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Chapter 12
Making M eaning in Algebra
Examining Students’ Under standings and
Misconceptions

DAVID FOSTER

Students often get confused and lost when they take Algebrate under-
pinning of the course is the generalization of the arithobiey have previously
studied and communication about mathematical ideas inguéage that is rich
in symbolic notation. Therefore it is not surprising fordtmts to find algebra
as abstract and unconnected to the real world.

Over the past twenty years, there has been a movement in itedllBtates to
make algebra more concrete. Specialized manipulatives be&n invented in
order to provide “hands-on” materials for students to udgebra tiles, positive
and negative counters, and balance apparatuses, to nameaasfeommercially
available materials for “concrete learning” of algebra.

Although concrete materials may be helpful for studentgsaon algebra, it is
not the materials themselves that provide algebraic mgamirunderstanding.
Some educators assume that from the use of hands-on nmtstiadents will
automatically jump to abstract understanding of algebraserch informs us
that this is not the case. Physical knowledge is knowledgidbafcts observable
in external reality, while mathematical knowledge is thentaé relationships
students construct in their heads. The source of mathesh&tiowledge is thus
in the student [Kamii and DeClark 1985].

It is equally true that if students are taught abstract idei#isout meaning,
there will be no understanding. Students need experienibsanconcept to
develop meaning for themselves. If we want students to kndatwnathe-
matics is as a subject, they must understand it. Knowing emadtics — really
knowing it— means understanding it. When we memorize rubesnfoving

1in the United States, algebra is often taught in two yeag-keourses called Algebra 1 and Algebra 2.
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symbols around on paper we may be learning something, buteneoalearning
mathematics [Hiebert et al. 1997].

In order to provide learning experiences that students sartadevelop un-
derstanding of important algebra concepts, teachers raast What students
understand, and they must be sensitive to possible misptiane held by the
students. The learning experiences should allow studertsrtfront their mis-
conceptions and build upon knowledge they already undetstiéstudents are
unfamiliar with symbols, vocabulary, representationsnaterials, the meaning
students gain might differ significantly from what the instior intends. Math-
ematical tools should be seen as support for learning. Batahrning does not
happen instantly: it requires more than watching demotistrs, but working
with tools over extended periods of time, trying them out] aratching what
happens. Meaning does not reside in representations awdetematerials; it
is constructed by students as they use them [Hiebert et @r]19

What isCentral to Algebra?

Habitsof mind. Identifying what students must learn is paramount. One ferm
lation of important ideas of algebra is in terms of “habitsrohd” that students
need for algebra. Examples of habits of mind doing and undoing, building
rules to represent functionandabstracting from computation

Doing-undoing Effective algebraic thinking sometimes involves reversi
bility: being able to undo mathematical processes as wedloahem. In
effect, it is the capacity not only to use a process to get toad, dput also
to understand the process well enough to work backward fhrenahswer
to the starting point....

Building rules to represent function€ritical to algebraic thinking is the
capacity to recognize patterns and organize data to regrsgeations in
which input is related to output by well-defined rules....

Abstracting from computationThis is the capacity to think about compu-
tations independently of particular numbers that are uGex of the most
evident characteristics of algebra has always been itsaaibiséss. But,
just what is being abstracted? To answer this, a good casbecamde
that thinking algebraically involves being able to thinloabcomputations
freed from the particular numbers they are tied to in aritticre- that is,
abstracting system regularities from computation.
[Driscoll 1999]
For example, if algebra tiles are used to teach factoringiaticatic polynomials,
students first need to understand how an area model repseseniltiplication,
then abstract from arithmetic computation (a habit of mind@his supports
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students in learning to understand how area is a model foingaense of

the relation between factors and product, and how even wtteialavzalues are
unknown the generalization holds. In the case of factorstiggdents also need
to understand the habits of mind of Doing and Undoing, simogofing is the

inverse of multiplying two numbers.

Variable and function. An important concept in algebra is the concept of
variable. Often students are first introduced to the termi&ide” when they
are asked to solve for an unknown in an equation. For exarimplee equation
3x + 4 = 19 there is only one value of that makes the equation true, namely
5. Although in situations like thisy is often called the variable in the equation,
its value does not vary.

It is important that students understand the notion of gias something
that can vary. In prototypical functional relationshipise tunknowns vary be-
cause a change in the input affects the output. Studentst@dncsunderstand
functions and variables by drawing on their experiences.ekample, students
can consider a sliding door as an example of a relationshipr@fvariables in
which one is a function of the other. The width of the openiages as the door
moves on its track. The distance moved by the door can bed=mesi as the
input and the width of the opening as the output. Studentsldlexamine other
situations in order to elaborate their understanding ofabéges and functions.
When students are asked to make lists of situations thatlviewariables and
functional relationships, they may come up with:

The length of a candle varies with the amount of the time inbur
The height of a child varies as its age increases.

The temperature of a liquid varies with the amount of timeoibls in a
freezer.

The distance an object moves varies with the force of a push.
The weight of a piece of a given rope varies with its length.

Students benefit from developing a connection between etm@xperiences
and the abstract concepts important to algebra.

Equality and equation. Another important idea in algebra is equality. In the
United States, although students use the equals sign edhlgir school careers,
they often use it to mean “the answer follows.” For exampieSi—23 = ?, the
equals sign can be and often is interpreted as a signal taexan arithmetic
operation [Siegler 2003]. When used in an equation, theleign indicates
that the expressions on the left and right sides have the sale. This can
be a stumbling block for students who have learned that thalegign means
“the answer follows.”
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The idea of a balance scale may be used to help students tamderow the
equals sign is used in equations and what kinds of operatinregjuations are
permissible. Students can connect representations obad®d scale with op-
erations that preserve equalities in an equation. The sgigt is synonymous
with the center of the scale. If a scale is in balance and aiw&@gdded to the
pan on the left, an equal weight must be added to the rightmpander for the
scale to remain balanced. Experiences of adding or remdwe@hts” from
both sides of a scale representation may help studentsogetred concept of
equality and strategies for solving for unknowns.

For example, suppose a student is asked to sbitve 5 = 11 for x. The
student uses a representation of a balanced scale. On trgdefare three
boxes, each representing the unknowrmand five marbles. On the right side are
eleven marbles.
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Five marbles may be removed from each side of the scale. Bhiesponds
to the process of subtracting equal quantities from bothssif an equation.
When only the unknowns are left on one side of the equatian the boxes
and marbles may be partitioned to determine the unknown.

|_||_||_| a0 00 OO
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The importance of using a representation is to emphasizeniaming of the
mathematical ideas being investigated. The scale regegs®nis only valuable
if students understand that an equation involves the saim&mles as a balanced
scale —that both sides are equal. Students must understacdirespondence
between the arithmetic operations and their scale coumtisrpf adding objects,
removing objects, or partitioning objects. With these ustéisdings, students
can solidify meanings of solving equations.

An example of a student utilizing the meaning of the equais sind the
power of habits of mind is illustrated by a third-grade snideho is determining
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what number could be substituted in:
345+ 576 =342+ 574+ d

SaM: There’s 300 on each side, so | took them off, and you can dedhee
thing with the 500s. That gave me 45 plus 76 equals 42 plusu&kplNow
you can do the same thing again with the 40s and the 70s, anth#vas 5
plus 6 equals 2 plus 4 plus. And that's 11 and 6, sd has to be 5 to make
that side 11.

Ms. V. Sam, how do you know that you can do that?

SaMm: If something is the same on both sides of the equal sign, yoit dven
have to think about it, you can just get rid of it. When you gétaf what's
the same, the numbers get smaller and then it gets real et wihatd is
equal to. [Carpenter et al. 2003]

Although examples have been presented in this chaptee tharo one good

way to present and teach a topic. Often, one student in a olagsimmedi-

ately construct mathematical meaning from an experiendiewhother student
actually confuses the meaning. Students need to share aahelbave varied
experiences involving important concepts. Multiple reyergations arise both
from mathematics and from students. Because they thing&rdiitly from one

another, students see problems in a range of ways and rapeggesolve them
in multiple ways [Ball 1999]. Experiences with ideas, teclogy, or materials

are important tools teachers need to use to foster studentErstanding of
algebra.

Assessment Tasks Focused on Algebraic I deas

Given the importance of these themes, the Silicon Valleyhdaiatics Initia-
tive has included in its assessments a number of tasks @esigrinelp teachers
understand how well their students are making sense of t{eee. Chapter 10 in
this volume for more details about this project.) The valtithese assessments
is found in the responses of students. Through examinirgatuvork on these
tasks, teachers can focus on important ideas in algebrademtify common
misconceptions. This feedback process is a powerful giydte improving al-
gebrainstruction. We give here examples of tasks from thia&faatics Assess-
ment Resource Service aimed at the five major themes distirsges chapter.
Each task is accompanied by a sample of student work and cotargeabout
approaches, understanding, and misconceptions adaptedte Mathematics
Assessment Collaborative of the Silicon Valley Mathensatiatiative’s Tools
for Teachers
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Assessment Task Focused on Doing-Undoing

Number Machines

This problem gives you the chance to:
* work with number chains
* explain your reasoning

Here are two number machines:

- 24
ainer [ ] =5[] - [] 22~ D
Out
+ 1 1 X4
O I e R o e
In Out

When you put an integer into the “In” box of a machine and do the operations shown in
order, an answer appears in its “Out” box.

For example, if you put 3 into the “In” box of Machine A, 12 appears in its “Out” box.
e [1] 2 [15] 2 [11] 2 [1] =~

1. Ray puts 13 into the “In” box of both machines.

Out

(a) Which machine gives the largest number in its “Out” box?

(b) What is the largest answer he gets when he puts in 13?

2. Ray puts an integer into the “In” box of one of the machines. The integer 196 appears
in its “Out” box.

(a) Which machine did heuse? _____ Which integer did he put in?
(b) Explain how you can tell that he did not use the other machine.
3. Leila puts an integer into the “In” box of each machine.

She finds that the answer that appears in the “Out” box of Machine A is the same as the
answer that appears in the “Out” box of Machine B.

What was the answer produced by both machines?
Show how you figured it out.

The student whose work is shown on the next page successindiwers
question 1 by working his way forward: he fills in the boxes bae top two
rows with the appropriate numbers, and concludes that MadBj with a result
of 164, wins out. He can also solve question 2 by using a wgrkiackward
strategy — specifically, he writembovethe boxes the result of applying each
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step backwards, from right to left:

107 110 220
Machine A ﬁ» i» ﬁ» _—24>

17 28 56 49

169
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As an answer to part (b) of this question, he writes: “I cahtteldidn’t use the
other machine because, while | was working backwards, whygt to the last

part | noticed 5 did not go evenly into 107. So it couldn’t battbne.”

The student does not attempt to answer question 3.

Assessment Task Focused on Building Rulesto Represent Functions

Square Patterns

This problem gives you the chance to:
» work with a sequence of tile patterns
» write and use a formula

Mary has some white and gray square tiles.
She uses them to make a series of patterns like these:

Pattern
#1

] il

i

o

N L

Pattern Pattern
#2 #3

1. How many gray tiles does Mary need to make the next pattern?

2. What is the total number of tiles she needs to make pattern number 6?

Explain how you figured it out.

3. Mary uses 48 tiles in all to make one of the patterns.

What is the number of the pattern she makes?

Show your work.

4. Write a formula for finding the total number of tiles Mary needs to make pattern # n.
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Mary now uses gray and white square tiles to make a different pattern.

Pattern Pattern Pattern
#1 #2 #3

5. How many gray tiles will there be in pattern # 10?

Explain how you figured it out.

6. Write an algebraic formula linking the pattern number, P, with the number of gray tiles, T.

The student is willing to experiment with patterns in a viyrigf ways to help
make sense of the relationships. In the beginning he usesndysito solve for

parts 2 and 3:
-
" i

FpRam Patnm Fallem N g &
1 i 2
1. How many grey tles does Mary seed 1o make the nexd patiem? .

1".:'_»/1

2. What {5 the el numibses of (des ghe needs 1o maks pattern pumber §7
Explain how yeo figured i oat LY,

| dreiny  Har podeen fur e, J

3. My uses 48 tles moall to ke ons of the patiems

Wit is the number of the pattern she mikes? 2 u
Tty = ur:-E".l:-'ﬁ

s s @D § Us+ei= Uar ferr

Wi o 32748 b - we(y
176w = Slpdma)

Showe wour work.
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Then he notices a pattern of adding four every time and usesdllationship
to verify the drawing. By doing all this thinking about thdatonships, the

student is then able to come up with an algebraic expressipart 4 that works
for any pattern number:

4. Wieite a formuote for Anding the 1otsl ;.mﬁernrrilesmmm 50 make paliem ¥ n

B0 s toh nowdger of dilaes J
In part 5, the student first notices the differences incredsgeconsecutive

odd numbers. With further thinking about the pattern numbersees that you

square one more than the pattern number and subtract 1nteirgsting to see
all the stages of the student’s thinking.

W o~ e+ 25 B S
o
"
Paern Fattom b= "7=7
&1 #2
5. How meny gray tiles will there be in patern # 107 _ULEL_\-l f
Eaplain e you figired i out,
[
e [:‘a-l-ﬁ = \1 - ﬁ -‘ﬂ
6. Write an algebraic formula Brking the patiem number, F, with tie momber of gy les, T.
ra
[ +1] = v
. 1

Assessment Task Focused on Abstracting from Computation

Multiples of Three

This problem gives you the chance to:
« test statements to see if they are true
« find examples to match a description
+ explain and justify your conclusions

If a number is a multiple of three, its digits add up to a multiple of three.
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For exmempde, 15 is 8 moMiple of three (15=3x 5)
and | # 5 = &, which is 0 multiple of three.

Ak, the number 253 is & multiple of three (255 = 3 x 85)
“and 2+ 5+ 5 =12, which is a multiple of thres.

X
fy=es
*5 L Usethe shove rule o test whether 4721 isa multiple of three or not and explain how you
SV figured it out. 7‘
P v
, AT wm wyak ﬁmmgj_ﬁﬁm_._u_—
o omoee m;mMm;gm
Q__Auvpie of Y <), ma o \oo CRysioe
Ouw %, 1 Mﬁmﬁm O
AT
2. Use the sbave nde to find & 5-digin multipbe of three snd explain how you know you are
I ama D _LDBAE o ooy WPRWIE B o olerrwagE D '-h'ﬁrr' ]
— a - v
apg <2, =2, U, S 15, W
AnEmeyy | .
.fi‘;a i aEpeos B, misw, 4015 *H= DRMS , H
= B s oL WM G D

= - . -

3. Zarw says, “If you add two multiples of thres you always ger another multiple of three ™
bs Zara comect? _ S

Explain how you decided,

, ol ore vhoemeer WS dpescte O QeaVnde ok 3
e 0 cocfy OPE e, SR ooy TO T ¥
¥ oe B o triptorn ol ek Ty a M =B r EVS AT bR H ’2‘ <

w
Do [ emi] B 7 dmgee w0 Bosd CN U0 CDn UGes
st TR wsBOTATT Dmd kgt S ET oonl veSve Bk 3

4. Phil says, "I you add two multiples of three you abways get a moltiple of six.”

Is Phil corregi? %555

G

o Cwe swBl) S0P Munple ok 3 (Sl
Seen 07 Yo come vore o waeer et [

5 R e
1A _'::'!- \.ﬂx‘.\x*‘-{?ﬁ e = CECES NN ALY e f‘,

VhIET NG ser O pavegYe ok D dhedy
(g,  CEry o wﬂﬂﬁmuﬁ- = TR E Sk 2,

SETOTE A BEINO e g m"\) oia ﬁm\’“ﬁe

e 3.
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Assessment Task Focused on Variable and Function
ROPE

éThis problem gives you the chance to:
ie Interpret information from a graph

The six points on the graph represent pieces of climbing rope.

A A B
[ ) [ J
Weight of
the rope
C D E
o o °
F
°

[

Length of the rope

(a) Which pieces are the same length as rope D?

(b) Which have the same weight as rope D?

The ropes are made from the same material, but there are 3 different thickne

[T
[/

(c) Which points represent 'thin' rope?

(d) Which points represent 'thick' rope ?

Explain how you know.

This student illustrates his knowledge of the functionttienship between
the length of the rope and the weight of the rope. He is ableeatify sets
of points corresponding to same weight, same length, andirg lises drawn
from the origin through sets of points — same weight/lengtior
|

Weight of
the rope

Length of the rope
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Thus he correctly completes parts (a)—(d) of the task. Tdagxgow he
determined the pairs of points that represent thick, medinohthin pieces of
rope, he writes:

e
= e -.:._‘1:1 L W P DN _hnﬂ_h.[:h_iu'ﬂiﬂﬁ_ﬁ_ﬂi. —
_ ke L sepated e Ty eede 8Mae__aad de Al srmin
g gt Lag Tihen T belle A thee Vel ot Shin saduge

—_—

B M e Yovien Moo st dep X Ll laie sl et sluy
A S T = e o u g

Assessment Task Focused on Equality

Party Flags

This problem gives you the chance to:
« find sizes by interpreting a diagram
 express a function by a formula

-«—— 80 centimeters ——>

\ VA4

170 centimeters 3=

VYV VVYVYVV

Ericais putting up lines of colored flags for a party.
The flags are @l the same size and are spaced equally along the line.

1. Calculate the length of the sides of each flag, and the space between flags.
Show al your work clearly.

2. How long will aline of n flags be?
Write down aformulato show how long aline of n flags would be.

The student uses a visual strategy to make sense of the gif@mation,
formulating an algebraic expression and solving for thesings values for the
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space between the flags and their sides. The focus on thecphysddel also
allows the student to generalize a formula for any size gtinflags.

Erice ig putting up lnes of colored fags for a party,
The flags are all the same size and are spaced equally along the line.

1. Caleulate the length of the sides of «ach flag, and the space between flags. y
Show all your work cleariy.

= T 3 b5 4 Seu belwein fogs ol @uaks 0 o, *

- Teen 0f Abbers b odnagles 8 ogee oetian £0ms oted sguals Tlov
A W e s fewsada -h/ﬁwd_ 1 dunwer 204 1006 = 12048
The zides of each flag measwre 20" eom - i i

bAnaAd L dpace

The space between flags measanes ] cm. !

2. How long will & line of r flags be?
Write down a formula o show how long a fine of B fags wonld be,

lem ¥ vt (e (= Anaulrr Z '
1 X A &
o 6 & ot st gy p O |
Hge ot s EIL“'
d12.m6 .-
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