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Intersection homology Wang sequence

FILIPP LEVIKOV

ABSTRACT. We prove the existence of a Wang-like sequence for intéesec
homology. A result is given on vanishing of the middle dimenal inter-
section homology group of “generalized Thom spaces”, whiturally occur
in the decomposition formula of S. Cappell and J. Shanesase®@upon this
result, consequences for the signature are drawn.

For non-Witt spaced’, signature and L-classes are defined via the hyper-
cohomology groupd{’(X;IC%.), introduced in [Ban02]. A hypercohomology
Wang sequence is deduced, connecthifg—; IC%) of the total space with
that of the fibre. Also here, a consequence for the signatudencollapsing
sphere-singularities is drawn.

1. Introduction

The goal of this article is to add to the intersection homgltmplkit another
useful long exact sequence. In [Wan49], H. C. Wang, caltgahe homol-
ogy of the total space of a fibre bundle over a sphere, actpadiyed an exact
sequence, which is named after him today. It is a useful tmotléaling with
fibre bundles over spheres and it is natural to ask: Is therarmyWequence for
intersection homology?

Given an appropriate notion of a stratified fibration, theuredtframework for
dealing with a question of the kind above would be an intg¢igedomology
analogue of a Leray—Serre spectral sequence. Greg Friedasaimvestigated
this and established an appropriate framework in [FriO@}.asimplified setting
of a stratified bundle, however, i.e., a locally trivial blmdver a manifold with
a stratified fibre, it seems more natural to explore the hypenmology spectral
sequence directly. In the following we are going to dematstthis approach.

Mathematics Subject ClassificatioB5N33.
Keywords:intersection homology, Wang sequence, signature.
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Section 3 is a kind of foretaste of what is to come. We proveribaodromy
case by hand using only elementary intersection homolodwaply it to calcu-
late the intersection homology groups of neighbourhoodsrofe singularities
with toric links in a 4-dimensional pseudomanifold.

We recall the construction of induced maps in Section 4.kaBse of their
central role in the application, the Cappell-Shanesonmgosition formula is
explained in Section 4.2. Section 5 contains a proof of they\f'equence for
fibre bundles over simply connected spheres. It is shownuhdér a certain
assumption the middle-dimensional middle perversityrggetion homology
of generalized Thom spaces of bundles over spheres vanish.fofmula of
Cappell and Shaneson then implies, that in this situatiersiinature does not
change under the collapsing of the spherical singularities

In Section 6, we demonstrate a second, concise proof —thiserly the
sheaf-theoretic combination of the relative long exactisege and the suspen-
sion isomorphism. However, this proof is mimicked in Settibto derive a
Wang-like sequence for hypercohomology gro§( X ; S*) with values in a
self-dual perverse sheaf compl&% € SD(X). In Section 8, finally, together
with Novikov additivity, this enables us to identify siti@ts when collapsing
spherical singularities in non-Witt spaces does not changesignature.

2. Basic notions

We will work in the framework of [GM83]. In the followingY = X, D
Xy—2 DD X9 D X_; = @ will denote an orienteah-dimensional strati-
fied topological pseudomanifold@he intersection homology groups &f with
respect to perversity are denoted byH{’ (X), and the analogous compact-
support homology groups blng”(X). The indexing convention is also that of
[GM83]. Most of the fibre bundles to be considered in the fell@y are going
to bestratifiedbundles in the following sense (see also [Fri07, Definiticd])s

DEFINITION 2.1. A projectionE — B to a manifold is called a stratified bundle
if for each pointb € B there exist a neighbourhood C B and a stratum-
preserving trivializationp=! (U) = U x F, whereF is a topological stratified
pseudomanifold.

We will also restrict the automorphism group Bfto stratum preserving auto-
morphisms and work with the corresponding fibre bundles énubual sense.
Since we will basically need the local triviality, Definitia2.1 is mostly suf-
ficient. When we pass to applications for Whitney stratifiséydomanifolds,
however, the considered bundles will actually be fibre besélthis follows
from the theory of Whitney stratifications. A stratificatiohthe fibre induces
an obvious stratification of the total space with the sarnedimensional links,
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namely by E,_; —the total spaces of bundles with fib#§,_; andn the
dimension ofB.

3. Mapping torus

PROPOSITION3.1 (INTERSECTION HOMOLOGYWANG SEQUENCE FORS!).
Let F = F, D F,—, D --- D F,y be a topological stratified pseudomanifpld
¢ : F — F astratum and codimension preserving automorphisen a stratum
preserving homeomorphism with stratum preserving inveusa that both maps
respect the codimensiot.et M be the mapping torus af, i.e., the quotient
spaceF x I/(y,1) ~ (¢(»),0). Denote by : F = F x 0 < My the inclusion
Then the sequence

= id —¢ 5 s 5 a 5
oo —> IHP(F) —— IH*(F) — IH " (My) — IH " [ (F) —> -
is exact

PrROOF The proof is analogous to the one for ordinary homologyrtStdh the
quotient mapy : (F x I, F) — (M, F) and look at the corresponding diagram
of long exact sequences of pairs. The boundaryof I is a codimension 1
stratum and hence not a pseudomanifold. We have eithertalinte the notion
of a pseudomanifold with boundary here or work with intetmgchomology
for cs-sets [Kin85; HS91]. However, we can also manage witloek-around:
Define

I, . =(—¢1+4¢), 0l,:=(—¢ee)U(l—¢g1+4+¢), F:=Fx(—¢z¢).

We extend the identificatiofy, 1) ~ (¢(y),0) to F x I, by introducing the
quotient mapy : F' x I, — My,

(qb_l(y), 1+¢)if te (—e,0]
q(y,1) =1 (,1) if 7€ (0, 1)
(). t—1) ifte[l,1+¢).

Evidently, My = q(F x Ig). Now F x 0lg = (F x0lg)p41 D (Fx0dlg) D---D
(Fxdlg)g is an opersulpseudomanifold of x I, andF = F,, D F,— D+ D

Fy sits normally nonsingular id/,. Hence the inclusions induce morphisms
on intersection homology and we get a morphism of the coomdipg exact
sequences of pairs:

O IHSP(FxI., Fxdl) — s IHS (Fxdl) —L > IHP (FxI)—2s ..

.. —>1H;ﬁ(M¢,F8)—a> IH;EI(FS)LIHE”LI(M@H
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The “boundary” ofF x I, is the disjoint union of two components of the form
F xR, so0 j4 is surjective and the outer arrows are zero maps. The cdngect
morphisma is injective and therefore an isomorphism onto its image, onto

ker j«
= {(@. B) | € IH{P (Fx(—¢, +¢)), B € IHP (Fx(1—,1+¢)), [a+B] =0}
= {(a, )} = [HP (FxR) = IH{? (F).

The middleg, maps(a, —a) to (o — ¢« (c)) € IH,‘?(FS) -~ IHzﬁ(F). Sinceq
commutes withh, one has

dogyod| ™ = Ixlkerj=1H P (F) = 1d —¢x.

Hence, we have the diagram

- > IHP(F) _ Oxbeeri | THP (F) 25 TH P (M) — TH (P (Mg, Fy)

o

(Fx I, Fx3l;) 35 1H?

cp
IH K+1

k+1 (Md)a FE)

where the top sequence is exact and the bottom square is dativauAs in ord-
inary homology one can show that: TH [ (F x I, Fx 1) — IH " (M, Fy)
is an isomorphism. Finally, observe that on the right hade Bt , (M, F,) =~
IH” (F)viadog,!. O

Let X = X4 D X1 D X, be a compact stratified pseudomanifold with = @.
Then, the stratum of codimension 3 is just a disjoint uniorciofles X; =
Stu-..u S If we assumeX to be PL, the linkL at a pointp € X; is
independent ofp within a connective component df;. Furthermore, inXy,
there is a neighbourhood of the circle containingy, which is a fibre bundle
overS! and hence homeomorphic to the mapping taks with

¢ &(L) S &(L).

Putting this data together and using the Wang sequence weaapute
IH”(U), with U a neighbourhood oft; C X;. The group/H,”(X) can
then be computed via the Mayer—Vietoris sequence.

In this section we restrict ourselves to the casé dfeing a torus’"?. While
the orientation preserving mapping class group of the tasusnown to be
SL(2; Z), we have to make the following restriction on its cone: Inftiiwing,
we look only at those automorphismgs: é(7'?) — ¢(7'?) which are induced
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by an automorphism of the underlying torys: 72 — T2.! Itis given by a
matrixa € SL(2; Z) and by abuse of notation we will again writdor this torus
automorphism.

Defininggy, to be the magH {? (¢(T'%))
the sequence

id — 3 " p o H
ﬂ)[Hip(c(T2)),we obtain

s THEP @(T2) 2

o .* D 3 D )
IH;P(c(TZ)) N TH P (My) — IH,”  ((T?)) —> -+
For the open cone we have

) IHGP(T?) for k =0,
IHP((T?) = { ITHSP(T?) for j=0andk =1,
0 else

Clearly, IH,‘;E(MD,) = 0 for £k > 3. Now examine the nontrivial part of the
seqguence

0 — IHS” (My) N IHCp(c(TZ)) S IHSP (c(Tz)) ==
THSP (My) N IHCp(c(Tz)) % IHSP E(T?) = IHP (My) — 0.

Sincec¢(a)y maps a point to a point, clearf(a)o = id, hencep, = id —id = 0.
It follows thatIHcp(M )=

Note that the only possmle perversities in this exampIeOaaedt So far
we have not distinguished between them. DudHf’(c(T2)) = 0 there is
IHS' (My) = 0 andIH " (M) = Z. For the zero perversity, we have

0— IHCO(MD,) 1HC°(C(T2)) TH((T2)) —> THO (M) —>
[l
77 0, o
® IHE(&(T?) — 0
The group]Hf‘-)(E(Tz)) is isomorphic toH; (7?) and is therefore generated
by the corresponding homology classes of the torus. Hefige)) is just
the matrixe. If « = id, ¢; = 0 and IH§°(Ma) ~ Z & 7Z. In the general
case,IHgo(Ma) is isomorphic to ind, = ker¢,. We examine the determinant

1| pelieve that in the PL context this does not constitute anesiriction. With [Hud69, Theorem 3.6C]
we can find an admissible triangulation &7'2), such thatp becomes simplicial. Furthermore, it is not
difficult to see, that the simplicial link of the cone poifit(c) is preserved undep. Since the geometric
realization ofL(c) is a torus, we get a candidate fgr. By linearity, every slice betweeh (¢) and the cone
point ¢ is mapped byy. If we could extend the argument to the resé¢T ) the goal would be achieved.
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of the matrix: detp; = det(id —a) = py (1), Where p,(¢) is the characteristic
polynomial of«, which is

Pall) = det(t id—(Z;i Z;i)) = (t —an)(t —ax) —axna;
=12 — (a1 +axn)t +(a1a22 —azasz)

=12 —trat + deta

=t—trar+1.
Here, tra is the trace ofx € SL(2;7Z). Thus we have det; = 2 —tra and get
B Z®7Z if a=id,
THS"(My) = 3 Z if tr o =2 anda # id,
0 if troo # 2.

SinceIHg‘_’(E(T2)) is free, the sequence above reduces to a split short exact
sequence

0 —> cokerg; —> IHf(_’(Md,) — 1H86(3(T2)) — 0.

HenceIHfO(M¢) =~ 7 & cokerg;. In this final case our interest reduces to a
cokernel calculation of th x 2-matrix ¢; = id —«. The image inp; CZ S Z

is of the formnZ & mZ, n,m € 7Z and so every groufd @ Z/nZ & 7/ mZ can

be realized adHfo(Md,). In particular a torsion intersection homology group
may appear. Using dét = def(id —«) = 2 —tr o as above, we immediately see

that

7287 ifa=id,

0 iftrea=1,3.

Summarizing all these results we get:

coker¢g, =~ {

PROPOSITION3.2. Let M, be the mapping torus over the open ca@ii&?) of
atorus glued viax : T2 — T'2. Then its intersection homology groups are

; Z ifk=0,1,
IHI?(M“);{O it k > 2
Z if k=0,
YACYREYS if ck =1anda =id
Z ifk=landtra =1,3,
0 7 & cokerid —a) if k =1 (in genera),
c0 ~
H} (Mo)=4 4 if k = 2. tra = 2 ande #id.
7®7L if k =2anda =id,
0 if k=2andtra # 2,
0 if £ > 3.
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ExAMPLE 3.3. LetX be the fibre bundle ove$' with fibre ¥ 7% and mon-
odromya € SL,(Z). We assume« to be orientation preserving, i.e., the sus-
pension points are fixed under it. The spachas afiltrationY; > X; = S'uS'!
and our situation applies. Let be (37}). First, using the ordinary Wang
sequence, we compute the homology of the total sgaad the fibre bundle

T? — E — S with the same monodromy:

3 id —a 3
0 — Hy(E) > Hy(T?) 25 Hy(T?) — Ha(E) > Hy(T?)

id —ats d id —ax

S H(T?) — Hy(E) = Ho(T?) —25 Ho(T?) — Ho(E) — 0.
In degrees 2 and 0, the map is the identity, so we substitute zeros for-id.
to see thatts(F) =~ Z =~ Hy(E). In degree 1, the mag; is just the matrixx.
Using imd, = ker(id —ax) = Z, we get the sequence

0 — Hy(T?) — Hy(E) > 7 — 0,
which yields H,(E) ~ Z & Z and
0 — cokel(id —ay) — H{(E) — Z — 0.

It follows by coke(id —a4) =~ Z that H,;(E) =~ Z & 7Z. Let us now compute
the intersection homology groups &f via the Mayer—Vietoris sequence. The
neighbourhoods of the twS§! are of the desired form, i.e., mapping tori over
¢(T?) and their intersection is a fibre bundle ov&t with fibre 72 x R, so that
the intersection homology groups are just(E) from above. Looking at the
exact sequence

0 — THSP(X) — THSP(E) —THSP (Mo)®TH (My)— -+

| I
0 0

we see thaijﬁ(X) ~ H3(F) = Z. In degree 0 the inclusion df induces an
injection on homology, i.e.,

0 — Ho(E) — THS? (M) ® THS? (My) — IHS (X) — 0,

andIHf)” (X) = Zas it should be. Turning to the interesting degrees, we lbok a
p=1(0,1,...) first. Due tolHS" (My) = 0, there isTH S  (X) = Ker (i ®ix)1.
Finally 7H{"(X) is isomorphic to the cokernel of the inclusign. & i) :
Hy(E) — IHS"(My) & IH{' (M) = Z & Z, which is the diagonal map; hence
TH (X)) = Z andIHS' (X) = Ker (i ®ix)1 = Z. Similarly, for 5 = (0,0,...)

we havelHS%(X) = Ker(ix @ ix)y = Z; with THS(My) =~ Z & Z it follows
IHS(X) = Z @ Z. And THS®(X) = coker(ix @ ix), = Z. Because all the
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groups are free, the duality is already seen working witegrdl coefficients,
especially ; .
IHg‘_’(X) ~ [HS' (X)) =77,

IHS®(X) = THS'(X) = Z.

4. Some more advanced tools

4A. Normally nonsingular maps. Intersection homology is not a functor on the
full subcategory offop consisting of pseudomanifolds, since induced maps do
not exist in general. However, on the category of topoldgisg@udomanifolds
and normally nonsingular maps, intersection homology igzartant theory in

the sense of [FM81]. This fact is often suppressed. Since wfothe maps
which we will encounter are normally nonsingular, we regathis section how
induced maps are constructed. See particularly [GM83, 5.4]

DEFINITION 4.1. Amapf : Y — X between two pseudomanifolds is called
normally nonsingular (nns) of relative dimension= ¢; — ¢, if it is a com-
position of a nns inclusion of dimensiaefl — meanining thatt” is sitting in a
ci-dimensional tubular neighbourhood in the target— and gonoiection, i.e.,

a bundle projection witla,-dimensional manifold fibre.

EXAMPLE 4.2. An open inclusio/ < X is normally nonsingular. The inclu-
sion of the fibreF = b x F — E, wherekE is fibred over a manifold is hormally
nonsingular. The projectioR” x X — X is normally nonsingular.

PROPOSITION4.3 [GM83, 5.4.1, 5.4.2].Let /' : Y — X be normally non-
singular of codimension. Then there are isomorphisms

fEICs(X) =ICy (M)l and  fHICH(X) =IC(Y).

DEFINITION 4.4. If f:Y — X is a proper normally nonsingular map of
codimensiorr, we have induced homomorphisms

S IHX(Y) — IHD(X)  and  f*:IHP(X)— IH? (V).
They are constructed by considering the adjunction monphisf the adjoint
pairs(Rfi, f*) and(f*, Rfx),

Rjif!IC;3(X)—>IC}3(X) and IC;3(X)—>R]"*f*IC;3(X),

by combining them with the proposition above and by finallplgimg hyper-
cohomology.

We will also need induced maps on intersection homology witimpact sup-
ports, which are not discussed in [GM83]. The above constmiof Goresky
and MacPherson works equally well f@i/.”. If f is not proper, the map
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f* still exists. For the case of compact suppoyts; IH;”(Y) — IH,”(X)
can be constructed in the same manner. These different mapistad in the
following table —note that onlyf, and f* for proper f are explicitly men-
tioned in [GM83, 5.4].

f proper J/ not proper
fu: THP (V) — TH? (X)
fii IHP(Y) - [HP(X) | fit IHP(Y) — IHP(X)

[*IHY(X) — IHY _ (Y) | f*: IHY(X) — IHY_(Y)
SUIHSP (X) - THEP (1)

4B. Behaviour under stratified maps. Computing intersection homology in-
variants of one space out of the invariants of the other aftdies on the de-

composition formula of S. Cappell and J. Shaneson [CS9hEeSive will need

it in the application below, we briefly recall it in this seati

Let /' : X" — Y™ be a stratified map between closed, oriented Whitney
stratified sets of even relative dimensidn = n — m, Y having only even-
codimensional strata. L& € D?(X) be a self-dual complex. Denote bythe
set of components of pure stratalof For eachy € V), € V, definé

Ey = f_l(C L(y)) Uf*IL(y) Cf_l(L(y))v

whereL(y) is the link of the stratum compone}, containingy. If y lies in
the top stratum, we sef, = f~1(»). We have the inclusions

E, < (NG S x,

whereN (y) is the normal slice of. Note thatN (y) =~ ¢ L anddN(y) = L(y)
(see [GM88] or [Ban07, 6.2]). Define now the complex

. !
S () =1 Riyspy S,

wherer2°"®stands for truncation over the cone pdiof ¢ /' (L(y)) and2¢ =
2¢(V) =n—dimYV is the codimension of .

2Here,c L stands for the closed codex [0, 1] /L x {0}.

3There is a general notion of truncation over a closed subg@&W83, 1.14]. Letc be the cone-point.
ForA® € DY (Ey), the derived stalks are

0 if x =candi > p,

i(.coneye _ )
H (z<p A%y = {H’ (A®), otherwise.
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ForV eV, letSY be the local coefficient system ovErwith stalk(SV)Z =
H~¢"!'(E,;S'(2)). There is an induced nondegenerate bilinear palrlng

¢z (Sf)zx(8f): > R.

If S* is the intersection chain compld€?. (X), the puII-backp’y IC(X) is
clearly IC} (Ey \ {c}). Because of the stalk vanishing & - (Ey \ {c}), the

truncatlonrgonf ;1 Is the usual truncation<_._,—; and hence

S'(¥) = t=—c—1—1Riy« IC 3 (Ey \ {c}),
which is simply the Deligne extensid@ . (Ey) of IC . (E) \ {c}) to the point.
Denoting byiC 7, (V; SV) the lower-middle perversity intersection chain com-

plex on the closure oV Wlth coefficients in the local syste§”, we can now
formulate the important decomposition formula of Cappetl &haneson.

THEOREMA4.5 [CS91, Theorem 4.2 here is an orthogonal decompaosition up
to algebraic bordism of self-dual complexes of sheaves

RfS[=1]~ @D jx IC3(V.S))e(V)],
Vey
wherej : V < Y is the inclusion
We abstain from giving the definition of algebraic bordismrehand refer to
the original paper or to Chapter 8 of [Ban07]. All we need foe tipplication
is the following, where for a self-dual she&f over X, o(X, S") denotes the

signature of the pairing on the middle-dimensional hypleotoology induced
by self-duality.

PROPOSITION4.6. If two self-dual complexes ove¥, S} and S; are (alge-
braically) bordant theno (X, S}) = 0(X, S)).

PROOF See [Ban07, Cor. 8.2.5], for example. a

PROPOSITION4.7 [CS91, 5.5]If, in the setting abovel; (X, A®) denotes the
i-th L-class of the self-dual sheAf over a pseudomanifold’, we have
THEOREM4.8. With the notationZ; (V, S}/) for L;(V,IC3,(V; S}’)) we get
SeLi(X,S) =Y juLi(V.S)).
Vey
and bearing in mind that (X)) = ¢4« Lo(X), wheree, is the augmentation, we
conclude:
COROLLARY4.9.  o(X.S) =0 (Y. RAS[-1) = ) o(V.S)).
Vev
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In the case of simply connected components'ofall the coefficient systems
become constant and using multiplicativity formulae [Ban8.2.19, 8.2.20],
we get:

THEOREM 4.10. Assume eacly € V to be simply connected and choose a
basepointy; for everylV € V. Then

SeLi(X) =) 0(Ey,)jsLi(V).

Vey

And finally, for the signature:
COROLLARY 4.11. o(X) =Y o(Ey)o(V).
Vey

5. The general simply connected case

PROPOSITIONS.1 (WANG SEQUENCE FORn > 2). Let F — F I, ogn
be a stratified bundl¢2.1) with F a topological pseudomanifold with finitely
generated cohomology > 2. Let j : F — E be the inclusion

(i) Forintersection homology the sequence

.. — IHY(E) 1> 1H?_ (F) — IH?_ (F) 15 1H?_ (E) —

is exact
(i) For intersection homology with compact supports the segeien

N IH”’(E) IH”’ (F)— IH? (F) 25 [HEP (E) — -

is exact

(i) These sequences are natural with respect to fibre-preggimioper nor-
mally nonsingular maps between stratified bundles &%ri.e., let F/ —
E’ — S™ be another fibre bundle such that there is a commutative gt@n

with 1 proper normally nonsingulaithen there is a commutative diagram of
the corresponding Wang-sequences induced by both in a covariant and
a contravariant way
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PROOF. (i) We begin with the hypercohomology spectral sequenBeyd3])
for A* := Rz, IC%(E), which converges tg1?+4(S",A*) = IH? ,_,(E).
Let U C S” be an open set such that ! (U) = U x F, then by 4.3

IC5(E)|z—1 ) = IC5(U x F) = pr*1C5(F)[n].

By IV.7.3 of [Bre97], the sheaf{?(A*®), being theleray sheafof the fibration,
is locally constant. Hence, by the assumption 2, it is constant with stalk

HA(F,IC%(F)n)) = IH? _, (F).

Finally i
P~ IH?,_,(F) if p=0orp=n,
2710 else.
HenceFE, =~ ...~ E, and the sequence collapses:at 1. Now, the proof can
be finished as in the ordinary case (see [Spa66, 8.5], faanns). In order to
show that H (F) — IH}, (E) is induced by the inclusiofi: F = by x F — E,
look at the fibration
F — b() X F l) b()

for by € S™ the north pole. We have a commutative diagram

/
bo X F ——Z—— b,

lj Jjo

[ L

For R(jor')« IC;;(bO x F) there is a corresponding spectral sequence converg-
ing to
HP+9(bo x F.1IC%(bo x F)) = IH? ,_(F).
If we start with
R« Rjxj IC%(E) — Ry IC%(E)
and use the commutative square above, we get a morphism
R(jor')« IC%(bo x F) — Ry IC5(E).
This induces i i
IHY (F) — IH? (E),
which is j« by construction (cf. 4.3 and 4.4). Th&,-term of the spectral
sequence associated R jom’)« IC;j(bO x F)is

Eé)’q = HP?(S",HY(R(jor)« IC;—,(bo x F))).
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Since herejo is just extension by zero the group on the right is isomorjpdic
HP(bo, IH? ,(F)). For both sequences, the differentia@g? — gy "4~ *!
are zero for allr > 2, and so we have epimorphisng? — EX?. Finally

by the commutative diagram (denoting bthe terms of the spectral sequence
associated tR (o)« IC5(bo x F))

EpTT ———— gl ——HY(E, IC5(E))

TIIZ T Tj*

E};n,—i—n = ;E(’)ré,—i—n = ;Hq(F,IC:ﬁ(F))

we deduce that the upper compositioryis as stated. A very similar argument
works for IH{ (E) — IH}_ (F).
(ii) Consider the hypercohomology spectral sequence ferchmplexB® :=
R IC;;(E). The main argument is as before. The spectral sequencergesve
toH?+4(S" B*) = IHF,_,(E). Being theg'” derived functor ofr, the stalk
of the Leray sheaf?(B*) is H&(F,IC%(E)) = IH_,(F) (see [Bor84, VI,
2.7], for instance). Hence thE,-terms are:
Ey? = IH_ (F),

EyTT = IH (F).
These yield the second sequence. The proof that the magséddvim this se-
quence arg, and j* follows as in (i).

(iii) Again, we use the fact that the hypercohomology sm@csequence is
natural with respect to morphisms of sheaves over the basesp
For the covariant case, we have to construct

fu: RT,ICY(E") = Rux IC%(E) of fi: Ra{IC%(E') — Rm IC%(E),

as the case may be producing morphisms between the terms d¥dhg se-
guences. Then the corresponding maps will commute. Takedheaction
morphism

RfLfHICH(E) — ICH(E).
apply Rr, and use functoriality. The case éH:” is analogous. Sinc¢
is proper, we haveR /i = Rf,. Observe that when working with intersection
homology with compact supporté need not be propér In the contravariant
case, we proceed as above, using the other adjunction rsorphi

IC%(E) — Rfx ¥ IC%(E). O

4See also the comment at the end of Section 4A.
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Now we are going to use this sequence in a concrete computatio

PROPOSITIONS.2. Let F¥ — E 5 S" be a locally trivial fibre bundle with¥
a topological pseudomanifalet > 2, n + k + 1 even DefineM := ¢ E Ug E,
where E is the total space of the induced — meaning that the strugjtoap
acts levelwise —fibre bundle

cF—>ELﬂ)>S”.

Suppose further that the following conditid8) is fulfilled for the Wang se-
guence ofE":

(S)  themapj*: TH{™ 1) (E) — IH{™ (1) »(F) is surjective

Then
THG fog1y2(M) = 0.

PrRoOOF Throughout the proof, the perversity shall be the lowerdiggerver-
sity i, unless stated otherwise. Assume for now that 26, k = 2a — 1, with
a,b > 1; and with the cone formula there holds

IH{(F) ifi<a,

THi(EF) = {o if i >a.

Using the Wang sequence of Proposition 5.1&6r— E ﬂ ST,

o> IHS (CF) —> IHS  \(E) — IHS_,(¢F) > IHS ) [(¢F) — -+
we get
IHS  (E) = IHS_, (F).
For the cone orE, there is:

o IHS(E)ifi <a+b

C ~ 1 ’

IHI'(CE)={0 if i > a+b.
Now consider the Mayer—Vietoris sequehce

ia+b

o> THS Wy (E) — IHS  (CE) @ THS (E) > THS (M) — -+
which reduces to
o U THE | (F) — THS (M) —
ig4+b—1

IHS  y (E) —— IH, , (E)®IHS , (E)—> -

5To avoid pseudomanifolds with boundary, we take the opeh Baof the induced bundleE in the
Mayer—Vietoris decomposition.
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The map,5— is easily seen to be injective and due to ¢g)., is surjective.
Finally, letn =2b+ 1,k = 2a,a,b > 1. By the cone formula we have:

. IHS(E) i<a+b+1
C(S ~
[Hi(cE)z{Ol > a4l

and
IHS(F) i<a+1
0 i>a+1.

Similarly, the Wang sequence yields

THS(CF) =~ {

THS oo (E) = IHS_, (F).

Now, as above the Mayer-Vietoris sequence gives

igtb41 c ¢ c lg+b—1 c ¢ 2
—— IH._, (F) — IHa+b+1(M) — 1Ha+b(E) —— IH, ,(E)® 1Ha+b(E)

where ket ,, = 0 and imi,4 4 = TH,_,(F) due to (S). Hence,
THy o (M) =0. O

COROLLARY 5.3. If M is a Witt space ana + k& + 1 is divisible by4, the
signatures (M) vanishegof course it always vanishesif-k +1 is not divisible
by 4.)

Let us now formulate an important consequence of the obsengabove:

PROPOSITIONS.4. Let X' be a Whitney stratified Witt space of dimensidn
with a disjoint union of spheres as the singular locis= S”! L --- 1 S™.
Assumer; >2for1 < j </. LetY be the space obtained from by collapsing
the spheress”™ to pointsy; and let f : X — Y be the collapsing mapGiven
a fibre bundle neighbourhood 6"/, we denote byE; the corresponding fibre
bundle with fibre the link of§”/. If for all 1 < j <, E; satisfies(S), the
signature ofX” does not change undef, i.e.,

o(X)=o0(Y).
PrROOF. Because of 4.11, we have

o(X)= > 0(Ey)o(V)

Vey

where the sum is taken over all strata. When we isolate th&ibation of the
top stratum, this looks like

=Y 0(Ey,)0(V)+o(Y).

Vi
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TheE),, ,inturn, are of the form}/ of Proposition 5.2 and since the underlying
fibrations satisfy (S), the resulting signatures vanish By 5 O

Similarly for the L-classes we have:
PROPOSITIONS.5. In the situation above
f+L(X)=L(Y).

The following two examples show, that the introduced coodi(S) is indeed
fulfilled for certain fibre bundles.

EXAMPLE 5.6. In the setting above let the base sphere be of odd diorensi
n=2b+ 1. If we are interested in computing the signature<gfits dimension
has to be divisible by 4 — otherwise it is trivial anyway. Imstisase the fibrg”
has even dimensiok = 24, so that(k —» + 1)/2 is odd. Thus, the vanishing
of odd dimensional intersection homology Bfwould imply (S). See [Roy87]
for examples of spaces, for which the intersection homolayishes in odd
degrees.

EXAMPLE 5.7. Let the dimension of the sphere be greater than the dioen
of the fibre plus 1, i.e.k + 1 < n. Then(k —n 4+ 1)/2 is negative and the
corresponding homology group is zero, thereby (S) is falill

Since we have not studied the intersection pairingMdnthe condition (S) is
clearly only sufficient and not necessary. However, theofailhg "counterex-
ample” to the proposition is a case where (S) does not hold.

EXAMPLE 5.8. LetX beC P? stratified alL P2 > CP! = S? and f be the map,
collapsing the 2-sphere to a point. So the targéf is S* O [S?]. Obviously,
o(X)#o(Y). Thelink of CP! is a circle and the bundle we have to check (S)
for is the Hopf bundleS3 — S2. However

Hy(S?) — Ho(S?)

is not onto and (S) fails.

6. A new proof

The application to the signature in the last section suggesimilar approach
in the setting of spaces which no longer satisfy the Witt domal however
still posses a signature ardclasses. The suitable homology groups for defin-
ing these invariants are the hypercohomology groHé—; IC%) of Banagl
[Ban02]. In the next section we will establish a Wang-likeeixsequence for
these groups i.e., for hypercohomology with values in ade#l sheaf complex
arising from a Lagrangian structure along the odd-codineenstrata. Compare
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also [Ban07] for a concise exposition. The proof will be medeon another
elegant proof of the Wang sequence without the usage of trgb sequence.
This will be demonstrated in the following.

Suspension isomorphisms in intersection homology are famjliar. For
the functoriality, however, we would like to have expliciaps realizing these
isomorphisms:

LEMMA 6.1 (SUSPENSION ISOMORPHISN. Let F be a pseudomanifaldrhe
inclusion/ : F = 0 x F — R" x F induces isomorphisms

(@) I*: IH (R" x F) — IH? _ (F),
(b) Iy: IHP(F) — IH " (R" x F).

PROOF (a) Letp : R" x F — F be the normally nonsingular projection. By
[Bor84, V,3.13]Rp« o p* ~id, so the adjunction morphism is an isomorphism

IC%(F) = Rpip* IC%(F) = Rpy IC%(R" x F)[—n].
Applying hypercohomology we get
p*IHD(F) S IH!, (R" % F).

Now p ol =id and hencé* o p* ~id. Thereby/* is the inverse op* and the
statement follows.

(b) is similar to (a), but uses the fact tHay Dy A® =~ A°® for A® € Df (X), and
the duality between* and p'. O

PROPOSITIONG.2. Let F —> E —» S" be a stratified bundle witlF a topo-
logical pseudomanifoldDenote by

jiF=byxF—>E, i :E\bgxF=UxXxF<—E, k:byxF—E

the inclusionswhereb, is the north pole ané; the south poleThen there are
the following long exact sequences

— J* — k* = n
+o—> IHY(F) =5 IHY(E) — IHY _ (F) — IH}_ (F)—> ---
> k D J* p p
oo IH{P(F) = THP(E) *> [HY_ (F) —> IH? (F) —> ---.

PROOEF In the following, trivializations of the fibre bundl€ are always in-
volved. However, for every pseudomanifold, /2 : X = X impliesIC;s(X) ~
hy 1IC5(X) = h* IC%(X). Therefore, for the proof we can suppress them.
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We begin with the distinguished triangle
Rjxj'IC%(E) ——IC5(E)

N
Riyi* IC%(E)

and keeping in mind that' IC5(E) = IC;(F), i* IC5(E) =IC5(U x F) we
apply hypercohomology to get

- J>k - l* -
o> IHJ(F) — IHJ(E) — IHR (U x F) — ---.

The third term is isomorphic taIH,f_n(F) under/* by the preceding lemma.
However by the commutative triangle

bl x F k E
N A
UxF
we havek™* ~ [* o i* and the sequence for closed supports is proven.

Now turn to the case of compact suppdrt€onsider the triangle
Riji*IC5(E) IC5(E)

DN

Rjsj*IC%(E)

and apply hypercohomology with compact supports to get
> H R (E;Riy |c;3(U><F))i]H,iﬁ(E)LH;k(E;Rj* IC(F)[al)—>-+-.
Now Rj. = Rjy as; is a closed inclusion. Hence

HH(E: Rju ICH(F)[n)) = M (FUICH(F)[n)) = TH”  (F).
For the first term, we have

Iy 5
H*(E; Ri) IC5(U x F)) = H KU x F; ICS(U x F)) <= IH " (F)

and withiy o [y = k, the assertion follows. O

®Recall that forf : X — Y, A® € D?(X) andZ C X, we havel . (Z, fxA*) £ T (f~1(Z),A%).
HoweverT.(Z, fiA®) = I'-(f~1(Z),A*).
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7. The non-Witt case

7A. The category SD{). Originally, Goresky and MacPherson defined the
signature for spaces with only even-codimensional strata[Sie83], Siegel
generalizes the definition to Witt spacesIH’j’ (X) £ IHZ (X), there still is a
method to define a signature ahdclasses for a pseudomanifald compatible
with the old definition. In his work [Ban02], Banagl estahks a corresponding
framework and decomposition results similar to those ofgefind Shaneson
are presented in further papers. In this section we merg/thie definition.

DEFINITION 7.1. LetX = X, D--- D X, be an oriented pseudomanifold with
orientation

0: Dbz = RUz[l’l].

Fork > 2, we writeUj, := X\ X,_;. DefineSD(X) as the full subcategory of
D(X) of thoseS® e D?(X) satisfying the following:

(SD1) Normalization: There is an isomorphismRg, [1] = Sy, .

(SD2) Lower boundH!(S") =0, fori < —n.

(SD3) Stalk condition for: H (S°|y, ,,) =0, fori > ii(k) —n, k > 2.

(SD4) Self-duality: There is an isomorphismDyx S*[n] — S* compatible with
the orientation, i.e., such that the square

Ry, 1] ——2—S'|y,

o= = dle
. Dyxviln
]D)U2 XT[]>DXS'|U2[n] commutes.

We refer to [Ban02] for results on this category, especifdlythe structure
theorem, establishing the relation betwegne SD(X) and a choice of La-
grangian structures along odd-codimensional strat&.of

REMARK 7.2. If X is a Witt spaceSD(X) consists up to isomorphism only of
IC,(X). Onthe other handyD(X') might be empty —e.gSD(XCP?) =2.

THEOREM7.3 [Ban02, Theorem.2.2For S* € SD(X), there is a factorization

|c;h(X)1>5'i|c,;(X),
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that is compatible with the normalizatio@and is unigque with respect to this
property) and such that

ICs(X) —%—— s

~

%
O

D
Dy IC3(X) ﬂ>DXS' commutes.
Thus, an object i§ D(X) is in fact a self-dual interpolation betwe&d;, (X)
andIC3(X). Itis obvious that in the case of being a Witt spaceSD(X)
consists (up to quasi-isomorphism) onlylGf?, (X).

DEFINITION 7.4. LetX" be a closed stratified topological pseudomanifold, not
necessarily Wittan&* € SD(X). In case: is divisible by 4, define (X", S*, d)
to be the signature oR~"/2(X", S*) induced by the self-duality ¢&°.

REMARK 7.5. If X happens to be a Witt spaee(X™”, S, d) is the usual inter-
section homology signature due to Theorem 7.3.

Finally, in order to speak ofhe signature of a pseudomanifold (as long as
SD(X) # @), we need the following important result:

THEOREM 7.6 [Ban06, 4.1].Let X" be an even-dimensional closed oriented
pseudomanifold witls D(X) # @. For (S}, d}). (S}, d>) € SD(X) one has
o(X",S].d) =0(X",S}.d>).

7B. Hypercohomology Wang sequenceBefore we deduce the exact sequence
for hypercohomology with values i§f D-sheaves, we have to determine what
the involved complexes of sheaves are going to be. StartitigarSD complex
over the total spac& we define a SD complex over the fibfein a canonical
way. We will need the following little lemma.

LEMMA 7.7.Fortheinclusionj : X" x0<— X" xR™ with associated projection
p: X" xR"™ — X" we have

J' = =m]
and thereby

p! o j! ~id.

PROOF By [Ban02, Lemma 5.2]p* o j* ~ id. Consequently, using*[m] ~
p'([Ban02, Lemma 4.2, Proof]), we get

jixjteptojt = jlopto jlm = (po j) o j*[-m] = j*[-m].
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The second identity is clear by using[m] ~ p' again. O

LEMMA 7.8. Let X" EN X" x R™ pe the standard inclusionGivenT®
SD(X" x R™), the complex 'T* is in SD(X).

PROOF Looking at the commutative square

Ry, [n + m] L Ty,

) ’
jtvy

J'Ry,[n +m] = Ry,nx[n] —————j'T*|ynx,

one checks that (SD1) is fulfilled because of the functayialf ;j'. Now using
that the inverse image functgr® is exact, look at

Hi(j!TO) ~ Hl(]*-l-o[_m]) ~ Hi—m(j*To) ~ ]* Hi_m(T.).

Observe that the last term is zero form < —(n +m) ori < —n, and so (SD2)
holds. Now leti > i2(k) — (n), k = 2. We have

Hi((j!T.)|Uk+1ﬂX) = Hi((j*T.[_m])|Uk+lﬂX) = J* Hi_m(T.|Uk+1)3

where the last term is zero dueite m > i1(k) — (n +m) and hence (SD3) holds
as well.
Finally by [Ban07, Proposition 3.4.5] we have an isomorphis

Dy T[] == j* Dy xm T[] = ' (D Tl + 1)) = j'T*
which is compatible with the orientation, proving (SD4). a

Let us now return to the original context. We start with th&atspaceE of

a fibre bundle oveS” —a topological pseudomanifold of dimensiént n —
and a compleX® € SD(E). Given a trivializing neighbourhootf C S” of the
north poleb, resp. the south polk;, the restriction off* to 7~ (U) = U x F

is clearly inSD(U x F) sincer~!(U) is open. With the preceding lemma we
can now define:

DEFINITION 7.9. LetF — E — S" be afibre bundle as above ahtle SD(E).
Fori =0, 1, we have inclusions

b; x F Ji E
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where j; is defined to be the compositidf o ¢; 0.

SetS* :=S), = T* =il ((¢) T*)|luxr) € SD(F), with jo : bONx F <> the
inclusion of the north pole fibre for some trivializatigg : U x F — 7~ (U).
DefineS§ in the same way using the inclusion of the south pole fibre.

In order forS® to be well defined oveF = b; x F with b; € U; N U,, we have
to make an extra assumption, a kind of homogeneity:

DEFINITION 7.10. We call the structure group of a fibre bundle of the form
aboveadapted toA® € SD(F), ifforall 1 € G, h'A® = h*A® =~ A°.

EXAMPLE 7.11. If F'is a Witt space|C 7. (F) € SD(F). For every stratum-
preserving automorphisim: F — F, we haveh* IC%, (F) = IC}, (F).
REMARK 7.12. AssumeG to be adapted t&*. What if we are given two

trivializing neighbourhoodd#/,, U, C S" with ¢; : U; x F — 7~ 1(U;)? We
have a commutative diagram

+2
F —L sbgx F——> (U NUy) x F p

\2’L
hay (bo)T%
-1

T% ¢2_1¢1I /ﬂ_l(Ul NU,)— E
Fl—>b0xF—>(UlﬂU2)xF ¢1

where the upper composition j¢ and the lower composition ig>. We have to
show that(;j1)'T* = (j2)'T*. SinceG is adapted t&", the transition function
hy1(bo) preservess® and thereby(j1)' T = 751 (bo)'(2)'T® = (j2)'T".

We will need some form of suspension isomorphism for hygevomology with
values in a SD sheaf.

LEMMA 7.13.Let F be a pseudomanifold al®l € SD(F). Letp :R"xX F — F
be the projection The inclusion/ : 0 x F — R” x F induces the following
isomorphisms on hypercohomology

(@) [*:HF@R"x F;S") —> HF(F;['S)

(b) I :HE(F:I'S) - HER" x F; S)

PROOF Same as for Lemma 6.1, using ~ p'[-n] for (a). Note that by
[Bor84, V, 3.13]Rp. p*A® = A* for all A* € DP(X). O

Now we are able to formulate the next proposition and imithéeproof of the
Wang sequence given in Section 6.

PROPOSITION7.14.Let F — E — S" be a fibre bundle with a suitable struc-
ture group G of automorphisms of the pseudomanif®|dvhich is adapted to
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Sy andSy. Assumer to be canonically stratifiedGivenT* € SD(E) there
are long exact sequences

(@ > HEFS) > HE(ETY) — HEA(FS) — o,

(b) = HE(F:S) = HE(E:T®) > HeHH(FiS) — o,

whereS® is the self-dual sheaf of Definitioh9.

PrRoOOF Due to Remark 7.12 we need not pay attention to differewiatiza-
tions. Therefore, in the following proof we will not mentidimem explicitly.

(a) Denote by;j the inclusion of the north pole fibre and bythe inclusion of
the complement x F. We begin with the distinguished triangle

R]*j'T. > T*

N

Rini*T®
and apply hypercohomology to get
o HE(F T - HE(E T > HRE(V x FL i T — -

By construction, we have(* (F; j'T*) =~ HK(F;S"). If i : V x F — E denotes
the inclusion, then*T* is again isomorphic to a self-dual complex over the
product bundld” x F containing the south pole fibfg x F. With the inclusion
j1:b1 x F— E and using the preceding lemma, we finally get

HE(V x F3i*T*) = HE(F; jiT0) = HE(F; SY).

Now choose a trivializing neighbourhoa@ containing the north polé, and
the south polé,. Let/y and/; be the corresponding inclusions infox F. We
have

S = JjsT" =1(T"loxr) = [{(T*|oxF) = jiT* = S§,
where the middle isomorphism holds becaGses adapted t&s), andSy. This
completes the proof.
(b) Begin with the triangle

Riyi*T* ————— T

DN

Rjxj*T*
and apply hypercohomology with compact supports to get

o HEV X Fi*T*) = HE(E;TY) » HE(F T — -
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Now, using part (b) of the preceding lemma, we identify
HEV x Fyi*T*) = HE(F; j1iT*) = HE(F S0).

And again by using

boXF

J E
N
UxF
we obtain
JATC = iFiIT =il (T yxp)n] = S'[n).
Hence the third term in the sequence is equalfa F; j*T*) = HkT"(F; S).
The observatiors® =~ S holds as before. O

REMARK 7.15. We can still formulate a similar exact sequence evémowt G
being adapted t&), andS§ or using the local triviality of the stratifold bundle
only. Then, however, the involvesiD-complexes over the fibre may be different
and depend on the choice of trivializations:

> MNP Sy) = HE(ESTY) — HIH(FiSg) — -,

> HE(F:Sy) = HE(E:T*) — HET(FiSyy) — -

8. Novikov additivity and collapsing of spheres

In [Sie83], Siegel generalizes the classical Novikov adtytof the signature
for manifolds to pseudomanifolds satisfying the Witt cdimfi. We want to
make a further step forward by dropping the Witt conditiorcéntain cases.

PROPOSITIONS8.1.Let X = X5, D X5, D 9, k > 2, be a Whitney stratified
compact pseudomanifold withD(X) # @. Given subspaces?, E,T C X
with T a closed neighbourhood d@f;,_, such that

(1) X=MUT,

2) MNT =E,

(3) E has acollarinT, and

(4) (M, E) is a compact manifold with boundary

DefineX'! := M Ug ¢(E) and X2 := T Ug c(E). Then we have the identity

o(X)=0(X) +0o(X?).

7 A similar result is given in Theorem 3 of [Hun07]. Thanks te tieferee for pointing this out to me.
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PROOF Once again, consider the formula of Cappell and Shanedonl4t
f :X — Y be the map collapsing’,,,_; to a point. The push forwaré /.. T*
of T* € SD(E) is algebraically cobordant to

ICH(X.SM) @ jeu IC, (e}, SIN ).

Here, c is the conepointf (X,,_x) and j. its inclusion intoY . Sincesz‘;’ is
constant with rank one, the first term is just equal@g, (X !). Let us look at
(S}{f})c. The link L(c) of ¢ is E, so we deduce from

Ec= f"YcL(c)Ugcf (L) = X?
and .
E. <5 ENcy = e L) &5 x

(see Section 4B) th&*(c¢) is a Deligne extension qﬁ’cS'—which is just the
restriction of the original self-dual complex. HeAc® (c) € SD(X,). We have
(S}{f})c =H"(X?;S(c)) and consequently

H(Y: jew ICH () SIDI]) 2 H " ({ek: IC, (fe}. SIHin))
~ H (X2 S(c)).

Finally, combining these observations and passing to tieasire we get

0(X) =0(X, Rf:(T*))

=o(XLICL(X YY) +0(X2,S(c) =a(X) +0(X?). O

Let E be the total space of a fibre bundle ovef as before. We investigate,
when the middle hypercohomology grodp"(M,S*) vanishes for a given
complexS® over a non-WittM := ¢ E Ug E of dimension2n. Since we are

only interested in computing the signature, only odd-disi@mal spheres are
considered here. The strategy is very similar to that ofiSed.

PROPOSITIONS.2. Let F2¢ — E = §26+1 pe a fibre bundle with” a compact
topological pseudomanifold > 1, » > 2. DefineM :=c¢ E Ug E, whereE is
the total space of the induced fibre bundle

cFeEi(ELSZbH.

GivenS* € SD(M), denote byT* the induced element ifD(E) (compare
Section7). Assume that the following conditiq®) is fulfilled for the hyper-
cohomology Wang sequencefof

H@Hb+D (. T*) - H~ @D (F; S*) is surjective

8 All the axioms are clearly satisfied. The only “new” stalk twk at is the one at, but {c} has even
codimension and the modified Deligne extensiopicﬂ;' explained in 4B ensures that SD1-SD4 remain valid.
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Then
H—(a+b+1)(M; So) =0.

We will need the following vanishing lemma for the hypercotwogy of the
cone.

LEMMA 8.3. Let X be a2n-dimensional or a2n + 1)-dimensionalcompact
Witt space such that the signature of the pairing over thedieidlimensional
intersection homology vanisheor S* € SD(¢ X)), we have

H'(@EX:S) =0 fori>n+1.

PROOF. SinceS® is constructible and X is a distinguished neighbourhood of
the conepoint, there is (by [Ban07, p. 97], for instance)

H ' @X:S) = HT(jeS)
where the latter is the costalk 8 atc. Because of self-duality, howeves;
satisfies the costalk vanishing condition

mQ2n+1)—diméX +1=—mn+1),

i, .
S)=0for —i < o
H7(eS) ’—{m(2n+2)—d|ch+1:—(n+1),
which is equivalent to the statement. a

PROOF OFPROPOSITIONS.2.. Look at the hypercohomology Wang sequence
for ¢F — E — S§2b+1

N H;(a+b+l)(CO‘F, U.) N H;(a+b+l)(E; T.) N Hc_(a_b) (CO'F, Uo) N
whereT® = S'|]§ isin SD(E) andU*® € SD(¢F) is constructed as in 7.9. Since
b > 2, we see from the preceding lemma that

H;(a+b+l)(C°'F; U.) — Hc_(a+b) (E’F, Uo) -0

and hence s

H @D (BT 2 H @D @ U).

DecomposeM into the open subsets andé¢éE with £ NEE = E x (0, 1).
Consider the Mayer-Vietoris hypercohomology sequence [(se86, I11.7.5]
or [Bre97, 11,§ 13], for instance)

s W @D (B 5 (0, 1); Sy S

Hc_(a+b+1)(C°'E; So|) D Hc—(a+b+l)(E; So|) _

HZ@TTD (A1 S%) — HZ@TD(E % (0, 1); S)) =22 ...
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Let us first show that, ;4 is injective. We use the following exact sequence for
hypercohomology with compact supports (see [Ive86, M)7.

. .._>Hc—(a+b+1)({c}; S —>Hc_(a+b)(Z‘E\{C}; s —>Hc_(a+b)(5E; Sy
It suffices to show that
Hc_(a+b+l)({6'}; So) ~ H_(a+b+l)({c}; S.)

vanishes. The latter is isomorphic K~ (@+6+1(S2) which is 0 because of
(SD3). Due to the preceding lemrig; “ 2TV (@ E; S*)) is 0. The surjectivity
of i,+ 541 follows now from the condition (S) using the naturality oéthyper-
cohomology Wang sequence in completely the same mannertlas proof of
Proposition 5.2. O

REMARK 8.4. As you can see, we have only used the vanishing lemma 8.3,
which is valid for everyS* € SD(F). Hence, in the proposition, the structure
groupG need not be adapted.

REMARK 8.5. In the case of a Witt fibré" the condition (S) is the one of
Section 5. See the examples there, especially 5.6.

COROLLARY 8.6.Let M be as in8.2. The signaturer (M) of M vanishes

COROLLARY 8.7. Let X be as in8.1 such thatX,,_; is an odd-dimensional
sphere AssumeE to satisfy(S). Theno (X) = o(X') = o(M, M), where the
latter is the Novikov signature @ .
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