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Whittaker functions and related
stochastic processes

NEIL O’CONNELL

We review some recent results on connections between Brownian motion,
Whittaker functions, random matrices and representation theory.

1. Harish-Chandra formula, Duistermaat-Heckman measure and
Gelfand-Tsetlin patterns

Define J, (x) = h())~!det(e*/), where h(L) = Hi<j()“l' — Xj). For each x,
J5.(x) is an analytic function of A; in particular,

n—1

—1
Jo(x) = (]_[j!) h(x).

j=l1

The functions J (x) play a central role in random matrix theory. For example, if
A and X are Hermitian matrices with eigenvalues given by A and x, respectively,

then
/ etrAUXU*dUZ J}‘(x)’ (1)
Un) Jo(x)

where the integral is with respect to normalised Haar measure on the unitary
group. This is known as the Harish-Chandra, or Itzykson—Zuber, formula.

Let B8 = (B;, t > 0) be a standard Brownian motion in R" with drift A. Denote
by P, the law of S started at x and by [, the corresponding expectation. Set

Q={xeR": x1>x>--->x,}, T=inf{t >0: B, ¢ Q}.
For A, x € R", write A(x) =), A;x;.
Proposition 1. For x, A € Q, J,(x) = h(L)"'e*?OP (T = o).

Proof. This is well known; see for example [Biane et al. 2005]. The function
ux) =P, (T =o0), x € 2, satisfies %Au + A - Vu =0, vanishes on the boundary
of Q and lim, _, o, u(x) = 1. Here we write x — 00 to mean x; — x;4.1 — 00 for
i=1,...,n—1. Hence v(x) = e*®u(x) satisfies Av = Zi Al.zv, vanishes on
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the boundary of € and lim,_, o, e *®v(x) = 1. The function det(e**/) also has
these properties, so by uniqueness, v(x) = det(e**/), as required. O

The Harish-Chandra formula has the following interpretation. Pick U at
random according to the normalised Haar measure on U (n) and let u*(dy)
denote the law of the diagonal of the random matrix U XU*. Then the integral
becomes

/ et“UXU*dsz Ot (dy).
U(n) n

Setting m* (dy) = Jo(x)u*(dy), we obtain
/ SV m* (dy) = 1, (x).

The measure m™ is known as the Duistermaat—-Heckman measure associated with
the point x € 2. It has the following properties, which are well-known. The
symmetric group S, acts naturally on R"” by permuting coordinates. The support
of the measure m* is the convex hull of the set of images of x under the action of
Sy. It has a piecewise polynomial density. This comes from the fact, which we
will now explain, that the Duistermaat—Heckman measure is the push-forward
via an affine map of the Lebesgue measure on a higher dimensional polytope
known as the Gelfand—Tsetlin polytope.

Let x € Q and denote by GT (x) the polytope of Gelfand-Tsetlin patterns
with bottom row equal to x:

GT(x)={Pj, 1<j<k=<n:Pjt1<P1,j<Pj, 1<j<k=<n, P,.=x}.

Define the fype of a pattern P to be the vector

n n—1
type P = (Pl,l, Pyy+Ppa—Pii.....y Puj—Y. Pn—l,j>- 2
j=1 j=1

Consider the map from U (n) to GT (x) defined by U — P where: for each
1 <k <n, P is the vector of eigenvalues of the k-th principal minor of U XU™*.
It is well-known (see, for example, [Baryshnikov 2001] or [Alexeev and Brion
2004, Section 5.6] for a more general statement) that the push-forward of Haar
measure under this map is the standard Euclidean measure on the polytope
GT (x). Moreover, the diagonal of the matrix U XU* is equal to the type of the
pattern P. From this we obtain another integral representation for the function
Jy as

J(x) = f el gp. (3)
GT(x)
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2. Whittaker functions

Set H= A — 22?:_11 e %W where a; =e; —ejy1, i =1,...,n—1. Write
H = H™ for the moment; we will drop the superscript again later, whenever it
is unnecessary. For convenience we define H" = d?/dx? and w;l)(x) =™,
Following [Gerasimov et al. 2006], for n > 2 and 6 € C, define a kernel on
R" x R*~! by

n n—1 n—1
g,y = exp<9 (Z xi= ) yl-) DG +€xi*'_y"))-
i=1 i=1 i=1

Denote the corresponding integral operator by Slé”), defined on a suitable class
of functions by

90 f(x) = o 05" (x. ) f(y) dy.

The Whittaker functions Wx(n)’ A € C" are defined recursively by
-1
Ui =20V )

As observed in [Gerasimov et al. 2006], the following intertwining relation holds:

(H™ —6%) 02" =90 o H"=, (5)

This follows from the identity (H\" —62) Q%" (x, y) = H" " 0% (x, y), which
is readily verified. Combining (4) with the intertwining relation (5) yields the
eigenvalue equation:

HO Y = (Z A?) 2 (6)
i=1

Let us now drop the superscripts and write H = H™, v, = wfn). Iterating (4)
gives the following integral formula, due to Givental [1997] (see also [Joe and
Kim 2003; Gerasimov et al. 2006]):

n—1 k
= [ O[] dr, ™
F) k=1 i=1

where I'(x) denotes the set of real triangular arrays (T ;, 1 <i <k <n) with
Tn,i =x;, 1 <i <n,and

k

k—1 -1 k
F;(T) = Zn: Ak (Z Ti — Z Tk—l,i) _ HZ Z(eTk,i_Tk+l,i + eTk+1.i+l_Tk.i)‘
k=1

i=1 i=1 k=1 i=1
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Now, it is shown in [Baudoin and O’Connell 2011] that, for each A € €2, the
equation Hf = Y, A? f has a unique solution f = f; such that e=*@ f; (x)
is bounded and lim,_, ;o0 e *® f5 (x) = 1, where we write x — 400 to mean
a;(x) = x; — xj4+1 — +oo for each i. Moreover, by Feynman—Kac,

n—1 .s0
f.(x) = DE, exp(— Z / e (By) ds), (8)
i=1 70

where f; is a Brownian motion in R” with drift A as in the previous section.
The relation between the functions f; and the Whittaker functions v, is thus
determined by the following proposition.

Proposition 2. For ) € Q,
lim ey, ) =@ —a)). ©)

X—>+00 ..
i<j
Proof. We prove this by induction on n using the recursion (4). Write i, = A(")

as before, setting w;l)(x) = ¢**. Then e"\(”tﬁ;l)(x) =1 and, for n > 2,

I
(eyt —Xi _l’_exi+l_yi)>
i
-1
X ‘h(? ,,,,, O e dyy o dy

) n—1 n—1
2/ e L Gi—hn)yi exp(— E Vi — E exi+1—xi—yi)
—1
R i=l 1

i=

n—1 n

e_}‘(x)l/f)(\n)(x) — / lexp<—2n: Aixi + A, <Zn:xi - Z)’z) _
R i=1 i=l

i=1 i=

_y =l ey, -1
xe Z’=]A’(x'ﬂ')1ﬁx(:l ))\,H(Xl+y1,~--,xn—1+yn—1)dy1-~~d)’n—1-

.....

By induction, we immediately conclude that, for each n, if x, A € Q then
e‘“”Wiw (x) <[T;-; T (A — ;). Here we are using

n—1 n—1

n—1
/ T exp(_ D St —xf—yl-> i dyes
Rr=

i=1 i=1

n—1

n—1
< / eZ?Q,l(Ai—An)yi exp(— Z eyi) dyy...dy,—1 = 1_[ T(hi —Ap).
Rn—l N
i=1

i=1

It follows, again by induction and using the dominated convergence theorem,
that (9) holds for A € Q. O

Corollary 3. For A € 2,

n—1 a0
Vi (x) = ]_[ T —1))e*VE, exp<— Z / e (Bs) ds). (10)

i<j i=1 70
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Corollary 4. For x, ) € Q,
L) = fim p7D g 5 (B).

Proof. By Proposition 1, the statement is equivalent to

Jim BTy 5 (Bx) = h(0) ™M OPL(T = 00).
—00

This follows directly from (10) by Brownian rescaling. g

As shown in [Baudoin and O’Connell 2011], the function v, , which can be
defined by (10), is a class-one Whittaker function, as defined by Jacquet [2004]
and Hashizume [1982]. In the notation of [Baudoin and O’Connell 2011] we are
taking [T={; /2, i=1,...,n—1}, mQ2a) =0, |no|> =1 and ¥, (x) =29, (x)
where ¢ = n(n — 1)/2. In [Gerasimov et al. 2008], the relationship between
Givental integral formula and a recursive integral formula due to Stade [1990]
based on Jacquet’s definition (see also [Ishii and Stade 2007]) is described.

Givental’s integral formula (7) has a very similar structure to the formula (3).
Indeed, if we define the type of an array (7;;, 1 <i <k <n) to be the vector

n—1

type T = (Tl,l,T2,1+T2,2—Tl,1,-- ZT”J ZTn 1])

and a measure
n—1 k n—1 k

8(dT)=1_[l_[e ki Ikt ekt Tk'dT —e""O(T)Hl_[diz,

k=1i=1 k=1i=1
then

V() = fr _rTgr)

On the other hand, if we replace the functions e~¢"  in the reference measure g

by the indicator functions 1, to get a new reference measure

n—1 k
godT) = 1_[ l_[ lTk,i<Tk+l,i 1Tk+1,i+1 <Tg,i»
k=1i=1

then (3) can be written as
Jk(x):/ e* el o0 (dT).
I'(x)

We note the following. If A € (R" then ¥, (x) =¥_,(x); if A € (R and v e R",
then |4, (x)| < ¥, (x). For each x € R", v, (x) is an entire, symmetric function
of A € C" [Gerasimov et al. 2008; Hashizume 1982; Kharchev and Lebedev
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1999]. There is a Plancherel theorem [Wallach 1992; Arnold and Novikov 1994;
Gerasimov et al. 2008; Kharchev and Lebedev 1999] which states that the integral
transform

f(x)szf(x)m(x)dx (11)

is an isometry from L,(R", dx) onto L;ym(t[R”, sp(L) d)L), where L;ym is the
space of Lj functions which are symmetric in their variables, : = «/—1 and
Sp(A) dA is the Sklyanin measure defined by

__ B
k) = oo ]_[ T —a) (12)
J#k

For x, n € R", denote by o}, the probability measure on the set of real triangular
arrays (T ;)1<i<k<n defined by

n—1 k

[ raoi=weo [ s ][ ares

k=1i=1

Define a probability measure y,; by

1Y% (4 =w,u+k(x) L el
/Rne Y (dy) —W(X)’ €

The probability measure y* = y; is the analogue of the (normalised) Duistermaat—
Heckman measure in this setting. The integral operator K with kernel

K (x,dy) =yo(x)y*(dy)
satisfies the intertwining relation HK = K A. We can write
K(x,dy) =k(x, y)p:(dy),

where & is a smooth kernel from R” to R} = {y eR: Y yvi=), x,-} and py
denotes the Euclidean measure on RY. For n =2,

k(x,y) = exp(—e2 ™ — 1)

and, for n = 3,
k(x, y) = ¥ (a, b) = 2Ko(2e912)

where
el =BTV 4 o N el = eV LV eyt 4 e,

and K denotes the Macdonald function with index O.
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3. Interpretation of y* in terms of Brownian motion

A reduced decomposition of an element w € S, is a minimal expression of w as
a product of adjacent transpositions, that is, w =s;, ... s;,, where s; denotes the
transposition (i, i + 1). We will also refer to the word i =i;i> ... i, as a reduced
decomposition. By definition, any reduced decomposition has the same length
[(w), defined to be the length of w. There is a unique longest element in S,,,

namely the permutation
W — 1 2 ---n
= \nn-1-.. 1)

Its length is n(n — 1) /2, as can be seen by taking the reduced decomposition
i=121321 ... nn—1...21.

The symmetric group acts on R" by permutation of coordinates, and as such is an
example of a finite reflection group. It is generated by the hyperplane reflections
§i =Su, i =1,...,n—1, defined for x € R" by

six =x — o (X)),

where o; = ¢; — e;11. Note that s; corresponds to the adjacent transposition
G(,i+1).
For a continuous path 7 : (0, oo) — R", define 7; = T, by

13
Tin(t) =n@)+ (log/ e~ () ds)oe,-, t>0.
0
Let w =s;, - --s;, be areduced decomposition. Then

Tyi=T, T,
depends only on w, not on the chosen decomposition [Biane et al. 2005].

We now introduce a probability measure P under which 5 is a Brownian
motion in R" with a drift u and n(0) = 0. In this setting, a very special role is
played by the transform T = T,,,. In the following we use the fact that this is

well-defined for each n. Write n = (»!, ..., n"). For each k < n, set

(Tits - Te) =TO0', .o 0b).

The evolution of the triangular array Ty ;, 1 < j <k <n, is given recursively



392 NEIL O’CONNELL

as follows: d Ty 1 = dn' and, for k > 2,
dT1 =dTr—11 + elk2=Ti-11 gy

di,Z — di—l,Z + (eTk,3_Tk—l,2 _ eTk,Z—Tk—l,l) dt

dTix—1 =dTi 141 + (eTk,k_Tk—l,k—l _ eTk,k—l_Tk—l,k—2) dt
dTix = dn* — ek Ti1k-1 gy (13)

The process, which is clearly Markov, contains a number of projections which
are also Markov. For example, setting & = T x, we have, for k <n,

d& = dn* — 5514y,

This defines a simple interacting particle system on the real line, which has very
nice properties. For example, in the coordinates Zi Eand§& —&11<i<n-—1,
it has a product form invariant measure, that is, a product measure which is
invariant.

A remarkable fact is that each row in the pattern 7} ; is a Markov process
with respect to its own filtration. This gives an interpretation of the measures y,;
and o, defined in the previous section.

Theorem 5 [O’Connell 2012]. T, n(?), ¢t > 0, is a diffusion process in R" with
infinitesimal generator

1 - n
515#:§¢M1<H—ZM§>W=%A+v1og1/fu-v.
i=1

For t > 0, the conditional law of {T ;(t), 1 < j <k <n}, given

{Twon(s), s <t; Tyyn(t) = x},

is o, and the conditional law of n(t), given the same, is y/f . The law of T,,,n(t)

is g?v’en by
v (dx) = e~ ZiHit 2y, ()6, (x) dx,
where
0:00) = | Yor(x)eZi M2, (3) di. (14)
(Rn

In the case n = 2, this is equivalent to a theorem of Matsumoto and Yor [1999].
Write & = ¥y and v, = v,o . The diffusion with generator ¥ is the analogue of
Dyson’s Brownian motion in this setting and the measures v, and 6, (the latter
requires normalisation) are the analogues of the Gaussian unitary and Gaussian
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orthogonal ensembles, respectively. The diffusion with generator £,, was intro-
duced in [Baudoin and O’Connell 2011]. When . € , it can be interpreted as a
Brownian motion in R” killed according to the potential ) _; e*i*'™* and then
conditioned to survive forever [Katori 2011; 2012]. The path-transformation 7;,,,
is closely related to the geometric (lifting of the) RSK correspondence introduced
by A. N. Kirillov [2001] and studied further by Noumi and Yamada [2004]. A
discrete-time version of the above theorem, which works directly in the setting
of the geometric RSK correspondence, is given in [Corwin et al. 2014]. In the
discrete-time setting the Whittaker functions continue to play a central role. See
also [Borodin and Corwin 2014; Borodin et al. 2013; Chhaibi 2012; Gorsky et al.
2012; O’Connell et al. 2014; O’Connell and Warren 2011] for further related
developments.

4. Application to random polymers

The following model was introduced in [O’Connell and Yor 2001]. The envi-
ronment is given by a sequence By, By, ... independent standard 1-dimensional
Brownian motions. For up/right paths ¢ ={0 <#; <--- <ty_; <t} (as shown
in Figure 1), define

E(¢) = Bi(t1) + B2(t2) — Ba(t1) +- - -+ By(t) — By (tn-1),
Pig) = 2§ Mg, 21(p) = [ Py,
Set X (1) =log Z} and, fork =2, ..., n,
Xt(@t)+---+ Xp(t) =log / eE@OTHEGD g dy,
where the integral is over nonintersecting paths ¢y, .. ., ¢ from (0, 1), ..., (0, k)

to(t,n—k+1),...,(t,n).
Letn = (By, ..., B1). Then X = T,,,n and the following holds.

I b 13 o -1 I

Figure 1. Anup/rightpath¢p ={0<t <...<t,—1 <t}.
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Theorem 6 [O’Connell 2012]. The process X (t),t > 0 is a diffusion in R" with
infinitesimal generator &. The distribution of X (t) is given by v,. For s > 0,

EeS% :/S—Z*f HF(M)”e%Z"A?’sn(}») dx,
i

where the integral is along (upwards) vertical lines with R\; > 0 for all i.

The free energy for this model is given by [O’Connell and Yor 2001; Moriarty
and O’Connell 2007]

i, log 4 =gl w01
almost surely, where W (z) =I""(z)/ I'(z). The conjectured KPZ scaling behaviour
for the fluctuations of log Z!! was (essentially) established by Seppildinen and
Valké [2010]; more recently, Borodin, Corwin and Ferrari have proved the full
KPZ universality conjecture for this model, namely that log Z”, suitably centred
and rescaled, converges in law to the Tracy—Widom F, distribution of random
matrix theory [Borodin and Corwin 2014; Borodin et al. 2014]. See also [Spohn
2014].

5. Reduced double Bruhat cells and their parametrisations

The Weyl group associated with G L (n) is the symmetric group S,,. Each element
w € S, has a representative w € G L(n) defined as follows. Denote the standard
generators for gl, by &;, ¢; and f;. For example, for n = 3,

100 000 000
hy=1000), h=|010}, hA3=(000],
000 000 001
010 000 000 000
eg=1000], e={001], A=(100), f~=]000
000 000 000 010

For adjacent transpositions s; = (i, i + 1), define
5i = exp(—e;) exp(fi) exp(—e;)) = (I —e))(I + fi)( — ;).

In other words, 5; = ¢; ((1) _(1) ), where ¢; is the natural embedding of SL(2) into
GL(n) given by h;, e¢; and f;. For example, when n = 3,

0-10 10 0
si=|1 00), $=|00-1
0 01 01 0
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Now let w = s;, ...s;, be a reduced decomposition and define w = s;, ...5;,.
Note that uv = uv whenever [ (uv) =I[(u) +1(v). For n =2, wy = 57 and

- _ 0-1
wo =581 = 1 0/

For n = 3, wg = 515251 = 25152 is represented by

01
-10
00

£
S
I
_V)I
Y
[\e)
el
I
Yl
)
_HI
1
3o}
I
-0 O

Denote the upper (respectively lower) triangular matrices in GL(n) by B and
B_, and the upper (respectively lower) uni-triangular matrices in GL(n) by N
and N_. The group GL(n) has two Bruhat decompositions

GL(n) = U BiiB = U B_9B_.

ues, veS,

The double Bruhat cells G*'V are defined, for u, v € S, by
G""=BuBNB_vB_.

The reduced double Bruhat cells L*-? are defined by
L""=NuNNB_vB_.

We also define the opposite reduced double Bruhat cells M*'¥ by
M"" =BuBNN_vN_.

The reduced double Bruhat cell L"¢ (where e denotes the identity in S,)
admits the following parametrisations, one for each reduced decomposition of w.
See [Lusztig 1994; Berenstein and Zelevinsky 2001; Berenstein et al. 1996;
Fomin and Zelevinsky 1999]. Set

Yi(u) = ¢i <” 0 ) i=1.....n—1.

1 u!
Then, for any reduced decomposition i =i; . ..i, of w, the map
(Wi, ... up) > Y (uy) - Y (uy)

defines a bijection between C;so and L"-¢. This bijection has the property that
the totally positive part L] of L*" corresponds precisely to the subset R” ; of
C;so- There are explicit transition maps which relate the parameters (u, ..., u,)
corresponding to different reduced decompositions of w.
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In the case n = 3, the two representations of an element in L*-¢ corresponding
to the words 121 and 212, denoting the corresponding parameters by (uy, uz, u3)
and (u, u), u%), respectively, are given by

U U3 0 0 ul 0 0
ustuy/uy up/uiuz 0 = |u) ujul/u) 0
1 1/us 1/uy Lowlf/ub+1/uy 1/ufuf

The transition maps are given by
wy =uz+urfuy,  uy=uuz, uy=ujuz/(us+ujusz). (15)

Their is a similar parametrisation for M*¢, due to Lusztig [1994]. For
i=1,...,n—1,set X;(v) =1+vf;. Take any reduced decompositioni =iy ...,
for w. Then the map

(vlv"'vvr)}_) Xil(vl)"'Xir(Ur)

defines a bijection between C’,, and M"¢. This bijection also has the property
that the totally positive part M2 of M*:" corresponds precisely to the subset
RZ, of €.

In the case n =3, the two representations of an element in M "¢ corresponding
to the words 121 and 212, denoting the corresponding parameters by (vy, vz, v3)

and (v}, v5, v}), respectively, are given by

1 00 1 0 0
vi+vz 1 0] =1 v} 1 0],
vy vy 1 vivh vi+v) 1
with transition maps
V03 V12
V) = , Vy=v+uvs, Vy= : (16)
vp 3 v +v3

We conclude this section with a simple lemma. Let b € G*" and write
b = an where a = diag(ay, ..., a,), say, and n € N. Then, for any w € S, bw
has a Gauss (or LDU) decomposition bw = [bw]_[bw]o[bw]+ and nw has a
Gauss decomposition nw = [nw]_[nw]p[nw]+ [Fomin and Zelevinsky 1999].
Moreover, [nw]_g = [nw]_[nw]o € L™¢ and [bw]_ € M™-¢. Leti =iy ...i, be
a reduced decomposition for w. Then we can write

[nw]-o=Yi (u1)... Y (uy), [bw]-=X;@)...X; (v)).

Define Z;(u) = ¢;i (4 ,21). Seta® =a and, for 1 <k <r, a* =a*"'Z; (wp).
Write a* = diag(a’f, - a’,ﬁ).
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Lemma 7. The following relations holds: [bw]y = a” and, fork =1,...,r,
=1 k=1, k-1
U = Uy, aik-l-l/aik :

Proof. Note that a[nw]_¢ = [bw]_¢ = [bw]—_[bw]y, hence
aYi(uy) ... Y (u,) = X;, (v1) ... X;, (vp) [Dw]p.

The result follows by repeated application of the identity a¥;(u) = X;(v)d’,
where @’ =aZ;(u) and v =u""a;41/a;. O

6. An evolution on upper triangular matrices

As shown in [Biane et al. 2005], the path-transformations T;,n can also be
represented in terms of an evolution on the upper triangular matrices in GL (1, R).
Let w =s;, - - - 5;, be areduced decomposition and 7 : (0, c0) — R" a continuous
path. Set np =1 and, for k <r,

t
m=T,...Tyn x@)= log/ e~k =16 g g (17)
0

Then n, = Ty,n and, foreach k <r, gy =n+ 21;21 Xjd;.
Write () = (n/, ..., n"). Define a path b(t) taking values in B by

by =o' | exp(—Zam(sk))) dsi - dsj1.
O<sj_1<sjp<--<si<t k=i
If n is smooth, the b satisfies the ordinary differential equation
n n—1
db = (Zhidn‘ +> e a't)b, bO)=1.
i=1 i=1

If n is a Brownian path (as in the next section) then b satisfies the equation
interpreted as a Stratonovich SDE.

When n =2,
dn' dr e [emmntnl gy
db= b, b@t)= 0 .
( 0 dnz) @ (0 ol
When n =3,
dn' dtr 0

db=\| 0 dn* dt |b,
0 0 dnp’
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and the solution is given by

1 to2 1l 3,202 a1l
e’ ./O e's s ds ff0<r<s<t e’ Ty H 1 s drds

b)y=1 0 el f enf—niﬂ? ds
0 0 e’
Write b = an, where a = diag(e”], ...,e")yand n € N. Set u; = e* and

v = e M ln-),

Theorem 8 [Biane et al. 2005; 2009]. For each t > 0, b(t)w has a Gauss
decomposition bw = [bw]_[bw]o[bw], with [bw]y = exp(Ty,n(t)). Moreover,
[nw]_o=Y; (u1)---Y; (u,) € LYy,

By Lemma 7, we also have [bw]_ = X;, (v1) - - - X, (v;) € M2y,

6.1. The case n = 2. From the definitions: a; = e —e2, Wo = S| = S¢;—e,»

t
1.2 _pla2
u:=u1=ex1=/e B gy, vi=v = T Tyt
0

1 t
eTuoll = (', e u~1) = </ e / e—(n.§+n?—n§)),
0 0
e fot e g e ey e 0 1 u
b= ) = , | = 2 =an.
0 e 0 e 0 ") \01

Taking wg = ((1) _(1)), we see that

o (€ n =€\ _ (1 0) [e"u 0 1 —u!
T\ 0 ) v 0 e"utJ\0 1 )°

and
e — (L) (O VY (# —1\_(* © 1 —u!
°“lo1/J\1 o) " \10) \1ut)\0 1
Hence
) _ 10 } u 0
[biwglo = e, [bwo]—=< )=X1(v>, [nwo]_o=( _1)=Y1(u>,
v 1 1 u
as claimed.

6.2. The case n = 3. From the definitions:
o) =e|1—ey, Ooy=er—e3, Wo=S|525| = 525152.

For the reduced decomposition wy = sys251, we have

t
T 2 1 2 3
iy = e :f OO 4o o = (M ey e,
0
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4 2 3 1 2 3
uy =€ :/ eI g e = (" uy, " uzfuy, " fuz),
0

t
1 2 1 2 3
uz =e* =/ e OIME) gg oM = eTwol = (e wqus, € ur/uiuz, e Jus),
0

[ ) _ 2,3 U1 1,2 U
vi=e "y, vy=e T = 3= >
uz uju3
1 t o2l gl 3_.2,.2 1, .1
n ny—ns+n =1y 0y —ns+n
e ./Oes ; rds .[]'0<r<s<ter3 r2 32 sThedrds
b= 0 el f()t 37757773'4’% ds
0 0 e’
1
e’ 0 0 1 ui ujus
2
=10 e 0 0 1 ustur/u; | =an
0 0 ¢)\0 O 1
The identity

t
3,202
0

follows from (15). Now,

0 01
wo=|0-10],
1 00
so we have
e”lulug —e”lul e
bwy = e”z(u3+u2/u1) —e” 0
en 0 0
10 0)\/euus 0 0 1 —1us  1uus
=|vi+vs 10 0 e u/ujus 0 0 1 —us/us—1/u
vy vy 1 0 0 e Juy J\O 0 1
and
ujus —up; 1
nwy = | us+ur/u; —1 0
1 0 0
uius 0 0 1 —1/us 1/uius
= | us+uz/uy upy/ujus 0 0 1 —u3/uy—1/u;
1 1/us  1/upJ\O0 O 1

Thus [bwolo = e’0”, and, as claimed,
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1 00
[bwol- = [ vi+vs 1 0] = X;(v1)X2(v2)X3(v3),
VU3 v21
uius 0 0
[nwol_o = | us+us/ur us/uruz 0 | =Y1(u1)Y2(u2)Y3(u3).
1 1/us 1/uj

6.3. Evolution of the Lusztig parameters. As before, we introduce a probability
measure [P under which 7 is a Brownian motion in R” with a drift i« and 1 (0) =0.
For each k <n, set

(Tias - Ter) =T, b,

Note that this is given in terms of the principal minors X, k < n, of b by
T(k)(nl, R nk) = log[b(k) ﬁ)(()k)]o, where w(()k) denotes the longest element in S.
The evolution of the triangular array 7j ;, 1 < j <k <n, is given by (13). As
remarked earlier, this process contains a number of projections which are also
Markov. In particular, setting & = Ty x, we have, for k <n,

d& = dn* — 51 ar.

This defines a simple interacting particle system on the real line which, in the
coordinates Zi & and &—&;41, 1 <i <n—1, has a product form invariant measure.
There is an extension of this process, involving the Lusztig parameters, which
is also Markov and, moreover, also has a product form invariant measure. Let
V1, ..., vy be the Lusztig parameters corresponding to a reduced decomposition
Wo = Siy - - - i, that is,

[bwol- = Xi (v1) - -+ X, (vg).
Set y, = —log vg. The evolution of y;, 1 <k < g, is given by
dyp = do, (ni—1) + e dt,

where gy =T;, ... T;n. Setting x; = yx — ;, (nk—1), note that dx; = e dt and
n=n+ Zl;zl xja ;. Hence,

k—1
dye = da, (0) + Y _ ey (o) )e ™7 dt + e dt. (18)

j=1
Let 81 = o4, and, for 2 < k < gq, Br = si, ...8i,_, %, Set O = —fr(n). If
U € w2 = —Q, then 6, > 0 for all k and the diffusion has stationary distribution
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given by the product measure

q
=) T g,

k=1

where go(dx) = exp(—6x — e *) dx. This can be seen as a consequence of the
following fact, which is the analogue in this setting of the output theorem for the
M /M /1 queue [O’Connell and Yor 2001]. Let x; be a standard one-dimensional
Brownian motion with negative drift —6, and consider the one-dimensional
diffusion

dy =~2dx +e7? dt.

This has a unique invariant distribution F(G)_lgg. If we start this diffusion
in equilibrium and define x; = x; + 2(yo — yr), then X has the same law as x
and, moreover, X;, s < t, is independent of y,, u > ¢, for all ¢. It follows that
the measure 7 is invariant. For an analytic proof of this fact, see [O’Connell
and Ortmann 2012]. See also [Biane et al. 2009, Proposition 5.9], where the
equivalent property is proved in the “zero-temperature” setting.

If we choose the reduced decomposition i =1 21 321 n—1rn—2...21, and
define, form <n—1land 1 <i <n—m, g = Tixm—1.i — Ti+m.i+1, then

O Y2, oY) = (@11, 91,20 s GLns G215 - s Q2n—15 -+ - s Gn—1,1)-

Note that g ; =& —&;4+1, for 1 <i <n — 1. In these coordinates, the evolution
is given by

m—1

dqm.; = da; () +e"9mi dt + Z(2e_q1,i — e it — Ty g

=1
with the conventions that the empty sum is zero and ¢; o = +o00. Setting 6,, ; =
WUm+i — Mm, an invariant measure for this diffusion is given by the product
measure ), ; g6,,;- The dynamics of this process can be viewed as a network,
as follows. Consider the dynamics

dQ=d(A—-S)+e %dt, dD=dA—dQ, dT =dS+dQ.

We think of A, S as the input and D, T as the output, and represent this system
graphically as follows:



402 NEIL O’CONNELL

n? N n*

Y Y Y

1
U o T3 T4
o] T 2 o T

\

Y
= = ]
> 2,1 > 22 —

15 Ty

Y

Figure 2. Graphical representation of the evolution of Lusztig parameters.

Then the evolution of the g,, ; can be represented as in Figure 2. To see
directly from this picture the product-form invariant measure, note that, if A and
S are independent standard one-dimensional Brownian motions with respective
drifts A and o, with A < o, then the diffusion Q has invariant distribution
I'(8) "' gy, where § = o — A. Moreover, if we start this diffusion in equilibrium,
then D; = A; 4+ Qo — Q; and T; = S; — Q¢ + Q; are independent standard
one-dimensional Brownian motions with respective drifts A and o, and for each
t >0, (Ds, Ts), s <t,is independent of Q,, u > ¢. The analogue of this fact in
the setting of Poisson queueing networks is the cornerstone of classical queueing
theory. It is called the output, or Burke, theorem. Finally, we remark that the
dynamics indicated by Figure 2 is the analogue, in this setting, of the dynamical
interpretation given in [O’Connell 2003] of the RSK correspondence as a kind
of “queueing network”.

7. From the Feynman—Kac formula to Givental’s integral formula

The fact that the evolution equation (18) for the Lusztig parameters has a product
form invariant measure sheds some light on the relation between the Feynman—
Kac formula (10) and the integral formula of Givental. It follows from this that,
for any given reduced decomposition of wy, the random variables

o0
/ e—ai(ﬂx)ds, l:l,,n_l
0

can be expressed, via the transition maps, as rational functions of a collection of
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g =n(n—1)/2 independent Gamma-distributed random variables with respective
parameters 6, k < ¢, defined as above with 8 = —n. Note that 8 is a Brownian
motion with drift A = —u € Q. Since the sets {6y, k < g} and {A; —A;, 1 < j}
are the same, this allows (10) to be written as a g-dimensional integral

n—1 s
Vi (x) = l—[ I — )»j)ex(x)[Ex exp(- Z/O i (B ds)

i<j i=1

q
— W / o= Limt € i Dri(u vy 1_[ vl,g"fle_”" dv;. (19)
R

q
+ i=1
For example, when n =3 and i = 121, we have
O =A1—A2, Or=A1—2A3, 03=2»%r —23,

and, using (16),

1 1 V1 + U3
ri(vy, v2,v3) = —, 1V, v,3)=— = .
V1 vl VU3

In this case, the integral formula (19) becomes

X1+ Axo+A3x3 AM—r—1_ A—A3—1_ Ax—A3z—1
U(x)=e /3 V) v, U3
R+

_ 1 _ V1 +v3
xexp(—vl—vz—vg—e x1+x2v——e x2+x37 dvy dv, dvs.
1 203

Under the change of variables
— 2T . vy = €T33_T22, vy = 22— T ,

U1

where T = (Ty;, 1 <i <k < 3) is an array with (731, T3z, T33) = (x1, x2, X3),
this integral becomes

_ 31+ T3+ T33—To1 —T11)+22(To1+ T2 —T11)+A3T
w)\(x)_/ D1t T+ T =D —Ti)+22 (T + T =Ti)+23Tu
R3
X exp(_eT32—T21_eT33—T22_eT22—Tn _eTzl—Tm_eTn—Tzz_eTzz—Tn) dTy, dT>, dTy,.

Since W, (x) is a symmetric function of A we see that this agrees with Given-
tal’s integral formula (7). We note that this is reminiscent of the derivation of
Givental’s formula given in [Gerasimov et al. 2008] (see also [Gerasimov et al.
2006; 1997]).
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8. Fundamental Whittaker functions

The eigenvalue equation (6) also has series solutions known as fundamental
Whittaker functions. Define a collection of analytic functions a, , (v), n > 2,
m e (Z4)"', v e C" recursively by

1
m!T(vi—vy+m+1)°

a2,m(V) =
and forn > 2,

n—1
1 1
an,m(‘)) = Zk:an—l,k(/fl/) H (m; — ki) T(vr — vy +1m; — ki—l)’

where ; =v;+v,/(n—1),i <n—1, and the sum is over k € (ZJF)”*2 satisfying
ki <m;, 1 <i <n—2, with the convention that kg = k,,_; = 0. Then for each n,
an.m(v) satisfies the recursion

n—1 n—2 n—1 n—1
2
| o= im0 s [ 0) = 3 )
i=1 i=1 i=1 i=1

[Ishii and Stade 2007, Theorem 15], with the convention that a,, ,, = 0 for m ¢
2y, and @, o) =TT, ; T(vi—v;+1)~". Writingm'= S miei—eit),
the series

my(x) =Y aym(v)e” " (20)

is a fundamental Whittaker function as defined by Hashizume [1982], and satisfies
the eigenvalue equation (6). We adopt a slightly different normalisation than the
ones used in [Hashizume 1982] or [Ishii and Stade 2007]. Note that, for each
x € R", m, (x) is an analytic function of v. Moreover:
T

P ition 9. = _ —D¥m_ .

roposition v =[1 570= - D DMy ()
i<j I wes,
Proof. This comes from [Baudoin and O’Connell 2011]. In the notation of that
paper we are taking [1 ={o;/2:i=1,...,n—1}, mQa) =0, In«|> =1 and
Yy (x) =29, (x), where g = n(n —1)/2. O

Now consider the function 6,(x) defined by (14). Note that we can write

_ 1 sinm(A; —Aj)
$n(h) = (27u)"n!h()\) E T '

Corollary 10. 0 (x) = / iy, (X)h(V)ei M2,
(R"

Nk
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9. Relativistic Toda and g-deformed Whittaker functions

The algebraic structure underlying Theorem 5 is an intertwining relation between
certain differential operators associated with the open quantum Toda chain with n
particles. This structure should carry over to the setting of Ruijsenaars’ relativistic
Toda difference operators and g-deformed Whittaker functions [Ruijsenaars 1990;
1999; Etingof 1999; Gerasimov et al. 2010]. A recent (related, but different)
development along these lines is given in [Borodin and Corwin 2014]. We
will describe here the g-analogue of Theorem 5 in the rank one case, which
corresponds to n = 2.
In the case n = 2, the Whittaker function is given by

Y3 () = 2exp(5 (k1 4+ A2) (x1 +x2)) Ky -3, (267271/2),

where K, (z) is the Macdonald function. In this case, Theorem 5 is equivalent to
the following theorem of Matsumoto and Yor [1999].

Theorem 11. (1) Let (Bt(” ),t > 0) be a Brownian motion with drift i, and
define

w b g _pw
Z," = e 77 ds
0

Then log Z™W is a diffusion process with infinitesimal generator
1 d* d d
—— —log K, (e™) |—.
2 dx? + <dx og Ku(e )> dx

(2) The conditional law of B,(“), given {ZS(“), s<t: Zt(”) =z}, is given by the
generalised inverse Gaussian distribution

%Kﬂ(l/z)fle‘” exp(—cosh(x)/z) dx.
Let 0 < g < 1. Denote the g-Pochhammer symbol by

Dn=(@;n=10—¢q)---(1—4g"),

with the conventions that (g)g = 1 and (0),, = 1. In what follows we also adopt
the convention that 0° = 1.
For A € C and z > 0, define

z A(2y—z)

Vi.(2) = Z 9

y=0 (Q)y(Q)z—y ‘

This is a g-deformed Whittaker function associated with sl, [Gerasimov et al.
2010]. It satisfies the difference equation

1=+ D+ vz —1) = (@ +9 V)
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where we set ¥, (—1) =0, and is related to the g-Hermite polynomials by
g +q

o)

Fix0<g <1, 0<p<1,andlet (Y, Z,),>0 be a Markov chain with state
space {(y, z) € Z%: z > y > 0} and transition probabilities given by

O((y,2), y+Lz+1D))=p, My, 2), . z+1))=0-p)qg’,
N((y,2), y—Lz=1)=0-=p)A—=¢g").

Note that Y is itself a Markov chain with transition probabilities

P(y,y+D=p, POy, y)=0-pyq’, P, y—D=0-p)(1—-¢g"),

and X =2Y — Z is a simple random walk on the integers which increases by one
with probability p and decreases by one with probability 1 — p. Choose v € R
such that p =¢"/(g" +¢q7").

(@):¥3.(2) = Hz(

Theorem 12. Let Yo = Zo = 0. The process (Z,, n > 0) is a Markov chain with
transition probabilities
l_qz+1 Yu(z+1) 1 Yoz —=1)

s 1) = , ,z—1) =
Qeetb=rr a0 o 0 V=0 o

Moreover, for each n > 0, the conditional distribution of Y,,, given o{Z,,, m <n}
and Z,, = z, is given by

q V(z)’—Z)

(q) y (q).— y
The proof is straightforward using the theory of Markov functions, by which it

suffices to check that the transition operators I1 and Q satisfy the intertwining
relation QK = KTI where

7(y) =Y (z) ! , y=0,1,...,z

8z,z’qv(2y_z)

Yy (2) (Q)y (Q)Z—y '

This intertwining relation is readily verified. When ¢ =0 and v =0, ¥, (z) =z
and the above theorem can be interpreted as the discrete version of Pitman’s
2M — X theorem, which states that if X,, is a simple symmetric random walk and

K(z, (y,2)) =

M, = max,, <, X, then 2M — X is a Markov chain with transition probabilities
Oz, z+1)=(z+1)/2z, OQ(z,z—1) =(z—1)/2z. When ¢ — 1, it should
rescale to Theorem 11.

The analogue of the output/Burke theorem in the setting of Theorem 12 is the
following. If p < 1/2, then the Markov chain Y has a stationary distribution. If
Yy is chosen according to this distribution and Zy = 0, the process (Z,,, n > 0)
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is a simple random walk on the integers which increases by one with probability
p and decreases by one with probability 1 — p.
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