Section 4
The Case of Algebra

In this section and the next, we “crank up the microscopedite & closer look
at the examination of (a) specific subject matter, and (b)taliferent kinds of
assessments can reveal. The subject of this section isralgelmathematical
subject matter that has always been important, but thatdkas ton increased
importance in the U.S. in recent years. This is due to the genfle of two im-
portant social movements. The firstis the “algebra for alb.ement, an attempt
to equalize opportunity-to-learn in American schools. Ha past, many high
school students were placed in courses such as “businebemetics” instead
of algebra, or stopped taking mathematics altogether. baekcess to algebra
narrowed their options, both in curriculum and in employmetence policy-
makers and teachers in the U.S. declared that every studenidshave access
to high-quality mathematics instruction, including arr@auction to algebra in
the early high school years. The second movement is a tremardo‘high-
stakes” testing. In various states around the nation, stad@ust now pass
state-wide assessments in mathematics in order to graftoatehigh school.
Given that algebraic skills are now considered to be a paytantitative literacy
(as in “algebra for all’), state exams often focus on algedgdahe gateway to
high school graduation. In California, for example, thetestsaHigh School
Exit Examination (the CAHSEE) in mathematics focuses lgrgm algebra.
Students who do not pass the exam will not be granted a higiosdiploma!
Thus, understanding and improving student performancgébga is a critically
important matter.

In Chapter 11, William McCallum lays out a framework for examg alge-
braic proficiency. As he notes, “in order to assess sometlying have to have
some idea of what that something is.” Thus he begins by glagfwhat he
believes is important about thinking algebraically. Hipagach is grounded in
the perspective outlined in the National Research CousnedlumeAdding It
Up: Helping Children Learn MathematicsThat is, proficiency in any mathe-
matical arena includes conceptual understanding, proakfluency, strategic
competence, adaptive reasoning, and having a productsgosition toward
mathematics. He goes on to exemplify these.

1 As of June 2006, the question of whether or not passing the €2fcan be required for graduation is
being adjudicated in the courts. The requirement is in péecthis introduction is being written.
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In Chapter 12, David Foster provides a framework for thigkabout big
ideas in algebra and a set of assessment items to match.igTdre aspect of
the Silicon Valley Mathematics Initiative (SVMI) agendahieh was described
in Chapter 10.) Foster’s first task was to settle on high fiyidhemes for
assessment in algebra. What really counts? What do you wamiake sure
gets teachers’ and students’ attention? This is an impinageneral, but it is
especially important for the SVMI, in the context of Califita’s state Standards.
The Standards, captured in the 2006lifornia Mathematics Framework for
California Public Schools, Kindergarten Through Grade Megprovide a long
list of skills that students are to master. How is one to ftima? Which items on
the list reflect isolated skills; which ones reflect core reathtical ideas? How
do you build assessments that get at the core ideas? Fasberates on five
main algebraic themes: doing-undoing, building rules faresent functions,
abstracting from computation, the concepts of function eadiable, and the
concepts of equality and equation. For each, he providesfgpassessment
items. As one reads the items, it becomes clear how much thkislén the
details. For example, if you want to see whether studentsezafain their
thinking, you have to provide them opportunities on the sss®nt to do so.
(And if you want them to get good at explaining their thinkingu need to
provide them ample opportunities, in class, to practice $kill. Thus tests can
be diagnostic and suggest modifications of classroom pescji

In Chapter 13, Ann Shannon gives some examples that serygadbléma-
tize” the issue of context. As we saw in Section 3, contextasak difference:
“knowing” the mathematics and being able to use it in spesitigations can be
two different things. Shannon takes a close look at a numbisés, showing
that “context” is anything but a zero-or-one variable: drobhnges in problem
statements can produce large differences in what peopledmmot understand
about the contexts that are represented in the problems.erlfiife-grained
analyses, Shannon points to the complexities of drawirgrémices about what
people understand from their responses on tests. Thisgaeshe discussion
in the next section, on what assessments can reveal or @bscur
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Algebra and Functions

In order to assess something, you have to have some idea bflvaéttdome-
thing is. Algebra means many different things in today’sosth (for a discus-
sion, see [RAND 2003, Chapter 4]). In particular, the stufiglgebra is often
blended with the study of functions. Although it is true tha notion of a func-
tion is lurking behind much of beginning algebra, and thaté¢hs an algebraic
aspect to many of the tasks we want our students to carry dlfwictions, the
conglomeration of algebra and functions has considerabigidied the waters
in the teaching of algebra. Therefore, I'd like to spend sdime clarifying
my own stance before talking about how to assess proficidnahe process,
while acknowledging other possible uses, | will use the wiaftdebra” to mean
the study of algebraic expressions and equations in whiehetters stand for
numbers. | include in this study consideration of the relahip between the
algebraic form of expressions and equations and propetiteeir values and
solutions. | make a distinction, however, between this\stad the study of
functions.

In the progression of ideas from arithmetic to algebra tacfioms, there is
an increase in abstraction at each step, and the incredse s¢t¢ond step is at
least as large as that at the first. In the step from arithmetdgebra, we learn
to represent numbers by letters, and calculations with musnby algebraic
expressions. In the step from algebra to functions we le&m reew sort of
object “function” and represent functions themselves Iitets. There are two
complementary dangers in the teaching of algebra, each whwdan cause
students to miss the magnitude of this step.
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The first danger is that functions and function notation appe the students
to be mostly a matter of using a sort of auxiliary notationffsat if a function
f is defined by f(x) = x% — 2x — 3, say, thenf(x) is nothing more than a
short-hand notation for the expressioh— 2x — 3. This results in a confusion
between functions and the expressions representing thaiohn turn leads
to a broad area of confusion around the ideas of equivalgmtessgions and
transforming expressions. For example, we want studentsderstand that
(x + 1)(x — 3) and (x — 1)> — 4 are equivalent expressions, each of which
reveals different aspects of the same function. But witteostrong notion of
function as an object distinct from the expression defininthe significance of
equivalence and transformation is lost in a welter of eqsigss following the
f(x). Students can’t see the forest for the trees.

A complementary danger is that algebra appears as a sorkitibauto the
study of functions. It is common to use multiple represeatat of functions
in order to make concrete the notion of a function as an olijeit$ own right.
Functions are represented by graphs, tables, or verbalikisas, in addition
to algebraic expressions. By looking at the same obiject flifferent points of
view, one aims to foster the notion of its independent eriste In this approach,
algebra provides one way of looking at functions, but fumtdiare not regarded
as purely algebraic objects. This solves the problem ofesttgdnot seeing the
forest for the trees, but risks them not being able to seeréies for the forest.
Overemphasizing functions when teaching algebra can obsdgebraic struc-
ture, and too much attention to graphical and numericalaggtres can subvert
the central goal of thinking about symbolic representation

In considering assessment, | limit myself to the narroweamngy of algebra
that | have been using, and interpret proficiency in algeblargely a matter of
proficiency with symbolic representations. | understanafipiency to include
the five strands of mathematical competence described itC[REO1]:

» conceptual understandingomprehension of mathematical concepts, opera-
tions, and relations

» procedural fluencyskill in carrying out procedures flexibly, accurately, €ffi
ciently, and appropriately

« strategic competencability to formulate, represent, and solve mathematical
problems

» adaptive reasoningcapacity for logical thought, reflection, explanationgdan
justification

 productive dispositionhabitual inclination to see mathematics as sensible,
useful, and worthwhile, coupled with a belief in diligencedaone’s own
efficacy.
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Proficiency in Algebra

Consider the following common algebraic error, the like diieih everybody
who teaches calculus has seen at one time or another.

1 1
/—dx:/—dx
2x2+4x+4 x2+4+2x+2

1
:/7“
(x+1D2+1
=arctarix + 1)+ C

The student has factored a 2 from the denominator, and thstntloStudents
often regard such errors as minor slips, like a wobble wiidieg a bicycle, and
instructors often indulge this point of view with partialedit. The suggested
remediation for students who make this sort of error oftdatsof drill; lots of
practice riding the bicycle. The error may be regarded asttemat procedural
fluency either the student does not know the rules of algebra, osigficiently
practiced in their execution.

Of course, without further information, it is impossible dagnose the er-
ror precisely. However, it is worth drawing on experiencedosider possible
diagnoses that involve other strands of proficiency. Fomgte, is it possible
that it could be an error ofonceptual understandiffg Experience talking to
students about their mistakes suggests the possibilitythimwas not an un-
intentional procedural slip, but rather a confusion abobatprocedures are
permissible under what circumstances. Indeed, there taatisin in which it is
quite permissible to lose the factor of 2, namely in solving €équation

2x2 4+ 4x +4=0.

For a student with a weak grasp of the difference betweentieqsaand ex-
pressions, the superficial procedural similarity betweawisg equations and
transforming expressions is a snare. Both proceduresiaaing something to
expressions connected by equals signs. We should conkl@ossibility that
the failure to appreciate the fundamental difference betwtbe two situations
is a failure of understanding, not a failure in manipulatkéls.

As for strategic competencgéhere is an important aspect of this error which
the partial credit mentality fails to weigh sufficiently: @adition to making the
original slip, the student failed to correct it. Steppinglkhdrom the solution
and contemplating it as a whole suggests an obvious strédeghecking the
solution, namely differentiating the answer. Even withactually carrying out
the differentiation, a student with a strategic frame of d@ninight well wonder
where all the necessary 2s and 4s in the denominator will doone
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What ofadaptive reasonirng Attention to the meaning of the equals sign and
a tendency to reflect on the assertion being made each timpuytaene down
on paper might have led the student to notice that the firstinthe solution
effectively declares a number to be half of itself.

Finally, there could be an overall failure pfoductive disposition Experi-
ence suggests that erroneous solutions like the one deddrdre are often the
product of a lack of any purpose other than moving the symipallse correct
way. The bicyclist has a fundamental sense of purpose thadats the wobble;
this is often lacking in algebra students.

Assessing the Strands of Proficiency

Many algebra assessments concentrate on assessing pebdedncy. In-
deed, the common view of algebra among students is that d@tignmyg but pro-
cedural fluency. The idea that there are ideas in algebrasamsa surprise to
many. How would we go about assessing some of the other sPaDde way is
to ask more multi-step questions and word problems thatvevall strands at
once. But such questions rarely make their way onto staimatdssessments.
There is also a need for simple questions that assess theraocedural aspects
of algebraic proficiency. Here are a couple of suggestedtignes

Conceptual understanding

Question:In the following problems, the solution to the equation dejse
on the constari. Assumingua is positive, what is the effect of increasing
a on the value of the solution? Does the solution increaseredse, or
remain unchanged? Give a reason for your answer that candezstood
without solving the equation.

A x—a=0

B. ax =1

C.ax=a

D. x/a=1

Answer:

A. Increases. The larger is, the largerx must be to give 0 when is
subtracted from it.

Decreases. The largeiis, the smallerx must be to give the product 1.

C. Remains unchanged. Aschanges, the two sides of the equation
change together and remain equal.

w

D. Increases. The largeris, the largetx must be to give a ratio of 1.
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The equations in this problem are all easy to solve. Nonesiselstudents find
this question difficult because they are not being asked wodstrate a proce-
dure, but rather to frame an explanation in terms of what &msefor a number
to be a solution to an equation. It is possible for studentsam the mechan-
ics of solving equations without ever picking up the rathifiadiit concept of
an equation as a statement of equality between two expresgibose truth
is contingent upon the value of the variables, and the psooésolving an
equation as a series of logical inferences involving suetesients. Asking
students to reason about equations without solving therd @ssess this area
of proficiency.

Strategic competence

Question:A street vendor of t-shirts finds that if the price of a t-skErset
at $p, the profit from a week’s sales is

(p — 6)(900 — 15p).

Which form of this expression shows most clearly the maxinpuafit and
the price that gives that maximum?

A. (p—6)(900—15p)
B. —15(p —33)2+ 10935
C. —=15(p—6)(p —60)
D. —15p2 4+ 990p — 5400

Answer:B. Becausé p—33)? is a square, it is always positive or zero, and
it is only zero whenp = 33. In the expression for the profit, a negative
multiple of this square is added 1®,935. Thus the maximum profit is
$10,935, and the price which gives that profit i8%

In this problem the student is not asked to perform the mdafijmouns that pro-
duce the different forms, but rather to show an understanolinvhy you might
want to perform those manipulations, and which maniputatiovould be the
best to choose for a given purpose. A similar question coelédked about
form C, which shows prices that produce zero profit, and forrwlich exhibits
the profit as a product of two terms each of which has meaningrins of the
context of the original problem, allowing a student to infleat the production
cost per item i$, for example, or that the demand function is given by the
expressiorD00 — 15p.

Such questions invite students to contemplate the form dflgebraic ex-
pression and to formulate ideas about the possible purgposesich that form
is adapted. Too often, students feel they must instantly aoeshing to an
expression, without having formulated a purpose.
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Conclusion

Algebra is at core about proficiency with symbolic repreatohs. Assess-
ment of this proficiency should include fluency with symbafianipulations, but
should also include the other four strands of mathematioalpetence. Such
a richer assessment is often unfortunately delayed umtdtfons have been in-
troduced, since the different ways of representing funsti@nd their numerous
applications in real-world contexts, provide good ground the formulation
of more conceptual and strategic questions. Simple questibthis nature at
the level of elementary algebra are hard to come by, with désalt that it is
often taught as a purely procedural skill, with its more aptoal and strategic
aspects either ignored or veiled behind the more abstractegd of function.
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