsler metric of scalar curvature on an n-
dimensional manifold. Suppose that F' has relatively isotropic L-curvature, so

L +cFC =0, (17-2)
where ¢ is a scalar function on M.
(a) If ¢ is constant, then
K = — 4 ge37/(n+1)

where o is a scalar function on M.
(b) Ifn >3 and K # —c®+cymy™/F for almost ally € T, M\ {0} at any point
x in an open domain U of M, then F' = a+ 0 is a Randers metric in U.
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Proor. If F has relatively isotropic L-curvature, (17—1) holds by taking the
average of (17-2) on both sides. Statement (a) then follows from Proposition
17.1.

Now we assume that K # —c? + c,m (z)y™ /F for almost all y € T,,M \ {0} at
any point = in an open domain U C M. By assumption, L;;jr = —cFCyji, one
obtains

Cpm Y™
Cijklplgy"y? = —Camy™ FCiji — cFLijip = <02 - —Fy )FQCijk~
Since Ji = —cF Iy by (17-1), we have

Cym ym

Liypigy*y? = —comy™ Fly, — cFJy, = (02 - )FQIk.

By the formula for M, in (3-2), one obtains
ca;mym
Mijk|p|qypyq = <C2 — T)FQMUIC

Since F' is of scalar curvature, equation (13-16) holds. One obtains
m
(K +2— %)ﬁMijk —0.

It follows that M;;;, = 0, so the Matsumoto torsion vanishes. By Proposition 3.3,
F = a+ [ is a Randers metric on U. O

Proposition 17.3 was proved by H. Izumi [1976; 1977; 1982], The particular case
¢ =0 is proved by S. Numata [1975].

COROLLARY 17.4 [Numata 1975]. Let F be a Finsler metric of scalar curvature
on an n-dimensional manifold, with n > 3. Suppose that L = 0 and K # 0.
Then F' is Riemannian.

PRrROOF. By Proposition 17.3, F' = a + (§ is a Randers metric with L = 0. By
Lemma 10.1, S = 0 and [ is closed. By Proposition 15.1, one concludes that
K = o(z) is ascalar function on M. It follows from (13-14) that 0 = —F 20 (z)I}.
By assumption, K = o(x) # 0. Thus I, = 0 and F' is Riemannian by Deicke’s
theorem. |

We may ask again: is there a non-Berwaldian Finsler metric satisfying K = 0
and L =0 (or J = 0)? If such a metric exists, it cannot be locally projectively
flat and it cannot be a Randers metric. (Why?)

ExampPLE 17.5. Let F = a + 3 be the Randers metric on R™ defined by
(z,y)

VI+aP

1812 = Bl
14+ |z?

F =yl + y € T,R" =2 R"

Note that
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F is indeed a Randers metric on the whole of R™. One can verify that F' satisfies
(12-5). Thus it is a projectively flat Randers metric on R™. Further, the spray
coefficients G* = Py’ are given by

P = C<|Z/| - 7%2’_2/;2)7

where ¢ = 1/(24/1+ [z[?). Let p :=In\/1—[|B]2 = —In\/1 + [z[2. By (9-3),
one obtains §' = (n+1)(P—po) = (n+1)cF. Since [ is closed, this is equivalent,
by Proposition 10.1, to the identity L + cF'C = 0.

Since F' is projectively flat, it is of scalar curvature. Further computation
yields the flag curvature:

K_Pz_szyk_ 3 |y|vl+\x\2—(x,y>

F? CA4(1+ |zf?) lyl\/1+ |z]2 + (z,9)

Note that K # —c? + cx(x)y*/F(z,y) and that F is a Randers metric. This
matches the conclusion in Proposition 17.3(b).

The Randers metric in Example 17.5 is locally projectively flat. There are non—
projectively flat Randers metrics of scalar curvature and isotropic S-curvature;
see Example 11.2. This example is a Randers metric generated by a special vector
field on the Euclidean space by (2-15). In fact, we can determine all vector fields
V on a Riemannian space form (M, a,,) of constant curvature p such that the
generated Randers metric ' = o + § by (g, V) is of scalar curvature and
isotropic S-curvature. This work will appear elsewhere.
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