Section 3
What Does Assessment Assess?
Issues and Examples

It is said that a picture is worth a thousand words. When itepto assess-
ment, an example is worth that and more. Someone may claisstsa student
understanding of X, but what does that mean? The meaningriecalear
when one sees what is actually being tested. Examples heipdoy reasons.
They make authors’ intentions clear, and they teach. In ingrihrough good
examples of assessments, one learns how to think abounstuniderstanding.
This section of the book offers a wide range of examples andhnia think
about.

In Chapter 6, Hugh Burkhardt takes readers on a tour of tressassent space.
He asks a series of questions related to the creation andi@topassessments,
among them the following: Who is a particular assessmeahagd to inform?
What purpose will it serve? (To monitor progress? To guidgriction? To
aid or justify selection? To provide system accountatlityVhich aspects of
mathematical proficiency are valued? How often should assest take place
to achieve the desired goals? What will the consequencesseament be, for
students, teachers, schools, parents, politicians? WHlat wost, and is the
necessary amount an appropriate use of resources? Burkgsaut a set of
design principles, and illustrates these principles withr@ad range of chal-
lenging tasks. The tasks, in turn, represent the matheahatidues Burkhardt
considers central: specifically, that the processasathematizingand mathe-
matical modeling are centrally important, as is the needfodents to explain
themselves clearly using mathematical language.

In Chapter 7, Jan de Lange continues the tour of mathematisgissments.
Like Burkhardt, he believes that assessment developmean Bt form, and
that like any art form, it follows certain principles, in tlservice of particular
goals. He introduces the framework for the development®Rtogram for In-
ternational Student Assessment. PISA assessments, dige ti TIMSS (which
formerly stood for Third International Mathematics ande®icie Study, and now
for Trends in International...), are international asses#s of mathematical
competence. PISA differs substantially from TIMSS in thafocuses much
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more on students’ ability to use mathematics in applied exdiet Hence, a
design characteristic of PISA problems is that they musthéstic: the mathe-
matics in the problems must correspond, in a meaningful teaite phenomena
they characterize. De Lange also argues that valuablesassaets should high-
light not only what students can do, but what they find difficgbmetimes
pinpointing significant (and remediable) omissions in icula.

In Chapter 8, Bernard Madison makes a somewhat parallehaaguregard-
ing the need for sense-making in an increasingly quantifieddy For the
most part, he notes, students exposed to the traditional durSculum have
the formal mathematical tools they need in order to makeesehproblems in
context; what they lack is experience in framing problemsvays that make
sense. This is increasingly important, as consumers aratsvate bombarded
with graphs and data that support contradictory or prerdeted positions.
Full participation in a democratic society will call for Imgj able to sort through
the symbols to the underlying assumptions, and to see ifréedly make sense.

One virtue of cross-national studies is that is they raisstions about fun-
damental assumptions. People tend to make assumptions whatiis and
is not possible on the basis of their experience in particcdatexts, which are
often regional or national. Cross-national comparisongegeal that something
thought to be impossible is not only possible, but has bebieaed in another
culture. What needs to be done here to achieve it? In ChapRicBard Askey
uses a range of mathematics assessments to take readeosinofdtie possible.
Some of these assessments are cross-national; others, pidnycthe same role,
are historical. It is quite interesting, for example, to gare the mathematical
skills required of California teachers in 1875, and 125 gédater!

In Chapter 10, David Foster, Pendred Noyce, and Sara Spieil to yet
another use of assessment the way in which the systematitireai@on of stu-
dent work can lead to teachers’ deeper understanding ofemettics, of the
strengths and weaknesses of the curricula they are usidg@fatudent thinking.
Foster, Noyce, and Spiegel describe the work of the Silicalley Mathematics
Initiative (SVMI), which orchestrates an annual mathegsm#ssessment given
to more than 70,000 students. SVMI uses the informationnglédrom the
student work to produce a document callBabls for Teacherswhich is the
basis of professional development workshops with teaché&s Chapter 10
shows, such attention to student thinking pays off.

Readers of a certain age may remember the warnings that pecoed trial
runs of the National Emergency Broadcast System: This ista Téis is only
a test! The chapters in this section show that, properly tcocted and used,
assessments are anything but “only” tests. They are reftectf our values, and
vital sources of information about students, curriculal aducational systems.
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Chapter 6
Mathematical Proficiency:
What Is Important?
How Can It Be Measured?

HUGH BURKHARDT

This chapter examines important aspects of mathematictdrpgance, and
illustrates how they may be measured by assessments of Kud@mngs, both
by high-stakes external examinations and in the classro@e. address the
following questions:

¢ Who does assessment inforrBtudents? Teachers? Employers? Universi-
ties? Governments?

e What is assessment foifd monitor progress? To guide instruction? To aid
or justify selection? To provide system accountability?

* What aspects of mathematical proficiency are important drallsl be as-
sessed®uick calculation? The ability to use knowledge in a newegitn?
The ability to communicate precisely?

* When should assessment occur to achieve these gdadsly? Monthly?
Yearly? Once?

» What will the consequences of assessmentfa@?students? For teachers?
For schools? For parents? For politicians?

e What will it cost, and is the necessary amount an approprize of re-
sources?

There are, of course, multiple answers to each of theseétaged questions.
Each collection of answers creates a collection of corgsavhose satisfaction
may require a mix of different kinds of assessment: sumrmaagists, assessment
embedded in the curriculum, and daily informal observatind feedback in the

Malcolm Swan and Rita Crust led the design of many tasks mchapter. The tasks were developed and
refined in classrooms in the U.K. and the U.S. by the Matherm#tssessment Resource Service team. | have
been fortunate to work with them all.
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classroom. Rather than discuss each type of assessmerth#pter describes
principles that should guide the choice of a system of assa&sistasks created
with these questions in mind, particularly the thikrhat aspects of mathemat-
ical proficiency are important and should be assessdelery assessment is
based on a system of values, often implicit, where choices ttabe made (see
[NRC 2001], for example); here | seek to unpack relationshigtween aspects
of mathematical proficiency and types of assessment tagkbgeschoices can

be considered and explicit.

The discussion will mix analysis with illustrative exampleésSpecific assess-
ment tasks are, perhaps surprisingly, a clear way of showirg is intended —
a short item cannot be confused with a long, open investigatwhereas “show
a knowledge of natural numbers and their operations” canskessed by ei-
ther type of task, although each requires very differentd&inf mathematical
proficiency.

Assessment Design Principles

Measure what is important, not just what is easy to measure.This is a key
principle —and one that is widely ignored. Nobody who knowatimematics
thinks that short multiple-choice items really represerthmematical perfor-
mance. Rather, many believe it makes little difference vitirads of perfor-
mance are assessed, provided the appropriate mathenayiical are included.
The wish for cheap tests that can be scored by machines isléoésive, along
with the belief that “Math tests have always been like thisThis approach
is widely shared in all the key constituencies, but for veiffedent reasons.
Administrators want to keep costs down. Psychometriciaasraich more in-
terested in the statistical properties of items than whasgessed. Moreover,
the assumptions underlying their procedures are lesssoblyi flawed for short
items. Teachers dislike all tests and want to minimize theetspent on them
as a distraction from “real teaching” — ignoring the huge ante of time they
now spend on test preparation that is not useful for leartondo mathemat-
ics. Parents think “objectively scored” multiple-choiasts are “fairer” than
those scored by other methods, ignoring the values andséssmciated with
multiple-choice tasks. None of these groups seems to beeaar assessment
may affect students’ learning of, view of, and attitude totmeanatics. This
chapter describes tasks that assess aspects of mathéipraticdency that may
be difficult or impossible to assess by multiple-choice sask

1Only in the U.S., particularly in mainstream K—12 educati®ther countries use much more substantial
tasks, reliably scored by people using carefully develggexting schemes.
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Assess valued aspects of mathematical proficiency, not just separate com-
ponents. Measuring the latter tells you little about the former — hesm in
most worthwhile performances, the whole is much more thanstim of the
parts. Is a basketball player assessed only through “stpdtaskets” from
various parts of the court and dribbling and blocking exsas? Of course
not— scouts and sports commentators watch the player in a.gare pianists
assessed only through listening to scales, chords andggsdthough all music
is made of these)? Of course not—though these may be pa aSgessment,
the main assessment is on the playing of substantial pidcesisic. Mathe-
matical performance is as interesting and complex as mudiasketball, and
should by the same token be assessed holistically as wetlsgiaally. When
we don’t assess in this way (which, for U.S. school mathersais much of the
time), is it any surprise that so many students aren’t isted® No intelligent
music student would choose a course on scales and arpeggios.

What do these principles imply for assessment in K-12 matheatics? Con-
sider the following simple task:
A triangle has angle2x, 3x and4x.

(a) Write an expression in terms offor the sum of the angles.

(b) By forming an equation, find the value of
If a 16-year-old cannot fing without being led through the task by (a) and (b),
is this worthwhile mathematics? For the student who can dadkk without
the aid of (a) and (b), this already-simple problem is furtinigialized by frag-
mentation. Compare the triangle task to the following tas&dified from the

Balanced Assessment for the Mathematics Curriculum Prajéadle Grades
Assessment PackaggdBAMC 1999, p. 40], for students of the same age:

Consecutive Addends

Some numbers equal the sum of consecutive natural numbers:

5=2+3
9=4+5
=243+4

¢ Find out all you can about sums of consecutive addends.

This is anopen investigatiorof a surprisingly rich pure mathematical micro-
cosm, where students have to formulate questions as wetisagea them. It is

a truly anopen-endedask, i.e., one where diverse (and incomplete) solutions
are expected, and can be used and assessed at various gedsle (Mote the
crucial difference between an open-ended task armhatructed responge



80 HUGH BURKHARDT

Scaffolding can be added to give students easier accesa vegllengineered
ramp of difficulty, as illustrated by the following version.

 Find a property of sums of two consecutive natural numbers.
» Find a property of sums of three consecutive natural numbers
» Find a property of sums of consecutive natural numbers.

¢ Which numbers are not a sum of consecutive addends?

In each case, explain why your results are true.
The proof in the last part is challenging for most people. Ewsv, the scaf-
folding means students only have amswerquestions, not tgposethem —
an essential part of doing mathematics. Is this the kind sk te6-year-old
students should be able to tackle effectively? What abautfdhowing task,
modified from theBe a Paper Engineanodule of [Swan et al. 1987-1989]? Is
it worthwhile, and does it involve worthwhile mathematics?

Will It Fold Flat?

Diagram A is a side view of a pop-up card.

A

Look at the diagrams below.

Which cards can be closed without creasing in the wrong place
Which can be opened flat without tearing?

Make up some rules for answering such questions.

VVVV
VN Y
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What about the following, more practical, task, adaptednfitbe high-school
level materials from the Balanced Assessment for the MagtiesmCurriculum
Project [BAMC 2000, p. 78]?

Design a Tent

Your task is to design a tent likr
the one in the picture. It must b

big enough for two adults to slee Po
in (with baggage). It should als
be big enough so that someol
can move around while kneelin
down. Two vertical poles will
hold the tent up.

le

These ends zip together

Would the following more scaffolded version of the prompDiasign a Tent be
a more suitable performance goal, or does it lead them byadhd tbo much?
(Feedback in development of tasks with students guidesdesign decisions.)
One might ask:

» Estimate the relevant dimensions of a typical adult.
» Estimate the dimensions of the base of your tent.
« Estimate the length of the vertical tent poles you will need.

« Show how you can make the top and sides of the tent from a gingge
of material. Show all the measurements clearly.

Calculate any lengths or angles you don’t know.
Explain how you figured these out.

This version is a typical fairly closedesign taskrequiring sensible estima-
tion of quantities, geometric analysis, and numericaluations (and even the
Pythagorean Theorem).

These tasks (particularly Will It Fold Flat? and Design atJeme also seen
as worthwhile by people who aret mathematicians or mathematics teachers.
(Most people will not become either— but thayl have to take high school
mathematics.) The choice of performance targets, illtesirby the exemplars
above, is at the heart of determining the content and nafuifeed<—-12 math-
ematics curriculum. All sectors of society have an inteiesihese choices;
mathematicians and mathematics educators need their,\aegsheir informed
consent. This requires the kind of well-informed debate thanains rare —
and, too often, is obfuscated by the emotional over-singglifbns of partisans
on both sides of the “math wars.”
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Correlation Is Not Enough

It is often argued that, though tests only measure a smailgbahe range
of performances we are interested in, the results correlaliewith richer mea-
sures. Even if that were true (it depends on the meaning ofétzie well”),
it is not a justification for narrow tests. Why? Because assessmays thiree
major roles:

¢ A.to measure performance —i.e. “to enable students to shiuat they
know, understand and can do;”

but also, with assessment that has high stakes for studedtsachersinev-
itably

* B. to exemplify the performance goals. Assessment tasksmoritate
vividly to teachers, students and their parents what isedaly society.

Thus

 C. to drive classroom learning activities via the WYTIWYGrmiple:
What You Test Is What You Get.

The roles played by assessment have implications for tegjmkers. Correlation

is never enough, because it only recognizes A. The effectsigih C of cheap
and simple tests of short multiple-choice items can be searassrooms —
the fragmentation of mathematics, the absence of substahtins of reason-
ing, the emphasis on procedure over assumptions and medmngbsence of
explanation and mathematical discourse.... The list goes on

Balanced assessmetakes A, B, and C into account. The roles played by

assessment suggest that a system of assessment tasks Ehalddigned to
have two properties:

e Curriculum balancesuch that teachers who “teach to the test” are led to
provide a rich and balanced curriculum coveratighe learning and per-
formance goals embodied by state, national, or internatistandards.

« Learning value—because such high-quality assessment takes time, the
assessment tasks should be worthwhile learning expesdancthem-
selves.

Assessment with these as prime design goals will, throughndB @ above,
support rather than undermine teaching and learning higthity mathematics.
This is well recognized in some countries, where assessisiased to actively
encourage improvement. In the U.S., a start has been magéeMathematics
Assessment Resource Service [Crust 2001-2004; NSMRE 18] devel-
oped better-balanced assessment, as have some stateseH@est consider-
ations too often lead school systems to choose cheap neuttidice tests that
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assess only a few aspects of mathematical performancehandrive teaching
and learning in the wrong directions. This is despite thé flaat only a tiny
fraction of educational spending is allocated to assessmen

It follows from B and C that choosing the range of task typesige in an
assessment system together with lists of mathematicakobist a rather clear
way to determine a curriculum. (Lists of mathematics contdone, while
essential, do not answer many key questions about the asplestathemati-
cal performance that are valued, so do not specify the typddraquency of
assessment tasks. For example: What should be the balargt®mfitems,
15-minute tasks, or three-week projects?) This issue amelationship with a
more analytic approach, are discussed in a later section.

Some common myths about assessment are worth noting:

Myth 1: Tests are precision instrumentEhey are not, as test-producers’ fine
print usually makes clear. Testing and then retesting theesstudent on par-
allel forms, “equated” to the same standard, can producsfisigntly different
scores. This is ignored by most test-buyers who know thatsoreanent un-
certainty is not politically palatable, when life-changidecisions are made on
the basis of test scores. The drive for precision leads toowaassessment
objectives and simplistic tests. (This line of reasoninggasts that we should
test by measuring each student’s height, a measure whidlli€arrelated with
mathematics performance for students from ages 5 to 18.)

Myth 2: Each test should cover all the important mathematiesunit or grade.
It does not and cannot, even when the range of mathematiasrved to short
content-focussed items; testing is always a sampling eseercThis does not
matter as long as the samples in different tests range aatb#se goals —
but some object: “We taught (or learned) X but it wasn't tdstieis time.”
(Such sampling is accepted as the inevitable norm in othgjests. History
examinations, year-by-year, ask for essays on differgmeas of the history
curriculum; final examinations in literature or poetry caes do not necessarily
expect students to write about every book or poem studied.)

Myth 3: “We don't test that but, of course, all good teacheradh it If so,
then there are few “good teachers;” the rest take very s&lsidhe measures
by which society chooses to judge them and, for their own &ed students’
futures, concentrate on these.

Myth 4. Testing takes too much timEhis is true if testing is a distraction from
the curriculum. It need not be, if the assessment tasks aoegalod learning

(i.e., curriculum) tasks. Feedback is important in evestem; in a later section
we shall look at the cost-effectiveness of assessment time.
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What Should We Care About?

We now take a further look at this core question. Is “Will taesudents be
prepared for our traditional undergraduate mathematiasses?” still a sound
criterion for judging K—12 curricula and assessment? WHhatrccriteria should
be considered? (Personal viewpoint: the traditional itiniéaalgebra—calculus
route was a fine professional preparation for my career asadtical physi-
cist?; however, for most people it is not well-matched to theiufetneeds —
except for its “gatekeeping” function which could be metamious ways. (Latin
was required for entrance to both Oxford and Cambridge Usitiles when |
was an undergraduate. All now agree that this is an inapiatepgatekeeper.)

In seeking a principled approach to goal-setting, it is uldefstart with a look
at societal goals—what capabilities people want kids teehalien they leave
school. Interviews with widely differing groups producertsingly consis-
tent answers, and their priorities are not well-served byctirrent mathematics
curriculum. | have space to discuss just a few key aspects.

Automata or thinkers? Which are we trying to develop? Society’s demands
are changing, and will continue to change, decade by decatieis-students
need to develop flexibility and adaptability in using sk#isd concepts, and in
self-propelled learning of new ones. American economispeoity is said to de-
pend on developinthinkersat all levels of technical skill, whether homebuilder,
construction-site worker, research scientist, or engin&gually, it is absurd
economics to spend the approximately $10,000 requireddesl2 mathematics
education to develop the skills of machines that can be @seth for between
$5 and $200Thinkersappear to have more fun than drones, which is important
for motivation. So, how do we assetsnker®? We give them problems that
make thenthink, strategically, tactically, and technically — as will maofythe
problems student will face after they leave K—12 educatidrere mathematics
can help.

Mathematics: Inward- or outward-looking? Mathematicians and many good
mathematics teachers are primarily interested in mathesniggelf. For them,
its many uses in the world outside mathematics are a spirMafthematics and
mathematics teaching are two admirable and important gsaias — but their
practitioners are a tiny minority of the population, in sohand in society as a
whole. They rightly have great influence on the design of th&Xmathematics
curriculum, but should the design priorities be theirs, arenoutward-looking
ones that reflect society’s goals? The large amount of auuaric time devoted

2Not surprising, since it was essentially designed by Isaawttih— and not much changed in content
since.
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to mathematics arose historically because of its utilitghia outside world.
That priority, which now implies that the mathematics ctufim must change,
should continue to be respected.

Mathematical Literacy

Mathematical literacys an increasing focus of attention, internationally (see,
e.g., [PISA 2003]) and in the U.S. (see, e.g., [Steen 20024 Organisation for
Economic Co-operation and Development Programme of latiEmmal Student
Assessment, seeks to assess mathematical literacy, coemilag the mathe-
matically inward-looking student assessments of the Tinternational Math-
ematics and Science Study (see de Lange’s chapter for meression of the
design of these tests). Various tefn@se used for mathematical literacy. In the
U.S. “guantitative literacy” is common; in the U.K., whekeetterm “numeracy”
was coined [Crowther 1959], it is now being called “funcébmathematics”
[UK 2004b]. Each of these terms has an inherent ambiguity.literacy about
or in using mathematics? Is it functionalitinside or with mathematics? The
latter is the focus:

Functional mathematics mathematics that mosbnspecialist adults will
benefit from using in their everyday livesbetter understand and operate
in the world they live in, and to make better decisions.

Secondary school mathematics is not functional mathemédgicmost people.
(If you doubt this, ask nonspecialist adults, such as Ehdgéachers or admin-
istrators, when they last used some mathematics they fastdd in secondary
school.) Functional mathematics is distinct from the “sgiered mathematics”
important for various professions.

The current U.S. curriculum is justifiable as specializedhmmatics for some
professions. However, as a gatekeeper subject, which ig pakeof everyone’s
education, should mathematics education not have a lam@auwent of func-
tional mathematics that every educated adult will actuadig?

| shall outline what is needed to make the present U.S. higbadanathe-
matics functional, the core of which is the teaching of modglModeling also
reinforces the learning of mathematical concepts andssgtte [Burkhardt and
Muller 2006]. This is not a zero-sum game.

3The argument that mathematics is an important part of humbure is clearly also valid — but does it
justify more curriculum time than, say, music? Music cutiegives much more satisfaction to more people.

4Each of these terms each has an inherent ambiguity. Isfiadigeaboutor usingmathematics? Is it
functionalityinsideor with mathematics? It is the latter that is the focus of those aoeckewith mathematical
literacy.
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Modeling

Skill in modeling is a key component in “doing mathematic3he figure
below shows a standard outline of its key phases; see, fonghea [Burkhardt
1981]2 In current mathematics assessment and teaching, only théBSghase
gets much attention. (The situation is sometimes betteatistcs curricula.)

roblem FORMULATE no EVALUATE yes COMMU-
.gituation mathematicall Is solution NICATE
model adequate? solution
|
SOLVE INTERPRET
mathematica - SO'“%?“
model in problem
situation

Key phases in modeling

Mathematical modeling is not an everyday term in school ewathtics; in-
deed, it is often thought of as an advanced and sophistigaitedss, used only
by professionals. That is far from the truth; we do it whemeve mathematize
a problem. The following tasks illustrate this:

» Joe buys a six-pack of coke for $5.00 to share among his Bieddw much
should he charge for each bottle?

« If it takes 40 minutes to bake 5 potatoes in the oven, how lotligtiake to
bake one potato?

« If King Henry the Eighth had 6 wives, how many wives did Kingrifg the
Fourth have?

The difference between these tasks is in the appropriateecbbmathematical
model. The first is a standard proportion task. Howeaéirthe tasks in most
units on proportion need proportional models, so skill imoking an appropri-

ate model is not developeth the second task, the answer depends on the type
of oven (what remains constant: for traditional constantpgerature ovens the
answer is about 40 minutes, and for constant power microwsgas there is
rough proportionality, so an approximate answer would®e 5 = 8 minutes).

5The phases of pure mathematical problem solving are similar
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For each problem, as usual, more refined models could alsesbesded. For
the third task, if students laugh they pass.

Mathematics teachers sometimes argue that choosing thel mddot math-
ematics” —but it is essential for mathematics to be functior©f course, the
situations to be modeled in mathematics classrooms shotiduolve specialist
knowledge of another school subject but should be, as inxhmples above,
situations that children encounter or know about from edayife. Teachers of
English reap great benefits from making instruction relevarstudents’ lives;
where mathematics teachers have done the same (see, wayn, ¢6al. 1987—
1989)), motivation is improved, particularly but not onlytivweaker students.
Relationships in their classrooms are also transforbththematics acquires
human interest. Curriculum design is not a zero-sum ganeeyusie of “math
time” in this way enhances students’ learning of matheraatielf [Burkhardt
and Muller 2006].

What Content Should We Include?

There will always be diverse views on content. This is notglaee to enter
into a detailed discussion of what mathematical topics Ehbave what pri-
ority (for such a discussion see, [NRC 2001], for instandégre | shall only
discuss a few aspects of U.S. curricula that, from an intennal perspective,
seem questionable. Is a year of Euclidean geometry a realspoast-effective
use of every high school graduate’s limited time with mathgos, or should
Euclidean geometry be considered specialized mathemataos extra option
for enthusiasts? Should not the algorithmic and functi@sgects of algebra,
including its computer implementation in spreadsheetspodramming, now
play a more central role in high school algebra? (Mathematierywhere is
now done with computer technology — except in the schoobkctasm.) Should
calculus be a mainstream college course, to the exclusidisofete mathemat-
ics and its many applications, or one for those whose futageih the physical
sciences and traditional engineering?

Inthe U.K., policy changes [UK 2004a; 2004b] have addresseti issues by
introducing “double mathematics” from age 14, with a chadlieg functional
“mathematics for life” course for all and additional spdizied courses with
a science and engineering, or business and informatiomaoémdy focus. It
will be interesting to see how this develops. (The U.K. autim already has
separate English language and English literature cousdestudents take the
first; about half take both.)

6“The Three R’s for education in the 21st century are Rigofe®Rmce and Relationships,” Bill Gates,
U.S. National Governor’s Conference, 2005. Functionahesaiatics develops them all.
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A Framework for Balance

Mathematical Content Dimension
+ Mathematical contenwill include some of:

Number and quantitincluding: concepts and representation; computatiommnast
tion and measurement; number theory and general numbeepiexp

Algebra, patterns and functioimcluding: patterns and generalization; functional
relationships (including ratio and proportion); graphiaad tabular representation;
symbolic representation; forming and solving relatiopshi

Geometry, shape, and spaiteluding: shape, properties of shapes, relationships;
spatial representation, visualization and constructmegtion and movement; trans-
formation and symmetry; trigonometry.

Handling data, statistics. and probabilitpcluding: collecting, representing, inter-
preting data; probability models — experimental and thécaie simulation.

Other mathematicéncluding: discrete mathematics, including combinatgrien-
derpinnings of calculus; mathematical structures.

Mathematical Process Dimension
» Phasesof problem solving, reasoning and communication will irt#y as broad
categories, some or all of:
Modeling and formulating;
Transforming and manipulating;
Inferring and drawing conclusions;
Checking and evaluating;
Reporting.
Task Type Dimensions

e Task type open investigation; nonroutine problem; design; plaraleation and
recommendation; review and critique; re-presentatiomfadrmation; technical ex-
ercise; definition of concepts.

» Nonroutinenesscontext; mathematical aspects or results; mathematicelections.
» Opennessopen end with open questions; open middle.

« Type of goal pure mathematics; illustrative application of the math&os; applied
power over the practical situation.

« Reasoning lengthexpected time for the longest section of the task. (An irtchca
of the amount of scaffolding).

Circumstances of Performance Dimensions

e Task lengthshort tasks (5-15 minutes), long tasks (15-60 minutetdnebed tasks
(several days to several weeks).

» Modes of presentatiomwritten; oral; video; computer.

¢ Modes of workingindividual; group; mixed.

|- Modes of responsevritten; built; spoken; programmed; performed.
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Dimensions of Mathematical Performance

Whenever curriculum and assessment choices are to be miadasgion
should focus on performance as a whole, not just the rangeattiematical
topics to be included. To support such an analysis, the Madkies Assess-
ment Resource Service has developderamework for Balancesummarized
on the facing page. ThErameworkincludes, as well as the familiaontent
dimension, thgohases of problem solvirfgom the figure on page 86, and var-
ious others including one holistic dimensidask type This multidimensional
analytic framework (it is dense, and takes time to absorh)way to examine
how the major dimensions of performance are balanced in ticplar test or
array of assessment tasks. In most current tests, balasoaight only across
the content dimension, and the only task type is short esesdhat require only
transforming and manipulating (the SOLVE pha&d)he ability to formulate a
problem is trivialized, and interpretation, critical ewvation and communication
of results and reasoning are rarely assessed.

Task types. | will briefly illustrate the holistic dimension of the othegise an-
alytic Framework for Balancevith tasks of each type. | chose to illustrate the
holistic dimension because it brings out something of theetaof challenges
that mathematics education and assessment should aim pbeséan in litera-
ture, science, social studies, music, etc.). Tasks arelyrgisen here in their
core form rather in a form engineered for any specific gradke thsks are
designed to enablell students who have worked hard in a good program to
make significant progress, while offering challenges tonttust able. This can
be achieved in various ways by including “open tasks” or ‘gntial ramps”

to greater generality, complexity, and/or abstraction.stéet the examples with
two planning tasks—the second being more open, giving less specific guidance.

Ice Cream Van

You are considering driving an ice cream van during the suntmeak.
Your friend, who knows everything, says that “it's easy mph&ou make
a few enquiries and find that the van costs $100 per week te.ldggpical
selling data is that one can sell an average of 30 ice creanm®pe each
costing 50 cents to make and each selling for $1.50.

How hard will you have to work in order to make this “easy mditey

7The common argument that “You need a solid basis of mathemhéfore you can do these things” is
simply untrue. However small or large your base of conceptsskills, you can deploy it in solving worth-
while problems —as young children regularly show, usingntimg. Deferring these practices to graduate
school excludes most people, and stultifies everyone'sraladbilities in real problem solving. It is also
an equity issue —such deferred gratification increaseschieement gap, probably because middle class
homes have time and resources to encourage their childperdcst in school activities that lack any obvious
relevance to their current lives.
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Timing Traffic Lights

A new set of traffic lights has been installed at an intersactbormed by
the crossing of two roads. Left turns aret permitted at this intersection.

For how long should each road be shown the green light?

Treilibs et al. [1980] analyzed responses to these taska &20 very high-
achieving grade 11 mathematics students and foundchthradused algebra for
the modeling involved. (The students used numbers and grapbre or less
successfully.) These students all had five years of suadesgberience with
algebra but, with no education in real problem solving, rtiadgebra was non-
functional. Modeling skill is important and, as many stisd{see Swan et al.

1987-1989, for example) have shown, teachable.

The next task [Crust 2001-2004] is typical of a genreafroutine problems
in pure mathematics, often based on pattern generalizadtiomhich students

develop more powerful solutions as they mature.

Square Chocolate Boxes

Chris designs chocolate boxes.
The boxes are in different sizes.

The chocolates are always arranged in the same Kisdudrepattern.

The shaded ovals are dark chocolates and the white ovalslrehocolates.

o O O
® ® O ® ®© o °o
o O o O O
® O ® ® O ® ®© o ©°o
@) o O o O O
® O ® ® O ® ®© o ©°o
Box 1 Box 2 Box 3

Chris makes a table to show how many chocolates are in eaelofsbox.

Box number 1 2 3 4 5
number of dark chocolates| 4

number of milk chocolates | 1 4

total number of chocolates| 5 13
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Fill in the missing numbers in Chris’s table.

How many chocolates are there in Box 97 Show how you figuregdtit o
Write a rule or formula for finding the total number of chodekin Box
n. Explain how you got your rule.

The total number of chocolates in a box is 265. What is the loslrer?
Show your calculations.

The scaffolding shown for this task fits the current rangessfgrmance in good
middle school classrooms. One would hope that, as problévingcstrategies
and tactics become more central to the curriculum, partf3eahmould be a suffi-
cient prompt. The following is aavaluate and recommenidsk — an important
type in life decisions, where mathematics can play a majex. ro

Who's For The Long Jump?

Our school has to select a girl for the long jump at the rediohampion-
ship. Three girls are in contention. We have a school junipidfese are
their results, in meters.

Elsa llse Olga

3.25 3.55 3.67
3.95 3.88 3.78
4.28 3.61 3.92
2.95 3.97 3.62
3.66 3.75 3.85
3.81 3.59 3.73

Hans says “Olga has the longest average. She should go thahgp@n-
ship.” Do you think Hans is right? Explain your reasoning.

This task provides great opportunities for discussing teetand weaknesses
of alternative measures. Ironically, in the TIMSS videastas (from Germany,
but it could be in the U.S.) on which this task is based, thdestts calculate the
mean length of jump for each girl and use that for selectidga@ins, despite
having shorter longest jumps than either of the others. €heher moves on
without comment! A splendid opportunity is missed —to dsswther mea-
sures, their strengths and weaknesses, the effect of a fnp,jwor any other
situational factors. (Bob Beamon —who barely qualified far ©lympics after
two fouls in qualifying jumps —would have been excluded. H¢ & world
record.) Is this good mathematics? | have found researchemtticians who
defend it as “not wrong.” What does this divorce from reatity for students’
image of mathematics?
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Magazine Cover [Crust 2001-2004] igexpresentation of informatiotask
(for grade 3, but adults find it nontrivial). It assesses getyrand mathematical
communication.

Magazine Cover

This pattern is to appear on the front cover of the school maga

You need to call the magazine editor and describe the patedtearly as
possible in words so that she can draw it.
Write down what you will say on the phone.

The rubric for Magazine Cover illustrates how complex tasks, with some
scorer training, beeliably assessed —as is the practice in most countries and,
in the United States, in some of the problems in the Advantatehent exams.

Magazine Cover: Grade 3 Points

Core element of performance: describe a geometric pattern

Based on these, credit for specific aspects of performarmédsh
be assigned as follows:

A circle. 1

A triangle. 1

All corners of triangle on (circumference of) circle. 1
Triangle is equilateral. Accept: All sides are equal/theea 1
Triangle is standing on one corner. Accept: Upside/goingrdo 1
Describes measurements of circle/triangle. 1
Describes color: black/white. 1

Allow 1 point for each feature up to a maximum of 6 points.

Total possible points: 6
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For our last example, we return to a type that, perhaps, epstsents “doing”
both mathematics and scienceirvestigation Consecutive Addends (page 79)
is an open investigation in pure mathematics. Equallyetlaee many important
situations in everyday life that merit such investigatid@ne important area,
where many children’s quality of life is being curtailed their parents’ (and
society’s) innumeracy, is tackled in:

Being Realistic About Risk

Use the Web to find the chance of death each year for an aveeagenp
of the same age and gender as

e you
e your parents
« your grandparents

List some of the things that people fear (or dream of), sudheasy

« struck by lightning

e murdered

« abducted by a stranger
« killed in a road accident
« a winner of the lottery

For each, find out the proportion of people it happens to eaeh y

Compare real and perceived risks and, using this informatioite advice
to parents on taking appropriate care of children.

There will need to be more emphasis open investigationspure and real-
world, if the quality of mathematics education, and studeintdependent rea-
soning, is to improve.

The tasks above, and thegamework for Balanceprovide the basis for a
response to our question, “What mathematics values shessament reflect?”
Taken together, they give a glimpse of the diversity of eassest tasks that
enable students to show how well they can do mathematics —kifiganusic”
not just “practicing scales.” There is a place in #framework for Balancéor
technical exercisetbo — but even these don'’t have to be boring:

Square Peg

Lee has heard of an old English proverb used when someonéng do
job that they are not suited to. The proverb describes treopeas “fitting
like a square peg in a round hole.”
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Lee wondered how much space was left if a square peg was fitedi
round hole.
Lee constructed a square that just fit inside a circle of sadlicm.

N

45°

QqQ

* What percentage of the area of the circle is filled by the afethe
square?

Explain your work and show all your calculations.

Another part of this task asks for the same calculation farcecinside a 10 cm
square hole.

Published examples of tasks of these various types incladet of annual
tests for grades 3 through 10 [Crust 2001-2004]; Mesv Standardexam-
related tasks [NSMRE 1998], and classroom materials fasassent and teach-
ing (Balanced Assessment for the Mathematics Curriculeeg, for instance,
[BAMC 1999; 2000]). TheWorld Class TestfMARS 2002-2004] provides a
more challenging range of tasks, aimed at high-achievindestts.

Improving quality in assessment design

Designing and developing good assessment tasks, whichrhageing to
students and demand mathematics that is important for tiseamong the most
difficult educational design challenges. The tasks mudblergtudentso show
what they know, understand and can dihout the help from teachers that
classroom activities can provide. Task design is usualljjesi to too-tight
constraints of time and form. Starting with a good mathecsagiroblem is
necessary, but far from sufficient. As in all desigdood design principles are
not enough; the details mattér

8The difference between Mozart, Salieri, and the many otberposers of that time we have never heard
of was not in the principles (the rules of melody, harmonyrterpoint, and musical form). Students deserve
tasks with some imaginative flair, in mathematics as welhanusic and literature.
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Thus it is important to recognize high quality in assessntasks, and to
identify and encourage the designers who regularly produtgtanding work.
The latter are few and hard to find. [Swan 1986] contains sorlékmown
benchmark examples.

The emphasis in this chapter on the t@slemplarss no accident, but it is
unconventional. However, without them the analytic disous lacks meaning.
In a misguided attempt to present assessment as more ficfesntd accurate
than it is, most tests are designed to assess elements inel aidde domain,
which is often just a list of topics. All models of performaninn mathematics
are weak, usually taking no account of how the different elets interact.

Our experience with assessment design shows that it is meitdr o start
with the tasksGet excellent task designers to design and develop a widgera
of good mathematics tasks, classify them with a domain madteh fill any
major gaps needed to balance each test.

Interestingly and usefully, when people look at specifiksasharply differ-
ing views about mathematics education tend to soften imtadagreement as
to whether a task is worthwhile, and the consensus is, “Yeahkids should
be able to do that.”

Having looked in some depth at tasks that measure mathexhaticfor-
mance, we now have the basis for answering the other questigh which
| began. | shall be brief and simplistic.

Who is assessment for? What is it fagdvernments, and some parents, want it
for accountability. Universities and employers for satmtt They all want just
one reliable number. Teachers and students, on the othdr bam use a lot of
rich and detailed feedback to help diagnose strengths aa#tnesses, and to
guide further instruction. Some parents are interesteldantbo.

When should it happen to achieve these goals#? teachers and students in
the classroom, day-by-day — but, to do this wethey need much better tools.
For accountability, tests should be as rare as society aldtate; the idea that
frequent testing will drive more improvement is flawed. Gdests, that will
drive improvements in curriculum, need only happen evenyyears.

What will the consequences b&&cause effective support for better teaching
is complex and costs money while pressure through test si®r&mple and
cheap, test-score-based sanctions seem destined to gefremuent and more
severe. The consequences for mathematics education depetie: quality
of the tests. Traditional tests will continue to narrow tleus of teaching,
so learning, which relies on building rich connections facke new element,
will suffer. Balanced assessment will, with some supporttéachers, drive

9The classroonassessment for learningovement is relatively new. There is much to do.
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continuing improvement. Currently, with the air full of wmfded mandates, the
chances of improved large-scale assessment do not look good

Cost and cost-effectiveness

Finally: What will assessment cost, and would this expenditure bgparoa
priate use of resources?

Feedback is crucial for any complex interactive system.tedgs that work
well typically spend approximately 10% turnover on its tingnentation.” In
U.S. education, total expenditure is approximately $10,06r student-year,
which suggests that approximately $1,000 per studentsteauld be spent on
assessment across all subjects. Most of spending shoulnt bsfessment for
learning in the classroorf, with about 10%, or approximately $100 a year, on
summative assessment linked to outside standards. Thiislar of magnitude
more than at present but still only 1% of expenditure. Insesawill be opposed
on all sides for different reasons: budget shortage for ahtnators and dislike
of assessment for teachers. Yet while “a dollar a studemtiaies the norm for
mathematics assessment, students’ education will betetidiy the influence of
narrow tests. If, for reasons of economy and simplicity, palge the decathlon
by running only the 100 meters, you may expect a distortiotheftraining
program!
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