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On the asymptotics of a Toeplitz determinant
with singularities

PERCY DEIFT, ALEXANDER ITS AND IGOR KRASOVSKY

We provide an alternative proof of the classical single-term asymptotics for
Toeplitz determinants whose symbols possess Fisher—Hartwig singularities.
We also relax the smoothness conditions on the regular part of the symbols and
obtain an estimate for the error term in the asymptotics. Our proof is based on
the Riemann—Hilbert analysis of the related systems of orthogonal polynomials
and on differential identities for Toeplitz determinants. The result discussed
in this paper is crucial for the proof of the asymptotics in the general case of
Fisher—Hartwig’s singularities and extensions to Hankel and Toeplitz+Hankel
determinants.

1. Introduction

Let f(z) be a complex-valued function integrable over the unit circle. Denote
its Fourier coefficients
1 2

= fee %0,  j=0,+1,42,...
2 0

fi
We are interested in the n-dimensional Toeplitz determinant with symbol f(z),
D,(f(2) =det(fi-0)j Ly, n=1, (1-1)

where f(e'?) has a fixed number of Fisher—Hartwig singularities [Fisher and
Hartwig 1968; Lenard 1964; 1972], i.e., f has the following form on the unit
circle:

m
F@)=e"@Zi0P [T 12— 2, g, 5,202,

j=0 .

! =6, 0el0,2m), (1-2)
for some m =0, 1, ..., where

=%, j=0,...,m, 0=0)<6 <--- <6, <2n, (1-3)

eimhi if0<argz <§6;,
82,8 (2) 1= gp,(2) = {einﬂj ; (1-4)

if 0; <argz <2m,
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Ra; >—1, B;eC, j=0,....m, (1-5)
and V(e'?) is a sufficiently smooth function on the unit circle (see below). The
condition on the «; insures integrability. Note that a single Fisher—Hartwig
singularity at z; consists of a root-type singularity

_9. 1%

2 sin !

(1-6)

2 .
lz =z =‘

and a jump €™ — ¢~I"F We assume that zj, j=1,..., m, are genuine singular
points, i.e., either aj # 0 or B; # 0. However, we always include zo = 1 explicitly
in (1-2), even when «g = By = 0: this convention was adopted in [Deift et al.
2011] in order to facilitate the application of our Toeplitz methods to Hankel
determinants. Note that gg (z) = e, Observe that for each j # 0, 2P/ gg (2)
is continuous at z = 1, and so for each j each “beta” singularity produces a jump
only at the point z;. The factors z_ﬁf are singled out to simplify comparlsons
with the existing literature. Indeed (1-2) with the notation b(6) = eV g
exactly the symbol considered in [Fisher and Hartwig 1968; Basor 1978; 1979;
Bottcher and Silbermann 1981; 1985; 1986; Ehrhardt and Silbermann 1997,
Ehrhardt 2001; Widom 1973]. However, we write the symbol in a form with
z2i=0i factored out. The representation (1-2) is more natural for our analysis.
On the unit circle, V (z) is represented by its Fourier expansion:

o 1 2 ) .
V= Y Vi Vi= ), V(e 0. (1-7)

k=—00

The canonical Wiener—Hopf factorization of " @ is given by
'@ = b, (2)eYb_(2), bi(z) = el % p_(z) = Xt i (1-8)
Define a seminorm

(A = max INBj — NPl (1-9)

where the indices j, k = 0 are omitted if z = 1 is not a singular point, i.e., if
ag=PBp=0.Ift m=0,set ||g]]| =0.

In this paper we consider the asymptotics of D, (f), n — o0, in the case
1Bl < 1. The asymptotic behavior of D, (f) has been studied by many authors
(see [Deift et al. 2011; Ehrhardt 2001] for a review). An expansion of D, (f) for
the case V € C*, |||B]ll < 1, was obtained by Ehrhardt in [2001]. The aim of this
paper is to provide an alternative proof of this result based on differential identities
for D, (f) and a Riemann—Hilbert-problem analysis of the corresponding system
of orthogonal polynomials. We also obtain estimates for the error term and
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extend the validity of the result to less smooth V. The behavior of D,(f) as
n — oo for |||B]]] > 1 was conjectured by Basor and Tracy [1991], and their
conjecture was eventually proved in [Deift et al. 2011]. It turns out that the case
1Bl < 1 plays a crucial role in our proof of the conjecture for |||B]|| > 1.
Theorem 1.1. Let f(e'%) be defined in (1-2), || Bll < 1, Re; > —3, o; £ B; #
—1,=2,... for j,k=0,1,...,m, and let V(z) satisfy the condition (1-11),
(1-12) below. Then, as n — o0,

o.¢] m
D,(f)= exp[nVo + Z kVy V_k} 1_[ b+(zj)—a_/+ﬂjb_ (Zj)—aj—ﬁj
k=1 j=0

" o Be—ai B
WS RC I o PP O (Z_k)

0<j<k<m Zjein
LG4+ B)G +a; —B))
Xg G(1+2a;) (I1+o(1)), (1-10)

where G(x) is Barnes’ G-function. The double product over j < k is set to 1 if
m=0.
Remark 1.2. As indicated above, this result was first obtained by Ehrhardt in

the case V € C*°. We prove the theorem for V (z) satisfying the smoothness
condition

o0
D7 kP V] < oo, (1-11)
where k=
1+ 370 [(Sej)? + (RB))?
. Z]—O [ J J ] (1_12)
L—1IAIl
Remark 1.3. In the case of a single singularity, i.e., when m = 1 and oy = 8y =0,
or when m = 0, the seminorm [|8||| = O, and the theorem implies that the
asymptotic form (1-10) holds for all
Rom > —%, Pn€C, awEPus—1-2,.... (1-13)

In fact, if there is only one singularity, say m =0, and V =0, an explicit formula
is known for D, (f) for any » in terms of the G-functions:

D, (f) = G(1+ao+PBo)G(1+ao— o) G(n+1)G(n+1+2a0)
S G(1+2ap) G(n+1+ag+Bo)G(n+1+ag—pBo)’
Rag> -1, aytBo#—1,-2,..., n=>1, (1-14)

and (1-10) can then be read off from the known asymptotics of the G-function (see,
e.g., [Barnes 1900]). The formula (1-14) was found by Béttcher and Silbermann
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[1985]. However, it also follows from a more general one for a Selberg-type
integral which was discovered by Selberg himself (see [Forrester and Warnaar
2008]) a few years earlier.

Remark 1.4. Assume that the function V (z) is sufficiently smooth, i.e., such
that s in (1-11) is, in addition to satisfying (1-12), sufficiently large in comparison
with [[| 8]ll. Then we show that the error term o(1) = O (n/#lI=1) in (1-10). In
particular, the error term o(1) = O (nPI=1y if V (z) is analytic in a neighborhood
of the unit circle. Moreover, for analytic V (z), our methods would allow us
to calculate, in principle, the full asymptotic expansion rather than just the
leading term presented in (1-10). Various regularity properties of the expansion
(uniformity, differentiability) in compact sets of parameters satisfying Rer; > —%,
MBI <1,a;x£B; #—1,-2,...,0; # 6, are easy to deduce from our analysis.

Remark 1.5. Since G(—k) =0, k =0, 1, ..., the formula (1-10) no longer
represents the leading asymptotics if o; + 8; or aj — B; is a negative integer
for some j. Although our method applies, we do not address these cases in this
paper. It is simply a matter of going deeper in the asymptotic expansion for
D, (f). It can happen that D, (f) vanishes to all orders (cf. discussion of the
Ising model at temperatures above the critical temperature in [Deift et al. 2012]),
and e~V D, (f) is exponentially decreasing.

We prove Theorem 1.1 in the following way. We begin by deriving differential
identities for the logarithm of D, (f) in Section 3, in the spirit of [Deift 1999;
Krasovsky 2004; 2007; Its and Krasovsky 2008; Deift et al. 2007; 2008], utilizing
the polynomials orthogonal with respect to the weight f(z) on the unit circle.
Then, assuming that V (z) is analytic in a neighborhood of the unit circle, we
analyze in Section 4 the asymptotics of these polynomials using Riemann—
Hilbert/steepest-descent methods as in [Deift et al. 2011]. This gives in turn
the asymptotics of the differential identities from which the formula (1-10)
follows in the V = 0 case by integration with respect to «j, 8; in Section SA.
However, the error term that results is of order n2l8II=1 1n n (see (5-35)), which
is asymptotically small only for || 8| < %, rather than in the full range ||| 8|l < 1.
To prove (1-10) for all ||| 8|l < 1, we need a finer analysis of cancellations in
the Riemann—Hilbert problem as n — co. We carry this out in Section 5B and
reduce the leading order terms in D, (f) to a telescopic form (see (5-65)), which
leads to a uniform bound on D, ( f )nzﬁn:o(ﬁf*“.% ) for large n which is valid for
all I8l < 1 and away from the points o; £ 8; = —1, —2,.... We then apply
Vitali’s theorem together with the previous result for || 8] < % This proves
Theorem 1.1 in the V = 0 case as desired, with the error term of order n/lAlI-1,
In Sections 5C and 5D, we then extend the result to the case of analytic V %0
by applying another differential identity from Section 3.
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Ehrhardt proves (1-10) using a “localization” or “separation” technique, intro-
duced by Basor [1979], where the effect of adding in Fisher—Hartwig singularities
one at a time is controlled. One may also view our approach as a “separation”
technique, but in contrast to [Basor 1979; Ehrhardt 2001], we add in the Fisher—
Hartwig singularities, as well as the regular term e¥ @, in a continuous fashion.

Remark 1.6. An alternative approach to proving Theorem 1.1 in the V-analytic
case is to apply, ab initio, the finer analysis of Section 5B to the orthogonal
polynomials which appear in the differential identities. This approach is more
direct, but is considerably more involved technically. The analysis is resolved,
as above, by reduction of the problem to an appropriate telescopic form.

Finally in Section SE, we extend our result to the case when V (z) is not analytic
and only satisfies the smoothness condition (1-11), (1-12). We approximate such
V (2) by trigonometric polynomials VM (z) = Z,f:_ » Viz® with an appropriate
p = p(n) and modify the Riemann—Hilbert analysis accordingly. This produces
asymptotics of a Toeplitz determinant in whose symbol £ (z) the function
V (z) is replaced by V(7). We then use the Heine representation of Toeplitz
determinants by multiple integrals to show that D, (f ) approximates D, (f)
as n — oo, sufficiently strongly to conclude Theorem 1.1 in the general case.

2. Riemann-Hilbert problem

In this section we formulate a Riemann—Hilbert problem (RHP) for the polyno-
mials orthogonal on the unit circle (which, oriented in the positive direction, we
denote C) with weight f(z) given by (1-2). We use this RHP in Section 4 to find
the asymptotics of the polynomials in the case of analytic V (z). Suppose that
all D(f) #0,k =ko,ko+1..., for some sufficiently large ko (see discussion
below). Then the polynomials ¢ (z) = yxz* + ---, (]Sk(z) = X+ -+ of
degree k, k = ko, ko + 1, . . ., with nonzero leading coefficients y, satisfying the
orthogonality conditions

1 2 ) 27rA )

— TfR)dO=x"8;k, — N f(2)do=x; '8,

o ), &)z f(2) Xi Sjk 5o ; ér(z7 )z f(2) Xe Sjk
z=6% j=0,1,....k, (21

exist and are given by the following expressions:

foo  fo o fo
: fio  fuu o fui
$(2) = ———=| : S, (2-2)
D | : :
S fi=10 fi—11 - fi—1k
1 z - 2
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foo for -+ fok—1 1
1 fio fir = fik—r 2

Pz = ———=". : (2-3)
DiDiyy | ¢ : :
fro fir o fek—1 2K
where
1 2w
fstz_ f(Z)Z_(S_I)dQs S,t=0,1,...,k.
2 0
We obviously have
D (2-4)
Xk = . -
Dy11
Consider the matrix-valued function Y ®)(z) = Y (z), k > ko, given by
. 1 [ e(§) f(E)dE
Xk 1 (2) Xk CE—2 27Ti§k
y® (2) := . (2-5)

b1 (E™Y) f(&)dE
C E —Z 27’[i§

It is easy to verify that Y (z) solves the following Riemann—Hilbert problem:

X127 1 2T =X

(a) Y(z) is analytic for z € C\ C.

(b) Letz € C\ U]'.":O zj. Y has continuous boundary values Y, (z) as z ap-
proaches the unit circle from the inside, and Y_(z), from the outside, related
by the jump condition

—k
Y. (2)=Y_(2) ((1) . {(Z)> , zeC\ Uj'-":() Zj. (2-6)

(c) Y(z) has the following asymptotic behavior at infinity:

Y@ =(1+0 (%)) <Zg z(‘)k) as 7 — 0. 2-7)

(d Asz—z;,j=0,1,...,m zeC\C,

20
Y(Z)Z(O(l) O+ O(lz—z; %)

o) 0(1)+0(|z_zj|2a,-)) if a; #0, (2-8)

and

_ (o) Odnlz—z;D\ ..~ o )
Y(2) = (0(1) O(lnlz—z‘,‘I)) ifa; =0, B; #0. (2-9)
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(Here and below O (a) stands for O (|a|).) If g = By = 0, Y (z) is bounded at
z=1.

A general fact that orthogonal polynomials can be so represented as a solution
of a Riemann—Hilbert problem was noticed in [Fokas et al. 1992] for polynomials
on the line and extended to polynomials on the circle in [Baik et al. 1999]. This
fact is important because it turns out that the RHP can be efficiently analyzed for
large k by a steepest-descent type method found in [Deift and Zhou 1993] and
developed further in many subsequent works. Thus, we first find the solution to
the problem (a)—(d) for large k (applying this method) and then interpret it as
the asymptotics of the orthogonal polynomials by (2-5).

Recall the Heine representation for a Toeplitz determinant:

1 2 2 ) ) n )
- . igj _ Lidg|2 ipj . _
D,(f) = (27r)"n!/0 /0 | | e e Lllf(e ydg;. (2-10)

1<j<k=<n

If f(z) is positive on the unit circle, it follows from (2-10) that Dy (f) > 0,

k=1,2,..., 1.e., kp = 1. In the general case, let A be a compact subset
in the subset ||l < 1, a; = B; # —1, =2, ... of the parameter space P =
{(ao, Bos -y, Bn) -y, B € C, Naj > —%} We will show in Section 4

that the RHP (a)—(d) is solvable in A, in particular xj are finite and nonzero, for
all sufficiently large k (k > ko(A)). Let €2, be the set of parameters in % such
that Dy (f) =0 for some k = 1,2, ...,ky— 1. We will then have D;(f) # 0,
k=1,2,... for all points in A \ €4,. Note that D, (f) depends analytically on
a;j, B; in P: this is true, in particular, on (the interior of) A\ €2,.

The solution to the RHP (a)—(d) is unique. Note first that det Y (z) = 1. Indeed,
from the conditions on Y (z), det Y (z) is analytic across the unit circle, has all
singularities removable, and tends to 1 as z — oo. It is then identically 1 by
Liouville’s theorem. Now if there is another solution ¥ (z), we easily obtain by
Liouville’s theorem that ¥ QY@@ '=1.

3. Differential identities

In this section we derive expressions for the derivative (3/dy)In D, (f(2)),
where either y =« ory =8;, j=0,1,...,m, in terms of the matrix elements
of (2-5). These will be exact differential identities valid for all n = 1,2, ...
(see Proposition 3.1 below), provided all the D, (f) #= 0. We will use these
expressions in Section 5A to obtain the asymptotics (1-10) in the case V =0,
Bl < % (improved to ||| 8]ll < 1 in Section 5B). Furthermore, in this section we
will derive a differential identity (see Proposition 3.3 below) which will enable
us in Sections 5C and 5D to extend the results to analytic V s 0 (improved to
sufficiently smooth V in Section SE).
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Set Dog=1, ¢(2) zqgo(z) =1, and suppose that D,,(f) #Oforalln=1,2,....
Then the orthogonal polynomials (2-2), (2-3) exist and are analytic in the «; and
Bj forallk =1,2,.... Moreover, (2-4) implies that

n—1
D.(f)=[]x;" (3-1)

j=0

Note that by orthogonality,

1 [ 3¢; (z) _
2 ), =i ‘)f(z)de
4
1 X
=— —21 27 4 polynomial of degree j—1 d), @ Hf()do
2 ay
1 9y,
- —ﬂ. (3-2)
Xj 9y
Similarly,
1 (7 3o; (z*l) 1 3y,
== i) —— j f@)do=—-"1 (3-3)
2 0 Xj 87/
Therefore, using (3-1), we obtain
9 ) n—1 n—1 %Xj
—1InD =—1 r=—2) L
5, N Da(f@) =5 nllx] JZO ”

1 2w 9 n—1
T on (Z $;(2)9; (Z_l)) f(z)de. (3-4)

27T0

Using here the Christoffel-Darboux identity (see Lemma 2.3 of [Deift et al.
2011], for example),

Z(lﬁk(z )¢k(z)——n¢n(z)¢n(z_l)+z<¢n(z )—¢n(z) ¢n(z)—¢n(z )),

k=0

and then orthogonality, we can write

0
5., In D (f(2))
14

0 Xn

1 [ ki dg,(z7! doy,
—on Y ), (asn() Iz o) 5 ¢(Z))zf(z)d9- (3-5)
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Writing out the derivative with respect to y in the integral and using orthogo-
nality, we obtain

0
5, MDu(f@) =15~ D, (3-6)
Y

where

L (P 3¢,(2) 3 (27
11—% A 3y 50 f(2)do,

1 (P 9¢(2) Bh(zT")
b=l 0 4y @4

(3-7)

It turns out that the particular structure of Fisher—Hartwig singularities allows
us to reduce (3-6) to a local formula, i.e., to replace the integrals by the polyno-
mials (and their Cauchy transforms) evaluated only at several points (compare
[Its and Krasovsky 2008; Krasovsky 2007]).

Let us encircle each of the points z; by a sufficiently small disc,

U, ={z:1z—zjl <¢}. (3-8)
Denote
c.=J(,nc). (3-9)
j=0

We now integrate /; by parts. First assume that V (z) = 0. Then, using the
expression

M@Zi(

j=0

)f@>=(§:wz+zf+m)mcx
=0 Z—3j
we obtain

I =— —laXn( +Z,B]>

[ 0n(@) - 4 < z+z])
53%[2n ]L\C ) ;{% ) feyae

1 3¢n(Z,)

¢A‘5U@ﬂﬂ%—fu]%ﬂ (3-10)

where the integration is over C \ C, in the positive direction around the unit
circle.
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a .
Note that by adding and subtracting ¢; @ ), and by using orthogonality we
can write Y
00, (2) ~ 1. 2+2Z;
/ e L () do =
c\c. 9y =2
A 1. 000(2) /0y — 0n(z)) /0y
ou(z”H— D (24 25) f(2) dO
C\C; T—Zj
8 1 ~ 2 1 Ny
+ n(z;) buz ) f(2)do + O tYy. (3-11)
8)/ C\C; Z—Zj

Obviously, the fraction in the first integral on the right-hand side is a polynomial
in z of degree n — 1 with leading coefficient d x,,/dy. Therefore, the integral
equals 27 (dx,/3y)/ xn up to O (e2%+1) The second integral can be written
in terms of the element Y2, of (2-5) for z — z;. Let us estimate therefore the
following expression for «; # O:

/ do(s—H L) ds
c s—z IS
2z; f(s)ds

§—Z; IS

— lim [ bu(s™H
C\C:

e—0

1 - - —ig i€
R D(f(@je )~ f(zje ))] :
z—>2zj, lzl>1. (3-12)

This difference tends to zero as z — z;, for Ra; > 0. When Ra; < 0, it is a
growing function as z — z;, and when fia; = 0, Ja; # 0, an oscillating one.
The analysis is similar to that of Section 3 in [Krasovsky 2007]. For future use,
we now fix an analytical continuation of the absolute value, namely, write for z
on the unit circle,
e
lz—z;|% = (z—z,)%"*(z7" - z;])“f/z = (z(;e’% =67, (3-13)
where £; is found from the condition that the argument of the above function
is zero on the unit circle. Let us fix the cut of (z — z;)* going along the line
6 = 0; from z; to infinity. Fix the branch by the condition that on the line going
from z; to the right parallel to the real axis, arg(z — z,) = 27. For z%/? in the
denominator, 0 < argz < 2m. If zo =1 let 0 < arg(z — 1) < 27. (This choice
will enable us to use the standard asymptotics for a confluent hypergeometric
function in the RH analysis in Section 4 below.) Then, a simple consideration of
triangles shows that
Ej:{f%n %f0<0<9j, (3-14)
n  iff; <60 <2m.
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Thus (3-13) is continued analytically to neighborhoods of the arcs 0 < 6 < 6;
and 0; <0 < 2. We now analyze (3-12) in the same way that equation (26)
was analyzed in [Krasovsky 2007]. For this analysis, however, we will need
two other choices of the function (z — z;)?*: one choice with the cut going
a short distance clockwise along the unit circle C from z;, and another, with
the cut going a short distance anticlockwise along C from z;. Let ¢; and d; be
some points on C between z; and the neighboring singularity in the clockwise
and anticlockwise directions, respectively. In a neighborhood of z;, let g(s) be
defined by

$u(s™D) £ (5)

=|s —z;1* g(s).
lS

We then obtain as in [Krasovsky 2007] for the part of (3-12) on the arc (c;, d;):

d_‘ Z(x
/ ’ ug(s) ds

20 20
_35%[</ / ) o (6~ e |

)Za

. m(z—2;
= lim —
e—0 (zz;)% sin(2mwa;)

( 2riaj—ialp 71'8) _672711'01]‘71'05&

g(z e g(z;e))

+Ol-_10(Z—Zj), z—>zj, lzI>1, (3-15)

foro; #0,%,1,3,... (wheneo; = 3,1,3, ...
(z—z j) In(z — z;) vanishing as z — z J) Here the constants £g, £; depend on
the choice of a branch for (z — z j)z"‘ (whose cut is, recall, along the circle) and
their values will not be important below.

Introduce a “regularized” version of the integral in a neighborhood of z;:

dj(r) |S |2a] d; |S_Zj|2a
/ B sy ds = f Bl sy as
C § — Z ol S — Z

J J

one obtains terms involving

m(z— Zj)zaj 2mioj—iolR —ie —2miaj—ialy ie
e—0 (z2;)% sin(Znaj)( g(zje ) —e 8zj€m)),
for z in a complex neighborhood of z; and —5 < Ne; <0, a; #O0. If N > 0,

we set the “regularized” integral equal to the 1ntegral itself.

Denote by Y the matrix (2-5), in which the integrals of the second column are
replaced by their “regularized” values in a neighborhood of each z;.

Then, collecting our observations together, we can write (3-10) in the form

dxn -
I = X_l ); (n—i—Z(aj—i-,BJ )+ZG;L(ZJ), (3-16)
j=0
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where
2007 ~
FEL ()T ) e 0

Gl = )1( 8¢V( . (3-17)
n(Zj _ .

o 2 a2 AL (2)) if a; =0,

with
Af(z)) = glgr(l)(f(zje*“) — f(z;€")). (3-18)

A similar analysis yields

L=y, aa’;”<n+2<a, ﬂJ>+ZOG ),
where
2Xnaj%(Xn_lYz(?ﬂ)(zj))?f;)(zj) ifa; #0,
e ¢n( ‘1> | o
o ———— ¢ (2;))Af (2;) ifa; =0.

Substituting these results into (3-6) we obtain:

Proposition 3.1. Let V(z) =0. Lety = o ory =B, k=0,1,...,m, and
D,(f(z)) #0foralln. Then foranyn=1,2, ...,

0 9 Xn
ElnD W (f @) =—2x," a);(/ (n+ZaJ)+Z(G+(z]) G (z)). (3-20)
j=0

where Gj(Zj) and G;(zj) are defined in (3-17) and (3-19), with reference
to (3-18).

In Section 5A we substitute the asymptotics for Y (found in Section 4) in
(3-20) and, by integrating, obtain part of Theorem 1.1 for f(z) with V(z) =0,
BN < % Further analysis of Section 5B extends the result to ||| ||| < 1.

Remark 3.2. The differential identities (3-20) admit an interesting interpretation
in the context of the monodromy theory of the Fuchsian system of linear ODEs
canonically related to the Riemann—Hilbert problem (2-6)—(2-9). We explain this
connection in some detail in the Appendix. The results presented there, however,
are not used in the main body of the paper.

To extend the theorem to nonzero V (z) we will use another differential identity.
Let us introduce a parametric family of weights and the corresponding orthogonal
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polynomials indexed by ¢ € [0, 1]. Namely, let
fz=0—t+te"@)e VO f (7). (3-21)

Thus f(z, 0) corresponds to f(z) with V =0, whereas f(z, 1) gives the function
(1-2) we are interested in.
Note that
af (z, 1) _ f(z,1)— f(z,0)
ar t '

(3-22)

Set now y =t and replace the function f(z) and the orthogonal polynomials in
(3-5) by f(z,t) and the polynomials orthogonal with respect to f(z, t). Then
the integral in the right-hand side of (3-5) can be written as follows (we assume
D, #~ 0 for all n):

2
i[i | (dm z)"“s"(z—z’) ¢3n<z—‘,z>M)zf<z,r>de]
0

ot dz
2 -1 B
__/ <¢n d)n(z . 1) (l;n(Z_l,t)dd)n(Z’ t)>zf(z, n-fz0
dz t
- ! o) . deu(z 1)
_T 271’t ((bn( )d—z_¢n(Z ,f)d—z)zf(Z,O)dG.

Therefore, we obtain

5 N LKD)
alnDn(f(Z,l‘))—zl’l(;'i‘Xn(t) ar >

1 dgy(z™' 1) o deu(z,t)

+ <¢n( )d—z—qbn(z ,t)d—z>zf(z,0)d9- (3-23)

To write this identity in terms of the solution to the RHP (2-6)—(2-7), note first
that using the recurrence relation (see, e.g., [Deift et al. 2011, Lemma 2.2])

X2 on @D = Knp1 a1 7D = Gu1 (027 b1 (2), (3-24)
we have
V(@) = = xao1 0" G711
= —xa ("G ) + Gu(0. )pu (2. 1). (3-25)

Now using the orthogonality relations (2-1) and the formulae (3-2) and (3-3),
we obtain from (3-23):

Proposition 3.3. Let f(z,t) be given by (3-21) and D,(f(z,t)) # O for all n.
Let ¢p (2, 1), px (2, 1), k=0, 1, ..., be the corresponding orthogonal polynomials.
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Then, foranyn=1,2, ...,

%111 Dy (f(z,1))

8V (z. 1) oYz, ”) WD 4 (3.26)

1 n
= Y t) —— —Ya(z, t
27 C ¢ ( II(Z ) 0z 21(2 ) 0z ot

where the integration is over the unit circle and Y (z, t) := Y™ (z, 1).

4. Asymptotics for the Riemann-Hilbert problem

The RHP of Section 2 was solved in [Deift et al. 2011]. In this section we list
the results from that paper needed for the proof of Theorem 1.1. We always
assume (for the rest of the paper) that f(z) is given by (1-2) and that ; + B; #
—1,-2,... forall j=0,1,...,m. In this section we also assume for simplicity
that zp = 1 is a singularity. However, the results trivially extend to the case
ag = Bo = 0. In this section, we further assume that V(z) is analytic in a
neighborhood of the unit circle.
Let Y (z) := Y™ (z). First, set

193 if 7] > 1

T(2)=Y() {‘; (4-1)

if z] < 1.

Now split the contour as shown in Figure 1. We call lenses the m + 1 regions
of the complex plane containing the arcs X ; of the unit circle and bounded by
the curves X, E;’.

<1

22 22

Figure 1. Contour for the S-Riemann-Hilbert problem (m = 2).
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Set
T(2) for z outside the lenses,

T(z)( ! 0) for |z| > 1 and inside the lenses,

S(z) = f(Z)_IZ_n 1 (4-2)

T(z)( 1_1 0) for |z| < 1 and inside the lenses.
—f@ "1

Here f(z) is the analytic continuation of f(z) off the unit circle into the inside
of the lenses as discussed following (3-13).
The function S(z) satisfies the following Riemann—Hilbert problem:

() S(z) is analytic for z € C\ X, where ¥ = | J[_(Z; U TLUED.

(b) The boundary values of S(z) are related by the jump condition

1 0

S+(2)=5-(2) (f(z)—lﬁn 1

) , 2€ U]"":O(Ej U E}/), 4-3)

where the minus sign in the exponent is on X;, and plus on Z}’ ,

S (2)=8_(2) <—f?z)_l f(()z)) , ZE€ U]"n:o E;. 4-4)

(c) Sx)=14+0(/z) as z — o0,

(d) Asz—z;,j=0,...,m, z€C\C outside the lenses,

o) 0<1)+0(|z_zj|2a_,-))
0= 4-5
© (0(1) 0(1) + 0z — z;1*) (4-5)
ifaj #0, and
o) 0(ln|z_zj|)>
N 4-6
@ (0(1) O(In|z —zjl) (4-6)

ifaj =0, B; #0. The behavior of S(z) for z — z; in other sectors is obtained
from these expressions by application of the appropriate jump conditions.

We now present formulae for the parametrices which solve the model Riemann—
Hilbert problems outside the neighborhoods U of the points z;, and inside those
neighborhoods, respectively. These parametrices match to the leading order in
n on the boundaries of the neighborhoods U;;, and this matching allows us to
construct the asymptotic solution to the RHP for Y.
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The parametrix outside the Uy; is

D ()% if |z] > 1,

zeC U,., 4-7
@(2)03(7(1)(1)) if |Z| <1, \U Zj ( )

N(z)=[

j=0
where the Szegd function
1 1
3@ =exp — [ IO 4 (4-8)
2wi Jo s—z2
is analytic away from the unit circle, and we have
. ok +Pr
72—z
@(z)zeV°b+<z>1_[( ”f) L lz<l. 4-9)
re34
k=0
and
m - —ak+PBr
@@):b_@yJII( ) ozl > 1, (4-10)
k=0 <

where Vj, b4 (z) are defined in (1-8). Note that the branch of (z — z;)** 5 in
(4-9) and (4-10) is taken as discussed following Equation (3-13) above. In (4-10)
for any k, the cut of the root 7%t is the line 6 = 6, from z =0 to infinity, and
O < argz < 2m + 6.

Inside each neighborhood U, the parametrix is given in terms of a confluent
hypergeometric function. First, set

t=nin>, (4-11)
<j

where Inx > O for x > 1, and has a cut on the negative half of the real axis.
Under this transformation the neighborhood U;; is mapped onto a neighborhood
of zero in the ¢-plane. Note that the transformation ¢ (z) is analytic, one-to-one,
and it takes an arc of the unit circle to an interval of the imaginary axis. Let us
now choose the exact form of the cuts X in U;; so that their images under the
mapping ¢ (z) are straight lines (Figure 2).

We add one more jump contour to X in U, which is the preimage of the real
line I'; and I'; in the ¢-plane. This is needed below because of the nonanalyticity
of the function |z — z;|%. Note that we can construct two different analytic
continuations of this function off the unit circle to the preimages of the upper
and lower half ¢-plane, respectively. Namely, let

ha(2)=lz—2;1%, z=¢" 4-12)

with the branches chosen as in (3-13). As remarked above, (3-13) is continued
analytically to neighborhoods of the arcs 0 <6 <6; and 0; <6 <2x. In U, we
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F4 + - Fé

Figure 2. The auxiliary contour for the parametrix at z;.

extend these neighborhoods to the preimages of the lower and upper half ¢-plane
(intersected with ¢ (U, )), respectively. The cut of i, is along the contours I'
and I'; in the ¢-plane.

Forz—z;, ¢ =n(z—2z;)/z;+ 0((Z_Zj)2). We have 0 < arg ¢ < 27, which
follows from the choice of arg(z — z;) in (3-13).

From now on we will provide the formulae for the parametrix only in the
region [ (see [Deift et al. 2011] for complete results). Set

" Br/2 oL
Fi@ =" OPTI(E) [T ha@8n @) hay Qe
k=0 k#£j
7 cel, zeU,, j#0. (413)

Note that this function is related to f(z) as follows:
Fi(2)* = fRe ™ gylx) ¢el. (4-14)

The functions gg, (z) are defined in (1-4). The formulae for Fy(z) are the same,
but with gg, (z) replaced by

e~imPif argz >0,

8po(2) = {emﬁo z€Uy,. (4-15)

if argz <2, m,
We then have the following expression for the parametrix P;(z) in the region
z(I) of Uy;:
P, ()= E@WV;(Q)F;(x) "%, el (4-16)

Here

4-17)

—im(2Bj+a;)
E@) =N FP (2)z;" <e e 0 )

0 ein(ﬂj+2aj)
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and
;)
cUY (o + B, 142a;, 0)emPite) et/
= —a; in(Bi—3a:) .—c/2 T(+a;+B;
e (e B, 120, e L)

% i—Bj T )i Bita)) ot /2 PUAe —B)
P e =py I e {)e. ' f‘e @B , (4-18)
é__a'jW(_aj_ﬂj,1-20(1',6_1”@’)@_’”%@;/2

where ¥ (a, b, x) is the confluent hypergeometric function of the second kind, and
I'(x) is Euler’s I'-function. Recall our assumption that o; = 8; # —1, =2, ....

The matching condition for the parametrices P, and N is the following for
anyk=1,2,...:

PN @) =1+M1@+ 2@+ -+ M@ +A),, z€dU,. (4-19)
Every A ,(2), Ag)(z), p=1,2,..., with z € 9U,; is of the form

_ _ —nj2

a;”0m Pay,  a; ::nﬂ-’zj"/. (4-20)

In particular, explicitly, on the part of dU,; whose ¢-image is in /,

| —(@2-p?)
M@= F<1+aj—/3,~>( 9(2) )‘2 o —in =)
— . : e z; e Y
F(O{]—i-ﬂ]) ¢ jF](Z)
F(1+aj+ﬁj)< %(2) )2 i)
L(ej—Bj)) \¢PiFix)) ™ , (421
oG~

which extends to a meromorphic function in a neighborhood of U, ; with a simple
pole at z = z;.
The error term A,(Ql in (4-19) is uniform in z on dU;.

At the point z; we have
Fi() =nje ™42y 1+ 0w), u=z—z;, ¢el, (422

where

. j—1
. 1T
nj=e’ @2 eXP{-y(Z B —
k=0

m Zj Br/2 .
> ﬂk)} I (;) |2j — 2™, (4-23)

k=j+1 k#j
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out
2:0

out
b2 1

Figure 3. Contour I'" for the R and R Riemann—Hilbert problems (m = 2).

and

@ 2 .
(i> = 12T Ow), u=z—z;, Cel, (4-24)

¢PiF;(2)
m zi Olk/z
ST

j—1
bi(z))\'"? in (4
M,/:(ev0ﬁ> eXp)— > - .
—\%J . . .
k=0 k=j+1 k#j (4_25)

The sums from 0 to —1 for j =0 and from m + 1 to m for j = m are set to zero.

4A. R-RHP. Let
-1 . : _ m
R — {S(z)N (z) ifz€Ux\T, with Uss =C\UJL U, 426
S@P;'(z) ifzeU,\T for j=0,...,m.

It is easy to verify that this function has jumps only on 9U_;, and the parts of
X, E}’ lying outside the neighborhoods U;; (we denote these parts without
the end-points X°, £”°U), The full contour I' is shown in Figure 3. Away
from I', as a standard argument shows, R(z) is analytic. Moreover, we have:

R(z)=1+0(1/z) as z — oo.
The jumps of R(z) are as follows, with j =0, ..., m:

1

Ry() = R_(2IN() ( 1z ?) N zeT™ @27
1

R+(2)=R_()N() ( Foz ?) N@)™ Ze TN, (4-28)

Ri(z) = R-(2) P (DN@)™', ze dU;;\ {intersection points},  (4-29)



112 PERCY DEIFT, ALEXANDER ITS AND IGOR KRASOVSKY

The jump matrix on £, £”°" can be estimated uniformly in o, 8; as I +
O (exp(—¢n)), where ¢ is a positive constant. The jump matrices on dU;; admit
a uniform expansion (4-19) in inverse powers of n conjugated by n#i "3z;m’3/ 2,
and (4-20) is of order n2™ax; MAjl=P  To obtain the standard solution of the
R-RHP in terms of a Neuman series (see, e.g., [Deift et al. 1999]) we must have
n2max; MBiI=1 — (1), that is NB; € (—%, %) forall j =0,1,..., m. However, it
is possible to obtain the solution in any half-closed or open interval of length 1,
i.e., for ||| B|ll < 1, as follows.

Let |||B|ll < 1 and consider the transformation

R(z) =n“R(z)n"*> zeC\T, (4-30)
where
® = 1 (min; RP; + max; RB;) (4-31)

which “shifts” all #8; (in the conjugation nPi terms of (4-20) for the jump matrix
in (4-29)) into the interval (—%, %). Note that w = 9NBj, if only one RB;, # O,
and o =01if all RB; = 0.

Now in the RHP for R(z), the condition at infinity and the uniform exponential
estimate I + O (exp(—en)) (with different &) of the jump matrices on XU, X7 °ut
is preserved, while the jump matrices on 9U;; have the form

40 AL@n™% 40P Ap(@n ™% + 0% AL (n™,
z€dU,;, (4-32)

where the order of each n“>* A, (z)n™*%, n“"’3A§,r)(z)n_“"’3, p=12,..., with
zeUjLaU;; is

0(n2maxj |§Hﬂj—a)|—p) — 0(n|||/3|||—1”)‘

This implies that the standard analysis can be applied to the R-RHP problem in
the range NB; € (g — %, q+ %), j=0,1,...,m, for any g € R, and we obtain
the asymptotic expansion

k
R@)=1+) R,@+R} . p=1.2... (4-33)
p=1

uniformly for all z and for B; in bounded sets of the strip g — % <NRBj <qg+ %,
J=0,1,...m,ie., [|Bll <1, provided a; £ B; are outside neighborhoods of
the points —1, —2, ... (compare (4-21)).

The functions R j(z) are computed recursively. We will need explicit expres-
sions only for the first two. The first one is found from the conditions that R ()
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is analytic outside dU = (J 7L, U, Ri(z) — 0 as z — oo, and
Ri () =Ri_()+n®A(2)n~ ", zedU. (4-34)
The solution is easily found. First set
Ri(2) = n~“% Ri(2)n®>, R,Er) (2) :=n"“ ﬁ,ﬁ”(z)n“"”, k=1,2,...,

and write for R:

&@:_L/ Arx)dx
aU

2mi X —z
m A m
u ifzeC\UU,,,
_n<Z—Z T
k’;O P k j=0 (4-35)
Y A ifzelU,, j=0,1,...,m,
k=0 < — 2k
where
m
ou = Jou.,, (4-36)
j=0

the contours in the integral are traversed in the negative direction, and the Ay
are the coefficients in the Laurent expansion of A;(z):

A
AK@=;£;+&+OQ—QL i> % k=0,1,....m. (4-37)

The coefficients are easy to compute using (4-19) and (4-25):

I'l+ar+ n _
. @) (I+ax 'Bk)ZkMin 261
Ag=AM = 2 (=B . (4-38)
k n | _TU+a=B8) _—n 2 25 2 2
T 2 Sk My n o = By
" (ex +Br)

The function 132 is now found from the conditions that 1?2 (z) > 0as z— o0, is
analytic outside dU, and

§2,+(Z) = ﬁz,f(z) + 1?1,7(Z)n“’”3Al(z)n_“"73 +n?PAr()n~%%, ze€aU.

The solution to this RHP is

~ 1 ~ d
Ry(z) = 3 / (Ri,—(x)n®P A (x)n~ % +n®% Ay (x)n~“%) Sy (4-39)
Tl Jyu X—Z

At the k-th step we have the RHP for Ry (z) with the same analyticity condition
and the condition at infinity, and the following jump, where Ry (z) = I:

k
ﬁk,+(z) = ﬁk,_(z) + Z ﬁk_p,_(z)nw‘”Ap(z)n*“’@, z€aU. (4-40)
p=I
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We will now discuss the way in which the general Ri(2) depends on n. In
particular, we will discuss its order in n. First note that

- 1 Y. b2

Ri(z)~ = AR 4-41
1(2) " (ZJ b% i ) (4-41)

- 1 [1468n2 3. b2
Ry(z) ~ — ( ) ! ,’ Sk (4-42)

n Zj bj 1+46'n

where
n

b= nbimo T2 5 3 2B =0 (Z_k> - 4-43
J J Z zj ( )

ik
Here the notation A ~ B means A’ = B’, where X’ is X in which each matrix

element and each term in the sums is multiplied by a suitable constant independent
of n. Starting with these expressions, and noting from (4-40) that

k
ﬁk(Z) ~ Z Ek—p,_(z)n“’“3 Ap(z)n—wm
p=1
~ 1~
~ Ri—1,-(n“? A1 (2)n” " + ;Rk—l,—(z), (4-44)
we obtain by induction, for p =0, 1, ...:
- 1 < 1 Y. b2
Rop1(2) ~ —yey D (6! ( > ) ) | .
e b5 1
- 1 < 14+8n Y. b2
Ropia(2) ~ =5 Y (8'nH! ( , ) (4-46)
n2p P Zjbj 1+68'n
In particular, as n — o0, and again for p =0, 1, ... we have,
~ 57 1 Y. b?
Ropi1(z) =—0 T P (4-47)
P n Zj b? 1
- 87 (148n* Y. bi?
Rypia(e) =50 ( N (4-48)
n Zj bj 1+6'n
0= 0(5), §=max p2OBi—p—1 — n2(\||/3H|*1)’ (4-49)
ik

Here O (A) represent 2 x 2 matrices with elements of the corresponding order.
Finally, note that the error term in (4-33) is

R () = O(UR, )| + |Ris1 (D))
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In particular, as is clear from the above, if there is only one nonzero f,, we
obtain the expansion purely in inverse integer powers of n valid in fact for all
Bj, € C uniformly in bounded sets of the complex plane.

It is clear from the construction and the properties of the asymptotic series of
the confluent hypergeometric function that the error terms R ,(Cr) (z) are uniform
for B; in bounded subsets of the strip g — % <NBj <q+ %, j=0,1,...m,
for a; in bounded sets of the half-plane No; > —%, and for «; = B; away
from neighborhoods of the negative integers. Moreover, the series (4-33) is
differentiable in o, ;.

5. Asymptotics for differential identities and integration:
proof of Theorem 1.1

5A. Pure Fisher—-Hartwig singularities: the case |||B||| < % First, we will
prove the theorem for V (z) =0 and ||| ]| = max; x [RB; —NBi| < % The proof
is based on the differential identity (3-20). First, we show that (3-20) has the
following asymptotic form.

Proposition 5.1. Let (ag, Bo, - .., &m, Bm) be in a compact subset, denote it A,
belonging to the subset ||B|l| < 1, a; £ B; # —1, =2, ... of the parameter space
P = {(@0, Bos - - - Um» Br) = aj, Bj € C, Nt > —%} and including the point

aj=B;=0,j=0,1,...,m. Let B; =0ifa; =0, j=0,1,...,m,§ =n>UFI=D
Then forn — oo, and v =0,1, ..., m,

'd+4+a,+ 86,

In D, (2) = 2a+ Gt B o s A ]
0 I'(l+ oy, — By)

=) o N i gy

Zj—Z Zj =W
- oj+p;)In =L + (oj — ) In — ]
J§v[( it Zj @ =F) e’

v—1

+27i Y (aj+B)+ 0~ Inn)+0@nlnn), (5-1)

j=0
ilnD (f(2)=-2B,+ (a, + B )[iln[‘(l—i-a +8 )—lnn]
aﬂv n _— v v v aﬂv v v
d
+(au—ﬂu>[aﬂ InF(1+a, ~ ) +1Inn)
iz Ty
+J§v[(a1+ﬂj)ln T = ppn Zvem]

v—1

—27i Y (aj+B;)+O0m " Inn)+0@nlnn). (5-2)
j=0
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Remark 5.2. The error term O (6nInn) is o(1) uniformly in A if ||| B||| < % —e,
¢ > 0. In fact, the estimate for the error term can be considerably improved: see
next section.

Remark 5.3. The case B; =0 if o; = 0 is all we need below. After the proof of
Proposition 5.1, we will integrate the identity (5-1) to obtain the asymptotics of
D, for all ; # 0, B; = 0. We then integrate the identity (5-2) and obtain the
asymptotics of D, for all a; #0, B; # 0. This gives the general result for V =0,
Bl < %, since we can set any «; = 0 using the uniformity of the asymptotic
expansion in the o;.

Proof. Assume that for all j, B; =0if a; =0, and D (f) #0,k=1,2,....
Then we can rewrite (3-20) in the form

0
3 In D, (f(2))
14

A Xn .
9 - -
=-2 Xy (” +> a{1-Y5 @) —Zle(?)(Zj)Yz(gH)(Zj)})
n .
j=0

m
~ 0 0 ~
T (Yfgkz]-)@Y;;’*”(z,-) —zjﬁyf?(z J->Y2(§+”(zj>) . (53)
j=0

where y =« or y = ;. We now estimate the right-hand side of this identity as
n — oo. The asymptotics of x, were found in [Deift et al. 2011, Theorem 1.8].
We need these asymptotics here in the case V = 0:

1 m
2 2 2
=t Y e

+iz Zk (ﬁ)nnz(ﬂk_ﬁj_l)ﬁr(l+aj+,3j)r(1+ak_ﬂk)
Sl n \u v D@ — Bl @+ o)

+0@EH+0@6/n), §=n*WBI=D "y o0, (5-4)

where
j—1
V= exp{—in (Zap —
p=0

The asymptotics of ¥ (z,) were also found in [Deift et al. 2011, (7.11)—
(7.21)]. Namely,

2 “”)} [ (i‘l) Nz—zpl (59)
p

p=j+1 P#i

Y"(z) = +r"LY, (5-6)
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where

L=

( Mopjn; 'n®%=Pizh My jnn==F )
J

—Mup; 0 n e — Mg et
and r; = R;r)(z ), the parameters n;, u; are given by (4-23), (4-25), and

F(l+a;—p)  T'Qa))
F(1+205j) F(Olj—l-,Bj)
F'(l14+a;+8)) I'(2e )

F(1+206j) F(Olj—,Bj)

Note that the matrix LE.") has the structure
LY =n =P Lnos, (5-7)

where L depends on n only via the oscillatory terms z’]’..
Let us now obtain the asymptotics for the following combination appearing
in (5-3):

_Y(”)( J)Y(;"‘l)(zj)

= (AL L) OO+ L)

() 5 (n+1) (n+1) n) (n+1) m+D\[ () 8 0 8 (n)
+(Ly Ly A4y )+ LV LYy 'y )[123 In L21+3yr12}

We omit the lower index j of r and L for simplicity of notation.
Now the explicit formula for L and the estimates for R(z) imply that

L(”)L(n+1) (”l+1) 0( 6) L(")L(n+1) f’;) — O(I’I(S), (5_9)
Uy = 0(6). (5-10)
ZInL™ =0(nn), —r=0(@)lnn, (5-11)

dy dy

where as before
§ = n2IBlI=1
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Therefore,

9 ~ a
4

_th 9 L§q>+o(1n”)+o(5n1nn>. (5-12)
205z Ay
Similarly, we obtain
Y®(z .)iY("H)(z ) =— @ =P 9 LU 4 0<ln") + O(énlnn)
12 800y j 201,- ay '
(5-13)
and furthermore,
YW@ HriPz) = 06n)+ 01, (5-14)

Y™ (@) TE () = 06n) + 0(1).

Note that because of the special structure of (5-7), the quantity n% does not
appear in any of the products (5-12)—(5-14). Substituting (5-12)—(5-14) into (5-3)
and using the asymptotics (5-4), we obtain

9
™ InD,(f(2)) =
14

0 [w— = (n) (n+1)
5[2(“?—/3?)]4‘2[(0‘1 A3 lnLJ11+( i—Bi5 1 nLjy,
j=0

Jj=0
+ 0(1“”) +0@ninn). (5-15)
Let us calculate the logarithmic derivatives appearing in (5-15). From (5-6),

(4-25), and (4-23) it is easy to obtain for the derivatives with respect to «,,
v=0,1,...,m

] d ra
— L™ = O Tt b (5-16)
o, v, ooy (1 +2a;)
—lnﬂ+2m’ if j <v,
9 (n) Zj /
s InLy = L (5-17)
@ —In 2 if j > v,

Zj
d In L(n+1) 0 lnr(l+av_,3v)

Inn, 5-18
by | T 9w, " Tt2a) C-18)
0 (i) _ G T
Gar LY = -, (5-19)
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Similarly, we obtain for the derivatives with respect to S,:

9 )
— L™, =—1Inr —1Inn, 5-20
a,Bv 1 v, 11 8,311 n ( +av+ﬂv) nn ( )

In 272 og if j <v,
d (n) Zj
g LY = < (5-21)
By In 4% if > v,

Zj

A ilnF(1+a —B,)+Inn (5-22)
B, 9By o ’
3 (n+1) L=,
8/3U In Lj,21 = —In %7, ] ;é V. (5-23)

Combining these results with (5-15) we obtain (5-1), (5-2) on condition that
Di(f)#0,k=1,2, ..., orequivalently (see Section 2), (o, Bo, - - - » ¥m» Bm) €
A\ Q4,. This condition can be replaced simply by («g, Bo, - .., %m, Bm) € A in
the following way. Let

Bo=0, a;=B;=0, j=1,....m. (5-24)

Let €2, (o) be the subset of 2, withaj, j=1,...,m,and 8;, j =0,...,m,
fixed by (5-24). Since Dy(f) = Di(f(xp; z)) is an analytic function of «g
and Dy (1) # O, the set ,(cxp) is finite. Let us rewrite the identity (5-1)
with v = 0 and assuming (5-24) in the form H'(ag) = 0, where H(ag) =
D, (f (xo; 2)) exp(— f(;xo r(n, s)ds) and where r(n, o) is the right-hand side of
(3-20) with y = g and assuming (5-24). Since the expression (5-1) for r(n, ap)
holds uniformly and is continuous for «g € A provided n is larger than some
ko(A), and D, ( f(ap; z)) and its derivative are continuous, the function H () is
continuously differentiable for all n > ko(A). Hence, H'(ap) =0 for all g € A
and n > ko(A). Taking into account that H(0) = D, (1) # 0, we conclude that
D, (f (xo; z)) is nonzero, and that the identity (5-1) under (5-24) is, in fact, true
for all ag € A if n is sufficiently large (larger than ko(A)). Now fix ag € A and
assume the condition oy = - -- = «a,,, = B, = 0. A similar argument as above
then gives that D, (f (co, Bo; z)) is nonzero and the identity (5-2) with v =0 is
true for all By € A if n is sufficiently large. Continuing this way, we complete
the proof of Proposition 5.1 by induction.

Remark 5.4. A similar argument applies to the asymptotic form of the differen-
tial identity (3-26) we need in Section 5C below. We omit the discussion. [J

We will now complete the proof of Theorem 1.1 in the case || 8| < %, V(z)=0
by integrating the identities of Proposition 5.1. In this case we denote

Dy (f(2)) = Du(@o, - -, &ms Bos - - - Bm)- (5-25)
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First, set m = 0 and By = 0. Then (5-1) becomes

O 1 Duteg) =200 [ 141nn+ - TEFDO N 1 my+ 0@nInn)
—1In o) =2 nm+——-— n”Inn nlnn).
dag 0 0 dao T (14 2a0)

Integrating both sides over o from 0 to some g and using the fact that D, (0) =1,
we obtain

2 G +a)’

Dﬂ - 1 A
(@) = a0

(5-26)

where G (x) is Barnes G-function. To perform the integration we used the identity
¢ d rd G(1+2z)?

/ 1+ ——( +x) 2xdx =1n —( +2) , (5-27)
0 dx I'(142x) G(+22)

which easily follows from the standard formula (see, e.g., [Whittaker and Watson
1927]):

z2(z+1)

Z
/ InT(x+1)dx = §1n271 _ 4zInT(z+1)—InG(z+1). (5-28)
0

Now set m = 1, « fixed. Set By = ;1 = 0. Relation (5-1) for v =1 is then

D 1D (o, ) — 2 (141 4 4 T
—1n o, A1) = 20 nn+-————-—
day O : day T(1+ 2a1)

+ agInzg+ag(nzy+37i) — 2 ln(z()—zl)-i-O(n_1 Inn)+O0O@nlnn). (5-29)

Integrating this over «; from O to some fixed «; along a path lying in A (see
Proposition 5.1) and using (5-27), we obtain

D, (a0, .
M = oz% Inn+2InG(+a;) —In G + 2a1) + oy In(zoz1€>™)
Dn(ao, O)

—2a0a1In(zo— z1) + O(n ' Inn) + O@Bnlnn). (5-30)

Substituting (5-26) here, we obtain

Dy (oo, a1)
s G +a)? [(zo—2z1)2 ] "™
= n% T J |: . :| 1+0mn 'Inn)+0@Gninn
}:!)G(1+20!j) 2071€3™ ( ( )0 )

1

2
e GA4ae)” e 1+o0m 1 o@nl 5-31
n Q)G(Hzaﬂm 2|7 (14 0(m ' nn) + O@Gnlnn)) (5-31)

(to write the last equation we recall (3-13), the way the branch of (z —z;)% was
fixed there, and the fact that arg zg < arg z;).
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Continuing this way, we finally obtain by induction for any fixed m, 8; =0,

J=0,1,...,m, the asymptotic expression
D"(“Oa c ey O{m) = nz;f;()a?
" 2
G(l+aj) N i
<11 G(Tzci,) [T lz=al ™ 0+0G" mn+0@nInm). (5-32)
j=0 0<j<k<m

We now add in the S-singularities. We will make use of one more identity,
which follows from (5-28):

p d d
/ (a+x)—InT(d+a+x)+(a@—x)—InT'l+a—x)—2x | dx
0 dx dx

n Gl+a+BG(l+a—p)
- G(l+a)? ’

(5-33)

First, we obtain the result for the case when —}L <NRBj < %. This implies that
the order of the error term O (én Inn) remains o(1) as we integrate over the 8;
starting at zero. As before, we always assume integration along a path in A.
Settingv =0, 8; =0, j =1, ..., min (5-2), and integrating this identity over
Bo from zero to a fixed By, we obtain using (5-33):

D e Qs
In n(OlO (o™ :80) =_[351nn+1n

Dn(a()?aam’o)
im
+B0Y ejin=—+ 0@ 'Inn)+ O@nlnn). (5-34)

70 %

G(1+oag+ Bo)G(1 +ap— o)
G (1 + ap)?

z0€

Substituting (5-32) here, we obtain

Dy (ao, ..., am; Bo)
m

_ -7 GU ka0t )G bao = o) p GO+ o)
G(1+ap)? Gl +2a))

j=1

m im\%Po
% 1_[ |Zj—Zk|_a'jak1_[<ZOZe. ) (1+O(n_llnn)+0(8nlnn)). (5-35)

0<j<k<m j=1 J

Next, setv=1, 8; =0, j =2, ...nin(5-2) and integrate over B;. We obtain then
the determinant D, (g, ..., &¢y; Bo, B1). Continuing this procedure, we finally
obtain by induction at step m the asymptotics (1-10) for the case —% <NB; < ;ll
with V = 0 and the error term O (n~ ' Inn) + O(8nlnn) = o(1).

Consider now the general case |||8]|| < % We can choose ¢ such that all
NBje(qg— %, q+ %). Divide (0, g) into subintervals of length less than % Apply
the above integration procedure to move all 8; from zero to the line where the
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real part of all B; is the right end of the first subinterval. Since the length of
subintervals is less than %, the error term O (§n Inn) remains o(1). Recall that
during the integration we avoid any points where o; + 8, or a; — ; is a negative
integer. Next, move the §; to the right end of the second subinterval, and so on,
until the point i B; = g. From that point move the 8; as needed. We thus obtain
Theorem 1.1 with V =0 and ||| 8]]| < %

5B. Pure Fisher—Hartwig singularities: extension to |||B]]| <1. We now show
that in fact the error term in (1-10) remains o(1) for the full range |||8]]| < 1.
First, recall the definition of R and  in (4-30) and (4-31). We have |||B]l| =
2max;(RB; —w) and

—% <NB;—w < %

for all singular points z;. We denote p; =z; if WB; —w > 0, and m . the number
of such points. Furthermore, denote g; = z; if RB; —w <0, and m_ the number
of such points. Finally, let r; = z; if RB; —w =0.

Separating the main contributions in 7 (see (4-21)), we write the jump matrix
for R on aU;; (cf. (4-32)) in the form

[+ Aj@Qn "%+ =1+A 1)+ D(@)+0m~"7"), zedU,,. (5-36)
where Al (z) is about to be defined and

p=1—1All (5-37)
D@) =n""A(@n™*" — Ai(z), z€dU.,. (5-38)

For z € 8Up,. we set

o b;
A1(2) = (M2 A1 (2n~ % )10- = . J(;) o_, with o_ = ((1)8) and
—rj
biz) = — LUF%—h)) < @) )_2 —nyin@p—ay) _ETPi 20
! Claj+8)) \¢PiFix)) nln(z/p;)
(5-39)
For z € 8Uq_,. we set
o a;
A1(z) = PP AL (Dn ) a0y = ](Zq) 0., with oy = (8(1)) and
—4j
TA4a;4+8) { 9@ N, irop-wn Z—4i 20
aj(Z)= - J J ( 7 ) qJe (Zﬁj j) 1 q] l’l2 . (5_40)
(aj —Bj) ¢PiF;(2) nln(z/q;)
Finally,

Ai(z)=0 when z € dU,,. (5-41)
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Note that ﬁ(z) and Al (z) are meromorphic functions in a neighborhood of
U, with a simple pole at z = z;. We have (see (4-24), (4-25), and recall that
V=0

I'l+o;—B;
bj — b(_ﬂ) = lim bj(Z) — _nz(ﬁj*w)*lp_—”"‘l TZM =0n "),
I o, / I T(aj+B))
(5-42)

(n) =

—w)— F'(+a;+8;)
aj:aj ®) 1q’.1+1 2.4:

—p )
i M T —p)) O™ "). (5-43)

lim a; (Z) = n_z(ﬂj
i—>q;j

Also note that

Dy =0m™", zeadU,,. (5-44)

The main idea which will allow us to give the required estimate for the error
term in (1-10) is the following. Write R in the form

R(z) = Q(2)R(2),

where R(z) is the solution to the following RHP:

R(z) is analytic for z € C\ JdU;. (5-45)
j
R@+=R@-U+Ap if ze Yo, (5-46)
J
R =1+0(1/z) as z— oo. (5-47)

We solve this RHP below explicitly, however, note first that the solution exists
and is unique and

Rz)=1+0n") (5-48)

uniformly in z by standard arguments. Using (5-48), the jump condition (5-46),
and the nilpotency of A, we then have on 9U;

0y =R Ry =R (I+A1)+D@)+ 0™ "")R,!
=0 (I+D@)+0m"177)).

The jump matrix for Q on T, £”°% remains exponentially close to the identity.
Therefore,

e 1 D(s)
0R) =1+ 01 +0n""""), Ql(z)zrf ds  (5-49)

Tl UjaUzj §—Z

In what follows, we will be interested in the matrix element Y>(z) of our
original RHP in a neighborhood of z = 0. In this neighborhood, we have using
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(5-49),
Y(2) = R()N(z) =n " Q(z) R(x)n”* N (2)
(I + 01R)+ 0 TPHR@NP B (Yy).  (5-50)

From here, noting that %(0) = 1 as V(z) =0, and using the estimates R(z) =
I+0m™"), 01(0) = 0(n™"), we obtain

X2 =—Y21(0) = (14 Q12(0) + O(n~ ")) Ry (0).

Using the expression for Q; from (5-49) and (5-38), we can write this equation
in the form (recall that the contours dU;; are oriented in the negative direction):

1 & R
Y1 = (1 - Zo(af — BN+ 0(n1”)> R2(0). (5-51)
]:

Eventually, we will use the product of these quantities over n to represent the
determinant. Before doing that, we now solve the RHP for R and find R»,(0).
Set

O(2) = [R(z) ifze C\U,; Us;, (552)

R@UI+A () ifzel; U,

So defined, ®(z) is obviously a meromorphic function with simple poles at
the points z;, which tends to I at infinity. Therefore, it can be written in the

form
d(z) = I+Z Z

j=1
for some constant matrices CDj.E.

(5-53)

_Pj Z_QJ

Moreover, the function I@(z), which has the expression

Ié(z>=¢(z)(1+ﬁl)—1

[1+i Z i }(1 _ @ a_> (5-54)

2=pj T4 z= P

inUp,k=1,..., my (weuse here the definition of Al), is analytic there. Hence,
the coefficients at negative powers of z — py vanish. Equating the coefficient at
(z — pr) 2 to zero, we obtain

oo =0, (5-55)

and therefore the matrix ®; has the form
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+_ (& O i
o} _<fk 0) (5-56)

for some constants gx, fi. The vanishing of the coefficient at (z — py)~! gives
the following condition on <I>J¢, where we used the equation <I>;ro: =0,

" dTo_
Of —b Y —L—=bo_, k=1.....my, (5-57)
el ety

with by given by (5-42). Similarly, using the analyticity of ®(z)(I + Az)7!
in Uy, we obtain forallk =1,...,m_

- 0 (97
P = (0 hk)’ (5-58)
" dto
O —ar Y=o (5-59)
— a—p;

for some constants eg, hr. Conditions (5-59), (5-57) are equations for the
constants gx, fx, ek, hi. In view of (5-51), we are interested in

A b
Rn(0) = dn0) =1-) q—f (5-60)
=1

where we used (5-53) to write the last equation. To calculate this quantity we
first substitute CID;r from (5-57) into (5-59). Then the 2,2-element of the resulting
equations for k =1, ..., m_ can be written as follows:

(I —A)h =B, (5-61)

where h and B are m_-dimensional vectors with components /; and

m4

b.
Bk:Z“"—-’, k=1.....m_.
= a—p;

A= A" is an m_ x m_ matrix with matrix elements

my

Ak,z _ Z Clkbj

= @ =p)pj—a0)’

and [ is the m_ x m_ identity matrix.
Define the m_ x m_ diagonal matrix A as follows

A =diag{—qi, —q2, ..., —qm_}
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Then (5-61) can be written in the form
Tx=y, T=I—-A"TAA, x=A"'h, y=A"'B

By Cramer’s rule,
_det(Ty -y Tp)

X ,
k detT

where T are the columns of T" and y is in the place of the k-th column. We are
interested in

m_ m_
hj det(T' +y, Ta+y, -, Tu_+y)
1 — A i . 5-62
— q; * Z X detT ( )
j=1 j=1
First note that
detT =det(1 — A'AA) =det(I — A) =det(l — A™). (5-63)
Second, a direct calculation shows that
Kss

!/ 1./
aij

(T +y.To+y, - Tu+y)=1-A, }k=2
=1

(qj — po)(pe—qr)’
where

a =ajqj_1, by = by pe.
Using the definitions (5-43), (5-42) of aj, b, we note that

a; = aﬁ."_]) +0mn "),

vy =b"""+ 0@,

and therefore A’ = A®~D 4+ O(n~'~"). Thus we can rewrite (5-62) as

m_

~ h; det(I — A®D 1
R»(0) = ©2(0)=1— Z q—’ = W [1 +0 (n1+/’>] . (5-64)
J

j=1
Note that
det(I — A™) =14+ 0n"2*).
Recalling now (5-51) and the representation of the Toeplitz determinant D, (f)

as a product of y, 2 and using (5-64), we can write, for some sufficiently large
ng > 0,
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D (f)
n
-D -2
= Dn,(f) Xi—1

k:no—H
- | — 1 det( — AX)
= Dno(f) 1_[ |:1 + k Z(ajz. N ﬁJz') + 0<kl+p):| det(] — AK=D)
j=0

k=no+1
1
x[1+0<—kl+p)]

m 1
= C(”Ov QQ, -5 O,y ﬁOa DR ﬁm)nzjz()(a%_ﬁ%) |:] - 0( p)]’ (5_65)

n

where all the error terms are uniform for «;, B; in compact sets, and C is
a constant depending analytically on «;, B;, and ng only. Recall that in the
derivation of this expression we assumed that || 8[|l < I (and as usual Re; > —%
for all j). Under this condition p > 0 (see (5-37)), and the error term tends
to zero as n — o0. In the previous section, we obtained C explicitly for B;
satisfying ||| 8|l < % Obviously, if all «j, B; belong to fixed compact sets and the
value of ng is fixed, the constant C in (5-65) is bounded above in absolute value
by a constant independent of any «;, B;. By Vitali’s theorem this fact implies
that C can be analytically continued in 8; to the full domain [||8]|| < 1 off its
values on the domain ||| 8]|| < % Thus C is given by the same expression also for
1Bl < 1, and this concludes the proof of Theorem 1.1 for |||B|| < 1, V(z) =0,
with the error term o(1) = O (nIAI=1) in (1-10).

5C. Adding special analytic V (z). In this section and in the next one, we will
add the multiplicative factor " @, where V is analytic in a neighborhood of
the unit circle C, to a symbol with pure Fisher—Hartwig singularities and obtain
the asymptotics of the corresponding determinant. Consider the deformation
of the symbol f(z,t) given by (3-21) for ¢ € [0, 1]. The analysis is based on
integration of the differential identity (3-26) over ¢. In the present section we
assume that V is such that

1—r+1"@ £0, te[0,1], zeC, (5-66)

and 1 —z+te"” @ has no winding around C for all # € [0, 1]. Then the Riemann—
Hilbert problem (for the polynomials orthogonal) with f(z,#) has the same
singularities as the problem with f(z) and is solved in the same way. In the
following section we remove the condition (5-66).

Let us rewrite the identity (3-26) in terms of the function S(z) = S(z, t) that
is the solution of the Riemann—Hilbert problem posed on the deformed contour
depicted in Figure 1. From the transformation ¥ — S defined in (4-1), (4-2) we
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obtain
H=2"f"Sns+Su4, Yu=7"f'Sni+S$4, zeC=T. (5-67)

Substituting these expressions into (3-26) and taking into account that det S =1
we arrive at the formula

i 37 0 Dn(f (2 1)

!/ — / 2 . d
—n/f f2mz /C[_f_zf +2f l(522,+511,+—512,+S21,+)]f_z-

d
/;[ (S04 Sure =St S21.4) 2" (S5, S12.4 = S1a S ) ] e > (5-68)

where we introduced the notation f := df/dt and f' := 9f/dz. Using the jump
relation (4-4) satisfied by the function S(z, ¢) across the unit circle, we can
rewrite (5-68) more symmetrically as

ilnDn(f(z,t))=n/ f_lfd—Z.JrX(f), (5-69)
ot c 2miz

with

X(@):= f [S£2,+S11,+ — S12’+Sz1,+ + 5117_522,, — S£1’_Sl2, ]f fZ_TL'l
C

+/ [27"(S2,_S12,— = S1p,_ S22, ) + 2" (S, 4 S12,4 — S1o 4 S22.4) | 2f2m
c

Analytically continuing the boundary values of S(z, t) from the + side of C
to the — side of £”, and from the — side of C to the + side of X, we can write
the term X (¢) in (5-69) in the form

. d . d
Xn=1| (- —i—z"l_)f_]fgzi +/2(_J+ +z_”l+)f_1fgzi, (5-70)

Z//
where
I= (S8 =580 f 7 =858 -5, (5-71)

Denote by X (resp., X) the part of X (resp., £”) that lies inside U;nzo Uy;.
Consider first

_q1 2 dz
(J_+" 1) f—. (5-72)
x/ 2mi
Using (4-3) on X" and (5-71), we easily obtain that J_ = J, —z" Iy and I_ = I,
and therefore,

" . dz 1 . dz 1 . dz
T4+ f— =/ If == Jf'f—=. (573
2mi ” 2mi 27

" "
28 C€
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where C/ is the part of | ;" o0 0U; lying inside the unit circle from the intersection
of dU;; with the incoming X" to the intersection with the outgoing X" for each
J. Note that J(z, t) has no nonintegrable singularity at z;. Indeed, for z inside
the smaller sector formed by X" at z;, we can write

S =Y 1) =10 (1 "(Zl ’)>, (5-74)

where k(z,t) =ci(z, t)(z — Zj)zaj, ifaj #0,and k(z, 1) = c2(z, 1) In(z — z;), if
a; =0, B; #0, for some ¢, (z, t) analytic near z;, chosen so that Y (z) is analytic
in a neighborhood of z;. Writing J in terms of the matrix elements of Y, we see
that the contributions of the (singular) derivative «’(z) cancel, and we obtain

J = (?2/1?11 — ?21 )A]l/l)K + }/}2/2?11 — );1/2?21‘ (5-75)

We now analyze (5-73) asymptotically. The asymptotic expression for S(z, )
inside the unit circle and outside U;":O U, is given by (see (4-26), (4-7))

S(z,1) = R(z, )esED7 (0 1), (5-76)
where g(z) is defined by the formula
G(z,1) = 8@, (5-77)
We have
J =g +RjjRn— RiRy =g+ 0:(1/n), n— oo,

and we finally obtain

. d
(J_+z”1—)f“f—z.= JfT 1 e

D 2mi 2mi
= / g/(z)f‘lf%+05(l/n), n—oo. (5-78)

Similarly, using the jump condition for S and then the asymptotics for §
outside the unit circle, we obtain

[eneior it == i

) T

¢ (5-79)

=/ g’(z)f‘lf'—.+0@(1/n), n— oo,
C. 27Tl

where C; is the part of U —o 9U;; lying outside the unit circle from the inter-
section of U, with the incoming E to the intersection with the outgoing X for
each j.



130 PERCY DEIFT, ALEXANDER ITS AND IGOR KRASOVSKY

Returning to the integrals (5-70), we now consider the part arising from
the integration over X" \ £ and ¥ \ X,. In this part the terms containing
7" I+ give a contribution that is exponentially small in 7, while the integration
of the terms with J can be replaced by the integration over X'\ X/, where
X =¥nN (UJ’.":O UZJ.), and over parts of the boundaries dU, ;. Thus, recalling
also (5-78), (5-79), we have

12 dz
X(1) =/ o= I s
T\X] Tl

m / » ﬁ
+j§0</w;+/avzj>g@f f27'ri +0,(1/n), n— oo, (5-80)

where aU; (resp., BUZ;) is the part of the boundary of U, inside (resp., outside)
the unit circle oriented from the intersection with the incoming ¥’ to the inter-
section with the outgoing X',

Note that using the same considerations as before, we can write in (5-80)
Jp —J_=g\ +g_ 4+ 0.(1/n), and therefore

12 dz . . dz
X(z):f g f 1f—.+/ g f ' f—+0.(/n), n— oo, (581)
ol 2mi ol 2mi
where the closed anticlockwise oriented contours
m m
r=EN\Z) U aUZt, _=EN\Z)H U 8UZ;. (5-82)
j=0 j=0

(Note that one can deform X (resp., X_) to a circle around zero of radius 1 — ¢
(resp., 1 +¢).)
By (3-21),

. -1 V(2)
= te In(1—r+1e"®). (5-83)

—1+1e"® 3t
Furthermore, writing g in the form

gz, ) =8z +g"(2), (5-84)

we have, by (5-77), (4-8), (4-9), (4-10),

5z, 1) =/ Inl = ¢ +e"™) ds
C

§—z 2mi’
- =z .
(ax + i) In —— if |z] <1, (5-85)
gFH(Z) _ k:l Zke_
kZI(—akJrﬂk)ln : sz if |z] > 1.
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The solution of the Riemann—Hilbert problem is uniform in ¢ € [0, 1]. From
this fact and the explicit formulas (5-83), (5-84) and (5-85), we conclude, by an
argument similar to the argument following (5-23) that the identity (5-69) holds
for all ¢ € [0, 1]. Now integrating (5-69) from r = 0 to t = 1, we connect the
Toeplitz determinant D, (f (z, 1)) with the Toeplitz determinant D,,(f (z, 0)) that
represents the “pure” Fisher—Hartwig case and whose asymptotics we evaluated
in the previous section. First, using (5-83) and changing the order of integration
in the first term of (5-69), we obtain

1 21 )
/ dt/ i = V(%) do = V. (5-86)
2mz 2 o
Furthermore, by (5-81), (5-84) and (5-85),
1
/ dtX(t)=I5%+1"% + 0.,(1/n), n— oo, (5-87)
0

where (compare [Deift 1999, (86), (87)])

1
= [ [ (6 £ 'k ZkaV—k, (5-88)

and
[ o) vom [ ey Vo _
171 = fz +(g @), V(@) s E7(g (2)_V(@ 5 (5-89)
“ V(z) d v 1% d
[(ak+ﬁk> © 42 | (Crpo) / ( (Z)—ﬁ) —?]
pars £,2-2 2 2mi =2k z ) 2ni
Since
Sz _ [ V() ds {lnb+(z)+Vo if |z] <1, )
87 1)_fcs—z2m' " l-lmb_)  iflzl > 1, (5-90)
we obtain
inb. () = [ v dz inb(z) = - [ Y@ dz s g
T 22k 2mi v, 2 — 2 2mi
which finally gives
TP =3 " [ (o + B Inb_ (1) + (—eu + i) In by (2] - (5-92)

k=0
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Collecting (5-86), (5-87), (5-88), and (5-92), we obtain from (5-69)
In D, (f(z, 1)) —InD,(f(z,0))
=nVo+ Y kViVoe+ ) [—(ax+B0) Inb_(z0)+ (—ax+Bi) Inb (zp)]
= =0 +0.(1/n), n— oo, (593)

which, in view of the result of the previous section, concludes the proof of
Theorem 1.1 for analytic V (z) satisfying the condition (5-66).

5D. Extension to general analytic V (z). Now let V (z) be any function analytic
in a neighborhood of the unite circle. Since zeros of the expression 1 —¢ +te" @,
t € [0,1], z € C, can only occur if IV (z) = n(2k + 1), k € Z, there exists a
positive integer ¢ such that %V(z) satisfies the condition (5-66) of the previous
section, i.e.,

I—t+1e1"® £0 forall r€[0,1]andz € C,
and this function has no winding around C for all # € [0, 1]. Let

HRD =@, fl=er"Pfii@). L=1.....q.  (5:94)

where fFH(z) is the symbol for the “pure” Fisher—Hartwig case. Note that

f@Q=e"? M) = f,). (5-95)

Consider fy(z),£=1,...,q, and introduce the deformation,

filety=(1—t+tet" D) f @) =(1—t+ted"@)e T VO fFH (1) (5-96)

All the considerations of the part of the previous section between equations
(5-67) and (5-81) go through with f(z, t) replaced by f¢(z, t) and we arrive at
the formula

0 1. dz

—InD,(fi(z,1)) =n/ Je Yo+ X, (5-97)

ot c 2miz
with

.. dz 1. dz
X(I)Z/ g;fg lfi_.+/ g/—fg lff_.+03(1/n),n—>00,
o 2mi > 2mi
where we have, as before, the closed anticlockwise oriented contours
m m
=N\ =EH U aU;, T_o=EN\Z) U 8UZ_/_, (5-98)
Jj=0 ' Jj=0 !

and g(z) := g¢(z) now corresponds to f;.



ASYMPTOTICS OF A TOEPLITZ DETERMINANT WITH SINGULARITIES 133

The first term in (5-97) yields (cf. (5-86))

_ 1 2 ) 1
/ dt / i V(') do = -Vp. (5-99)
2mz an q

In order to evaluate X (¢), we write g in the form
gz, ) =g%@ 0+ +5 (). (5-100)

where g7 (z) is the same as in (5-85), and

—t4ted’®y d d
gSZ(z,r)=/m(1 thier ) @ - gsigy ==L /V(S) * (5-101)
c §—2z 2mi z2mi’

Then we obtain
1
/ dtX(@) =15+ 1%+ 177 4+ 0,(1/n), n— oo, (5-102)
0

where, up to the replacement V — V/q, the integrals 15 and 17 are the
respective integrals from the previous section:

o0

1
= 2 Z ViV,
= (5-103)
1
=y Z —(atk + Bi) Inb_(z) + (—eu + ) In b (z0)]
The term 75¢ in (5-102) is given by the equation
7Sz 1 =5z / ~Sz / dz
1 = — [ (@7 @)+ (@ @)) V(@) 5= (5-104)
q Jc 27

Note that
552() -1« k—1 =Sz¢.\) -1 ¢ —k—1
(g (Z))+=—Zkz Ve, (g (z))_z—Zkz V_s.
4 5 1 =
Therefore, after a simple calculation we obtain
~ 20-2
5= ZkaV_ (5-105)

Integrating (5-97) from ¢t =0 to t = 1 and taking into account (5-99), (5-102),
(5-103), and (5-105), we obtain the following equation for the determinant

Dy (fe(2)):
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In D, (fe(z)) —In D, (fe—1(2))

q2

1 21
=—nVo+ ZkaV—k
q k=1

1 m
t Y [+ B0 Inb_(z1) + (—ax + i) In by (z)]
k=0
+0.(1/n), n—oo. (5-106)
This equation holds for any £ =1, ..., g. Summing up from £ =1to £ =g we

again arrive at the formula

InD,(f(z)) —In D, (f7H(2))

=nVo+ Y kViVog+ > [—(ax+ B Inb_(z) + (e + B) In b (z0) ]
k=1 k=0
+0.(1/n), n— o0, (5-107)

which conludes the proof of Theorem 1.1 in the case of V(z) analytic in a
neighborhood of the unit circle.

SE. Extension to smooth V (z). If V(z) is just sufficiently smooth, in particular
C®°, on the unit circle C so that (1-11) holds for s from zero up to and including
some s > 0, we can approximate V (z) by trigonometric polynomials V™ (z) =

P oy Vkz¥s 2 € C. First, consider the case when

Bl = max IRNBj — NPl = 2mj§lx INBj —of <1,

where w is defined by (4-31). (The indices j, k = 0 are omitted if og = o =0.)
We set

p=I[n"""1, v=IBll+e, (5-108)

where 1 > 0 is chosen sufficiently small so that v < 1 (square brackets denote
the integer part).

First, we need to extend the RH analysis of the previous sections to symbols
which depend on 7, namely to the case when V in f is replaced by V. (We
will denote such f by f(z, V), and the original f by f(z, V).) We need to
have a suitable estimate for the behavior of the error term in the asymptotics
with n. For a fixed f, our analysis depended, in particular, on the fact that
f(z)"'z7" is of order e~ & > 0, for z € T (see Section 4A), and similarly,
f(2)7 12" = O(e~™) for z € £”°", Here the contours £, X”° are outside a
fixed neighborhood of the unit circle (outside and inside C, respectively). If V is
replaced by V™, let us define the curve X outside | J ]'.":0 U;; by
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1 ,
7= (1 +y2) é? >0, (5-109)
P

and X" outside |J}_, U;; by

1 .
z=(1—y2> et (5-110)
p

Inside all the sets U_;, the curves still go to z; as discussed in Section 4. Let
the radius of all U;; be 2y In p/p. We now fix the value of y as follows. Using
the condition (1-11) we can write (here and below ¢ stands for various positive
constants independent of n)

p k
VORI - Vol < Y |kka|:i'|s
k=—
k0
P 1/2 p 14+3v1 +2k\ 1/2
o 32 wew) ()
k=—p k=1
k0
4 +2k\ 1/2
(1+3y Ink/k)
<C<Z k2s
k=1
p 2 1/2
1 In%k
<c(zm[1+0<7>]) , (5-111)
k=1

where z € 2, z € dU;; N {|z| > 1} (with the “+” sign in “+”), and z € /rout,
z € 9U;; N{|z| < 1} (with the “—" sign). We now set

3y=s—(1+¢)/2, & >0, (5-112)
and then
V@) <e, |biz, V) <e, |b_(z, V™) <ec, foralln (5-113)
uniformly on X°, £”°%" and the 8Uzj, and in fact in the whole annulus

1 1
1—3)/M <|z| < 1+3y2.
p p

It is easy to adapt the considerations of the previous sections to the present
case, and we again obtain the expansion (4-19) for the jump matrix of R on
dU,;. Note that now [ (z)| = O(n"Inn) and |z —z;| = Inn/n'"" as n — oo for
z € 0U,;, and therefore using (4-19), (4-13), (3-13), (4-9) and the definition of v
in (5-108), we obtain, in particular,
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n®os Al(z)n—wUS — O<n€1 lnn)’ S U aUZ] (5-114)

Furthermore, as follows from (5-109), (5-110), (5-113), and (4-27), (4-28), the
jump matrix on T and X”°" is now the identity plus a function uniformly
bounded in absolute value by

a1 2max; |RB;| Inn \™"
“Nan liy(l_v)nI*”

<cexp {—%(1 — o) lnn} p2=vymax; 98, (5_115)

where the upper sign corresponds to £°%, and the lower to £ °U,

The RH problem for R(z) (see Section 4A) is therefore solvable, and we
obtain R(z) as a series where the first term R; is the same as before, and for the
error term the same estimate holds for z outside a fixed neighborhood of the unit
circle, e.g., for z large.

This implies that Theorem 1.1 holds for f(z, V™). Note that it also holds
for | f(z, V)|

We will now show that replacing V™ with V in the symbol of the determinant
D, (f(z, V™)) results, under a condition on s, in a small error only, so that
Theorem 1.1 holds for D, (f(z, V)) as well.

Using the Heine representation (2-10) for a Toeplitz determinant with (any)
symbol f(z), the straightforward estimate

1
bi(z, V) =by(z, V)[l +0 <ﬁ>] uniformly for |z| = 1, (5-116)
n N

which follows from (1-11), and Theorem 1.1 applied to D, (| f(z, V)|) and
D, (f(z, V™)), we have, if s(1 —v) > 1,
|Du(f (2, V) = Du(f(z, V)|

2 2
i9j _ oitk)2 i¢; 1/ (n)
(2n)"n'f fo 1_[ le | 1_[ | f (e, V)| de;

1<j<k<n (’1+C/n(l v)y‘ 1)

< MV XZieo(@a)*+RB))%) (e/n Ty

1
n(l—v)s—1

< ¢ |Du(f(z. V™)) (=)= 1=327 (et P+ 0B (5-117)

< Vo, i@ —p) | =0 (e >+ (B))%)
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Therefore,
D, , V) — D, , V(n)
Du(f (2. V)) = Du(f (2, V) (1 + DnlfG a 2‘(2 Vf{)()z )))
= D,(f(z, V) (1 +o(1)), (5-118)
if .
T+ 3 ((Se)? + (O1B)))
s> . (5-119)

1—v

Note that this condition is consistent with (5-112) and the requirement that y > 0.
Using the expression for v in (5-108) and noting that ¢ can be arbitrary close to
zero, we replace (5-119) with (1-12). Under the condition (1-12) we then obtain
the statement of the theorem for D, (f(z, V)).

Appendix: the Toeplitz determinant D,, as a tau-function

Here we construct a Fuchsian system of ODE’s corresponding to the Riemann—
Hilbert problem of Section 2 for V = 0. We show that the differential identities
(3-20) for the Toeplitz determinant can be viewed as monodromy deformations
of the tau-function associated with this Fuchsian system.

Assume the pure Fisher—Hartwig case, V (z) = 0. Set

m
() =AYV @A [ -7, (A-1)
k=0
where
1—[ (5k+ak)l73
: Br —« n
A= k k -z,

2 2

k=0

and the branches of all multivalued functions are chosen as in Section 3. In terms
of the function ®(z), the Riemann—Hilbert problem (2-6)- (2-7) reads as follows:
(a) ®(z) is analytic for z € C\ (CUIO0, l]U{UJ'.":0 I';}), where I'j is the ray 6 =0
from z; to infinity. The unit circle C is oriented as before, counterclockwise,
the segment [0, 1] is oriented from O to 1, and the rays I'; are oriented towards
infinity.

(b) The boundary values of ®(z) are related by the jump conditions, namely

D, (2) = P_(2) ((1) s{) (A-2)
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ifzeC, 0j <argz <0;11,0=<j<m, 6,41 =2m, and otherwise

o 2miejos ifzel'j, 1 <j<m,
Dy (z) = D_(z) | e 2mi@+Dos if 7 € T,
o 2minos if z € [0, 1],
where
J m / =
Sj:exp{—iﬂzlgk"'in Z ,Bk—i”zak_3i” Z ozk} (A-3)
=0 k=jt+1 k=0 =i

(for j = m, the second and fourth sums are absent).

(c) ®(z) has the following asymptotic behavior at infinity:
®(z) = (1 +0 (l)) (Thg b Bretin)os 2L jy e g
Z

asz—>ooand 0; <argz < 0;41,0=<j <m, Oy =2 (for j = m the last
factor is omitted).
(d) In the neighborhoods UZ]. of the points z;, j =0, 1, ..., m, the function
@ (z) admits the following representations, which constitute a refinement of the
estimates (2-8) and (2-9).
o If ; #0, then

D(2) = ®;(2)(z — )V C;, (A-5)

where & ;j(2) 1s holomorphic at z = z; (it is essentially the function f;(z) from
Section 3) and the matrix C; is given by the formula

1 ¢;
C' — .] s A‘6
J (0 1) (A-6)
with
1 —e2mi(Bj+a;) )
T MEelp RIS
1_e2ni(ﬂj—aj)
Cj=195j T i ifzeU,;, |z| > 1, argz <46, (A7)
—e
. l_eZﬂi(ﬂ_/—aj) )
e4ﬂl“/‘W ifzeU, |z| > 1, argz > 0;

in the case j # 0, and

1 ¢o 1 if 3z >0,
Co= (o 1> * {e2ﬂi""3 if 3z <0, (A-8)
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with
1 _62711'(/304-010)
1 — 2mi(Bo—wo)
co=8y —MM—

1_e4niao

e47r (17}

in the case j = 0.
e If a; =0and B; #0, then

~ 14
(I)(Z) = CI)J. (Z) (0 27i

1_e4ni(x0

- In(z —

ifzeU,, |z| <1

ifzeU,, |z| >1, Jz<0,

1 — 27i(Bo—ao)

ifzeU,, |z| >1, Jz>0,
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(A-9)

Zj)) Ciy dj=—s;(1—P),  (A-10)

where @ j(2) 1s again holomorphic at z = z; and the matrix C; this time is given

by the formula

¢ = ((1) le> (A-1D)
with
sj—1 ifzelU, |z| <1,
cj=10 ifzeU, |z| > 1, argz <0, (A-12)
dj ifzeUZj, |z| > 1, argz > 0;,
in the case j # 0, and
S s S
with
spet™ ifz e U,, lzl <1,
co=10 ifzeU,, |z|>1, Sz<0, (A-14)
do ifzeU,, lzI>1, Rz>0,

in the case j = 0.

(e) In a small neighborhood of z = 0, the function ®(z) admits a similar repre-
sentation:

d(z) = 2O (2)7*, (A-15)

where ©(z) is holomorphic at z = 0.

We also note that all the matrices above have determinants equal to 1.

A key feature of the ®-RH problem is that all its jump matrices and the
connection matrices C; are piecewise constant in z. By standard arguments (see,
e.g., [Jimbo et al. 1981; Its et al. 2001]), based on the Liouville theorem, this fact



140 PERCY DEIFT, ALEXANDER ITS AND IGOR KRASOVSKY

implies that the function ®(z) satisfies a linear matrix ODE of Fuchsian type:

m

do(z)
=A@, A= ng—zk ~ (A-16)
with
B =130 (0)03(3©(0)) ' (A-17)
and
(XjEISj(Zj)O'3&3;1(Zj) if a;#0,
Aj= (A-18)
dj ~ ~_ .
: gjiq)j(Zj)(g(l))cbjl(Zj) if a;=0, B; #0.

Moreover, since the jump matrices and the connection matrices C; are all constant
with respect to z;, the function @ (z) satisfies, in addition to (A-16), the equations

0z 2—=2j

dG), j=1,....m. (A-19)

The compatibility condition of (A-16) and (A-19) yields the following nonlinear
systems of ODEs on the matrix coefficients B and A ;:

9B [A;, Bl A [Aj. Al

5. = : . k#F (A-20)
Zj Zj 0z T — Zk
dA; “V[A;, A B, A;
J_ [ J k]+[ ]]. (A—Zl)
0z i—o %%k Zj
k#j

In the context of the Fuchsian system (A-16), the jump matrices and the connec-
tion matrices C; of the ®-Riemann—Hilbert problem form the monodromy data
of the system. The fact that these data do not depend on the parameters z; means
that the functions B = B(z1,...,zn) and A; = A;(z1,...,2m), j=0,...,m
describe isomonodromy deformations of the system (A-16). Equations (A-20)—
(A-21) are the classical Schlesinger equations.

An important role in the modern theory of isomonodromy deformations is
played by the notion of a r-function which was introduced by M. Jimbo, T. Miwa
and K. Ueno in [Jimbo et al. 1981]. In the Fucshian case, the t-function is defined
as follows. Let

m
= Z Res,_,, trace A(z) k(z) d> Y2 dz
k=1
. ~
0P ~
=" trace A S(Z") . (z) dzx. (A-22)
Z
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As shown in [Jimbo et al. 1981], the differential form
w=a)(A07"'9AmaB;Z]""7Zl’l’l)

is closed on the solutions of the Schlesinger system (A-20)—(A-21). The t-
function is then defined as the exponential of the antiderivative of ®, i.e.,

al
ne = trace Ak k(zk)

e &' (@) (A-23)
It has been observed (see, e.g., [Its et al. 2001; Bertola 2009]) that the t-functions
evaluated on solutions of the Schlesinger equations generated by the Riemann—
Hilbert problems associated with Toeplitz and Hankel determinants coincide, up
to trivial factors, with the determinants themselves. In particular, for the Toeplitz
determinant D, with the pure Fisher—Hartwig symbol, V (z) = 0, one can follow
the calculations of [Its et al. 2001] and obtain that

dlnD
27 _ trace Ay k(Zk)CD (k)+2z KA 0% (A4
0Zk j— 2k Zk

J#k

Therefore, in the case of the Riemann—Hilbert problem (A-2)—(A-15), the relation
between the associated Toeplitz determinant and the T-function is given by

Dy (f(2)) = Dn(z1,s ..., Zmla, B)
=1(21,..., Zmla, B) H(Zk —z;) 2% l_[ z;za’%. (A-25)

j<k j=0

Direct substitution of (A-5), (A-10), and (A-15) into (A-16) and (A-19) yields

trace Ak k(zk) o, ( %)
trace A Ay 1
= Z ——— + —trace BA;
Ik — Z] Zk
j=0
J#k
]@p ~ 3P (0) 1~ )\ -1
= ZtraceA @ (z,) + trace Ba—(CD ). (A-26)
%k

Hence (A-24) can be written as follows:

Lemma A.5. Let the Riemann—Hilbert problem for ® be solvable. Then for any
k=0,1,...,m
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alnD, <« 3D (z;) ~ 3D 0) ,~ _
n :Ztrace A; 8JZ(Z])CI>j1(zj)+trace Ba—()(CD(O)(O)) 1
k

, o
+2 ——2)\—. A-27
Z Z]_Zk Zk ( )

J #k
What is of interest here is that the differential identities (3-20), which play
a very important role in the main text, can be written in a matrix form closely
related to (A-27). For simplicity, we present only the case a; # 0.

Lemma A.6. Let the Riemann—Hilbert problem for ® be solvable. Let oj # 0,
j=0,...,m. Then, foranyk =0,1, ..., m,

dln D, PO 0) ,~ _
1 _Ztrace A; ](Z])Q '(z;) + trace B ( )(Q(O)(O)) !

ooy

—2Za, In(z; — zx) — 21 In(— zk)—I—Zaj Inz; —nlnz, (A-28)

j=0 j=0
J#k

dlnD, < () ~ 900 (0) ~ -
%, :g: trace A 8’/3](] <I> '(z;) + trace Ba—ﬂk(CD(O)(O)) :

— Za, Inz; —nlnz. (A-29)
j=0
Remark A.7. The significance of these equations is that they complement the
isomonodromy deformation formula (A-27) by formulae which describe the
monodromy deformations of the t-function (represented by the Toeplitz determi-
nants D). (Equations (A-28) and (A-29) should be compared with the general
constructions of the recent paper [Bertola 2010].)

Proof. Although straightforward, it is rather tedious to derive (A-28) and (A-29)
from the differential identities (3-20). There is, however, an alternative way to
obtain (A-28) and (A-29) based on the direct analysis of the Riemann—Hilbert
problem (2-6)—(2-7). First, we observe that the basic deformation formula for the
Toeplitz determinant D,, i.e., Equations (3-4) and (3-5), can be written, using
[Deift et al. 2011, (2.4)], in the form

dY>(z) lel(Z)Y (2 )> af(Z) . (A-30)
dz dz

Here, as in Section 3, y is either o or B¢. Second, by y—differentiating the
Riemann-Hilbert problem (2-6)—(2-7) we easily obtain the following representa-
tion for the logarithmic derivative (dY (z)/9y)Y —1(2) of its solution (compare

1
—1In DHZ; Z_n (YII(Z)
C
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[Bertola 2010, Lemma 2.1]):

X(z) = %)(/Z)Y—I(Z)

0 @), d7
= Y()()+<) Z() o

1 —Y11(Z)Y21(2) Y@ >8f(Z/) rp d7 A-31
C < _Y221 (Z/) YU(Z/)YZI(Z/) (Z) P ( )

ay 7=z
Now, from (A-1) and (A-16) we see that

2m

dY11(z)
P =A@V + A FAR@Y2(2) — () Y11(2),
dY>(z) )
= A7 A21 (D) Y11(2) + A2 (2)Y21(2) — c(2) Y21 (2),
m
where c(z) = ) % + % Further, this allows us to rewrite (A-30) in the form
k=0 <<k
9 In D
—In
oy "

1 _
— | 7 (YH (@A} A2 (2) — AP AR Y5 (2)
C

27n f(z)
+ Y11(2)Y21(2) (An2(2) — A11(2)))
2 " f(z) z "dz
—A11§Ak,21/Y11(Z) V 27Ti(Z—Zk)
v ,  0f(x) z7"dz
A X_:Ak’”/CYﬂ(Z) dy 2mi(z— 1)
f(z) z7"dz
A —A Y Y-
+§( k22 kll)/ 1(2)Y21(2) it —20)
af (z) z7"dz _ f(z) z7"dz
+A%1321/Y121(Z) 5 E—AUZBH/CY%(Z) oy 2miz
d
+(322—311)/ Y11(2) Y1 (2) f(Z) S
iz

A comparison with (A-31) yields the following local representation for the
y-derivative of In D,,:

a m B m
oy InDy = A7 Y A X)) + A7 Y ArinXai(z) +
k=0 k=0
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m m
+ Z A 11 Xy1(zi) + Z A 22X (zk) + A%1321X12(0)
k=0 k=0

+ AT Bi2X21(0) + BiiX11(0) + B X2(0).  (A-32)
The last formula can be also written in the compact matrix form

8 m

—InD, =) trace A~' At AX (z) + trace A~ BAX(0). (A-33)
Iy k=0

By evaluating (A-33), with the help of the representation (A-5), one arrives at

the formulae (A-28) and (A-29). O
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