Commutative Algebra and Noncommutative Algebraic Geometry, I
MSRI Publications
Volume 67, 2015

Frobenius splitting in commutative algebra

KAREN E. SMITH AND WENLIANG ZHANG

Frobenius splitting has inspired a number of techniques in commutative al-
gebra, algebraic geometry, and representation theory. This is an introduction
to the subject for beginners. We discuss the local theory (Frobenius map for
rings) and the global theory (extension to schemes), test ideals, and explore
connections with the Cohen—Macaulay property.

1. The Frobenius map for rings: the local theory 293
2. Frobenius for schemes: the global theory 305
3. The test ideal 319
4. Test ideals for pairs 328
Appendix: What does Cohen—-Macaulay mean? 337
Acknowledgements 339
References 339

The purpose of these lectures is to give a gentle introduction to Frobenius
splitting, or more broadly ‘“Frobenius techniques”, for beginners. Frobenius
splitting has inspired a vast arsenal of techniques in commutative algebra, alge-
braic geometry, and representation theory. Many related techniques have been
developed by different camps of researchers, often using different language and
notation. Although there are great number of technical papers and books written
over the past forty years, many of the most elegant ideas, and the connections
between them, have coalesced only in the past decade. We wish to bring this
emerging simplicity to the uninitiated.

Our story of Frobenius splitting begins in the 1970s, with the proof of the
celebrated Hochster—Roberts theorem on the Cohen—Macaulayness of rings of
invariants [Hochster and Roberts 1974]. This proof, in turn, was inspired by
Peskine and Szpiro’s ingenious use [1973] of the iterated Frobenius —or p-th
power — map to prove a constellation of “intersection conjectures” due to Serre.
Mehta and Ramanathan [1985] coined the term “Frobenius splitting” a decade
later in a beautiful paper which moved beyond the affine case to prove theorems
about Schubert varieties and other important topics in the representation theory
of algebraic groups. Although these “characteristic p techniques” are powerful
also for proving theorems for algebras and varieties over fields of characteristic
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zero, we focus on the prime characteristic case, since the technique of reduction
to characteristic p has now become fairly standard.

Section 1 treats Frobenius splitting in the local algebraic spirit of Hochster
and Roberts, where it provides a tool for controlling the singularities of a local
ring. We prove the Hochster—Roberts theorem, giving what is essentially the
tight closure proof of [Hochster and Huneke 1990] without explicitly mentioning
tight closure. Roughly the point is that a ring of invariants (of a linearly reductive
group) is a direct summand of a polynomial ring, and as such inherits a strong
form of Frobenius splitting called F-regularity, which in turn, implies Cohen—
Macaulayness.

Section 2 considers Frobenius splitting for schemes in the spirit of Mehta and
Ramanathan, emphasizing how the Frobenius map can be used to study global
properties of a smooth projective scheme. For example, we show how Frobenius
splitting leads to powerful vanishing theorems for cohomology of line bundles,
and prove structure theorems for Frobenius split and globally F-regular projective
varieties. We explain how these local and global Frobenius tools are equivalent,
despite developing independently during the last decades of the twentieth century.
(This separate development is evidenced by the surprising disjointness of the two
monographs “Tight closure and its applications” [Huneke 1996] and “Frobenius
splitting methods in geometry and representation theory” [Brion and Kumar
2005]). The two schools independently discovered the same ideas, though often
in language almost impenetrable to the other: Ramanathan’s [1991] notion of
Frobenius splitting along a divisor is closely related to Hochster and Huneke’s
[1989] strong F-regularity; compatibly split subschemes turn out to be essentially
dual to modules with Frobenius action in commutative algebra; and criteria for
Frobenius splitting of projective varieties (in terms of pluri-canonical sections)
amount to dual criteria in terms of Frobenius actions on the injective hull of the
residue field in a local ring. Both points of view are enhanced by understanding
the connections between them.

Sections 3 and 4 treat fest ideals, special ideals (subschemes) carrying infor-
mation about the action of Frobenius. Although test ideals first arose on the
commutative algebra side as a technical component of local tight closure theory,
more recent work of Karl Schwede [2010a] has led to deeper understanding of
the test ideal in the broader context of Frobenius splitting for schemes. Test ideals
can be viewed as a prime characteristic analog of multiplier ideals [Smith 2000b;
Hara 2001] and also of log-canonical centers for complex varieties [Schwede
2010a], depending on the context. Indeed in recent years, this connection is of
increasing interest in the minimal model program in characteristic p. Section 3
develops the “absolute test ideal” as one ideal in a distinguished lattice of ideals
well-behaved with respect to the Frobenius map. Section 4 develops test ideals
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for pairs in the important special case where the ambient ring is regular. We
present simple proofs of all the basic properties in the setting of an regular
ambient regular ring (much more technical proofs are scattered throughout the
literature as special cases of more general results due to Hara, Watanabe, Takagi
and Yoshida). We include a self-contained development of an asymptotic theory
of test ideals analogous to the story of asymptotic multiplier ideals developed in
[Ein et al. 2001], including an application to the behavior of symbolic powers of
ideals in a regular ring.

This article is not in any way intended to compete with the excellent surveys
[Schwede and Tucker 2012] or [Blickle and Schwede 2013], both of which
contain a more technical and extensive survey of recent ideas. There are also
older surveys such as [Smith 1997b], which explain more about reduction to
characteristic p in this context and the connections between singularities in
the minimal model program and characteristic p techniques. Other possible
surveys of interest include Huneke’s lectures [1996] on tight closure, Brion and
Kumar’s text [2005] on Mehta—Ramanathan Frobenius splitting, Swanson’s notes
[2002] on tight closure, Huneke’s survey [2013] on F-signature and Hilbert—Kunz
multiplicities, the surveys [Benito et al. 2013] (more basic) or [Mustatd 2012]
(more advanced) on log canonical and F-threshold, or Holger Brenner’s survey
[2008] on geometric methods in tight closure theory.

1. The Frobenius map for rings: the local theory

Let R be any commutative ring of prime characteristic p. The Frobenius map is
the p-th power map:

F:R— R, r—rP.

Because (r + s)? = r? + s? in characteristic p, the Frobenius map is a ring
homomorphism. Its image is the subring R? of all elements of R that are p-th
powers. We thus have an inclusion of rings R? — R.

Our goal is to use the Frobenius map — or more precisely the R”-module struc-
ture of R— to understand the singularities of the ring R. Typically, thankfully,
this module is finitely generated:

Definition 1.1. A ring R of positive characteristic p is said to be F-finite if R is
a finitely generated module over its subring R”.

F-finiteness is a mild assumption, usually satisfied in “geometric” settings. For
example, a perfect field k is F-finite of course: by definition k” = k. Every ring
finitely generated over an F-finite ring is F-finite. In particular, finitely generated
algebras over perfect fields are F-finite. Moreover, it is easy to see that the class
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of F-finite rings is closed under localization, surjective image, completion at a
maximal ideal, and finite extensions.

Already we can observe that one of the most basic singularities of the ring R
can be detected by Frobenius. Namely R is reduced (meaning that O is the only
nilpotent) if and only if the Frobenius map is injective.

A less trivial observation, and indeed the starting point for using Frobenius to
classify singularities, is the famous 1969 theorem of Ernst Kunz:

Theorem 1.2 [Kunz 1969]. An F-finite ring R is regular if and only if R is
locally free as an RP-module."

Example 1.3. Let R be the ring [F,[x, y]. Considered as a module over the
subring R? =T ,[x?, yP], it is easy to see that R is a free R”-module. Indeed,
the monomials

{x*y"10<a,b<p)

form a free basis. Similarly, a polynomial ring R in d variables over [, is a
free-module over R” of rank p?.

As we will see, it is possible to classify the singularities of R according to
how far the R”-module R is from free. This is one of the ways in which the
local theory of “Frobenius techniques” takes shape.

Notation. For simplicity, let us assume that R is a domain. In this case, the
inclusion of R”-modules R? — R is entirely equivalent to the inclusion of
R-modules R < R'/P_ where R'/P is the subring of p-th roots of elements of R
in an algebraic closure of the fraction field of R (note that each r € R has a unique
p-th root). Thus to understand the R” module structure of R is to understand the
R-module structure of R'/?. Both are equivalent to viewing R as an R-module
via restriction of scalars by the Frobenius map F : R — R. When using this last
point of view, it can be useful to notationally distinguish the source and target
copies of R; our favorite way (because it is consistent with the standard notation
used for maps of schemes as in [Hartshorne 1977]) is to use Fy R for the target
copy of R, so that the Frobenius map is denoted F : R — F,R. It is worth being
open to any of these notations, since depending on the situation, one may be
more illuminating than another.> On the other hand, sometimes it is convenient

More generally, even if R is not F-finite, Kunz shows that a ring of characteristic p > 0 is
regular if and only if its Frobenius map is flat. F-finite rings are always excellent [Kunz 1976].

2In the tight closure literature, the notation Fy R is often replaced by IR, so the Frobenius map
is written R — IR, with the second copy of R denoting R as an abelian group with R-module
structure 7 - x = rPx where r € R and x € 'R. The notation R!/? can also be used to denote the
target copy of R in general; if R is reduced, each element has a unique p-th root inside the total
ring of quotients so that the Frobenius map becomes the inclusion R — RY/P_ but this notation
can be misleading if R is not reduced because then the Frobenius map R — R1/P is not injective.
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not to notationally distinguish the source and target of Frobenius; this point of
view is at the heart of Blickle’s theory of Cartier modules. See Remark 3.15.

1A. Splitting. Let R — S be any homomorphism of rings. Considering S as an
R-module via restriction of scalars, we can ask whether or not this map splits in
the category of R-modules.

Definition 1.4. We say that R — § splits if there is an R-module map S 2% R
such that the composition

R>S2R

is the identity map on R. Equivalently, R — § splits if there exists ¢ in
Hompg (S, R) such that ¢ (1) = 1.

If R — § splits, then it is obviously injective, so we often restrict attention to
inclusions of rings. Given an inclusion R < S, we also say that R is a direct
summand of S to mean that the map splits. This concept is important because
many nice properties of rings pass to direct summands.

Example 1.5. Let G be a finite group acting on a ring S. Let S¢ denote the ring
of invariants, that is, the subring of elements of S that are fixed by the action of
G. The reader will easily show that the map

1
9:8— 59, w(s>=@2g-s,
geG

gives a splitting of S¢ < S, provided that |G/ is invertible in S.

Definition 1.6. A ring R of characteristic p is Frobenius split (or F-splif) if the
Frobenius map splits. Explicitly, a reduced ring R is Frobenius split if the ring
inclusion R? < R splits as a map of R”-modules. Equivalently, a reduced ring
R is Frobenius split if there exists = € Homg(R'/?, R) such that 7(1) = 1.

Example 1.7. Thering R=F,[x, y]is Frobenius split. Indeed, we have seen that
R is free over the subring R” =T ,[x?, y?], with basis {xayb} where 0 <a, b < p.
Any projection onto the summand generated by the basis element 1 = x°y° gives
a splitting.

Frobenius splitting is a local condition on a ring:?

Lemma 1.8. Let R be any F-finite ring of prime characteristic. The locus of
points P in Spec R such that Rp is Frobenius split is an open set. In particular,
R is Frobenius split if and only if for all maximal (equivalently, all prime) ideals
P in Spec R, the local ring Rp is Frobenius split.

3But use caution: on a nonaffine scheme the Frobenius map can split locally at each point but
not globally! For example, a smooth projective curve is locally Frobenius split, but not globally
Frobenius split if the genus is greater than one; see Example 2.16.
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The proof of Lemma 1.8 is easy, following from the fact that R'/? is a finitely
generated R module, so we leave it to the reader. Using Lemma 1.8, it is not
hard to prove the following generalization of Example 1.7:

Proposition 1.9. Every F-finite regular ring is Frobenius split.

Indeed, for a local ring (R, m), we can think of regularity as the condition
that the R-module R!/? decomposes completely into a direct sum of copies of
R, whereas Frobenius splitting is the condition that R'/? contains at least one
direct sum copy of R.

The property of Frobenius splitting is passed on to direct summands:

Proposition 1.10. Let R C S be any inclusion of rings of characteristic p which
splits in the category of R-modules. If S is Frobenius split, then so is R.

Proof. We have a commutative diagram:

R—— S

I

RP—— §P

If we denote the splitting of R < S by ¢, then the map R? — S? is also split,
by the map ¢? defined by taking the p-th powers of everything. Our assumption
that S is Frobenius split amounts to the existence of an S”-linear map 7 : § — S?
sending 1 to 1. The composition ¢” o v, when restricted to R, gives an RP-linear
map from R to R” sending 1 to 1. Thus R is also Frobenius split. O

With Property 1.10 in hand, it is easy to construct examples of Frobenius
split rings which are not regular: a direct summand of a regular ring is always
Frobenius split but not usually regular. We give an example.

Example 1.11. For any graded ring R = @ R, the inclusion of any Veronese

neN

R — EBRd,, <s R

neN

subring

splits. So a Veronese subring of a polynomial ring is Frobenius split in any
characteristic, although such a subring is rarely regular. For instance, the ring
k[x,y, z]/(xz — y») Zk[u?, uv, v2]1 Cklu, v], being the second Veronese subring
of a polynomial ring, is Frobenius split in every characteristic (but never regular).

Remark 1.12. Frobenius splitting was first systematically studied by Hochster
and Roberts [1974; 1976]. The term Frobenius split, however, was introduced
in the beautiful paper [Mehta and Ramanathan 1985], which interpreted many
of these ideas in a projective setting. Hochster and Roberts actually introduced a
slightly more technical notion called F-purity, which (as they show) is equivalent
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to Frobenius splitting under the F-finite hypothesis. For non-F-finite rings, the
notion of F-purity is a priori weaker than Frobenius splitting; however, we do not
know a single (excellent) example of an F-pure ring which is not Frobenius split.

1B. Iterations of Frobenius and F-regularity. The real power of Frobenius
emerges when we iterate it. The composition of the Frobenius map with itself is
obviously a ring homomorphism sending each element r to (r?)? = rP*. More
generally, for each natural number e, the iteration of Frobenius e times is the
ring homomorphism

FC:R— R, rer’.

The images of each of these iterates produces an infinite descending chain of
subrings
ROR'SRVORY 5. ...

The original ring R can be viewed as a module over each of these subrings
RP‘. Indeed, assuming that R is F-finite, then also R is finitely generated as an
RP‘-module for each e. Again, understanding the R”"-module structure of the
RP‘-module R is essentially the same as understanding the R-module structure
of the R-module RY? (or F{R).

If R is F-finite, Kunz’s theorem implies that R is regular if and only if the
R-modules R'/7 are all locally free. Classes of “F-singularities” can be defined
depending on the extent to which the R'/?° fail to be locally free. The first of
these are the F-regular rings, which have many direct sum copies of R in R'/7*
as e gets larger:

Definition 1.13 [Hochster and Huneke 1989]. An F-finite domain R is strongly
F-regular, or simply F-regular,* if for every nonzero element f € R there exists
e € N such that the R-module inclusion Rf!/7° < R/P* gplits. Put differently,
this means that for all nonzero f, there exists e € N and ¢ € Homg(R'/7°, R)
such that ¢ (f1/7%) = 1.

An F-regular ring therefore, may not be free when considered as a module
over R”, but it will have many summands isomorphic to R”. Indeed, every
nonzero element of R will generate an R”‘-module direct summand of R for
sufficiently large e.

“4For brevity, we often drop the qualifier “strongly” in the text. Hochster and Huneke introduced
three flavors of F-regularity — weak F-regularity, F-regularity and strong F-regularity — and
conjectured all to be equivalent. This is still not known in general; however it is known for
Gorenstein rings [Hochster and Huneke 1989], graded rings [Lyubeznik and Smith 1999], and
even more generally; see [Aberbach 2002; Maccrimmon 1996]. In any case, because our bias is
that strong F-regularity is the central notion and we treat only that notion, we drop the clumsy
modifier and frequently write “F-regular” instead of strongly F-regular, begging forgiveness of
Hochster and Huneke.
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Proposition 1.14. Every F-regular ring is Frobenius split.

Proof. Taking f to be 1, we know that there exists an e such that R < R/
splits. Restricting the splitting ¢ : R'/?° — R to the subring R'/?, we have a
splitting of the inclusion R!/? < R. Thus R is Frobenius split. U

The proof of the following lemma is a straight-forward exercise, using the
fact that R'/?* is a finitely generated R-module.

Lemma 1.15. [Hochster and Huneke 1989, 3.1,3.2] Let R be an F-finite ring of
characteristic p.

(1) R is F-regular if and only if R, is F-regular for every maximal (equivalently,
prime) ideal m of R.

(2) A local ring (R, m) is F-regular if and only if the completion R of R at its
maximal ideal is F-regular.

Proposition 1.16. An F-finite regular domain® is strongly F-regular:

Proof. Since F-regularity can be checked locally at each prime (Lemma 1.15),
there is no loss of generality in assuming that (R, m) is local.

The proof is a simple application of Nakayama’s lemma [Atiyah and Mac-
donald 1969, Proposition 2.8]. What does Nakayama’s lemma say about the
finitely generated R-module M = R!/P°? It says that an element f!/7° is part
of a minimal generating set of R'/7* as an R-module if and only if it is not in
mR'/P°, which in turn happens if and only if f is not in the ideal m'?" in R,
where m![7‘1 denotes the ideal of R generated by the p°-th powers of the elements
of m. Since [, mPTcN . m® =0, this means that for each fixed nonzero f € R,
we can always find an e such that f!/7° is a part of a set of minimal generators
for RY/P* over R. This observation holds quite generally, whether or not R is
regular.

Now if R is regular, then R'/? is a free R-module, so that such a minimal
generator f1/P° for R/P* over R will necessary be part of a free basis for R'/7*
over R. This means that f!/7° spans a free R-module summand of R'/?°. Since
this holds for every nonzero f (with possibly larger ¢), we conclude that R is
F-regular. O

The analog of Proposition 1.10 holds for F-regular rings, with essentially the
same proof:

Proposition 1.17. Let R C S be any inclusion of rings of characteristic p which
splits in the category of R-modules. If S is F-regular, then R is F-regular.

SAn arbitrary F-finite ring (not a domain) can be defined as strongly F-regular if for every f not
in any minimal prime, there exists an e and an ¢ € Hom g (F£ R, R) such that ¢ (f) = 1. However,
this is not an essential generalization of the theory: it is easy to check that an F-regular ring is a
product of F-regular domains; see [Hochster and Huneke 1989].
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In particular, Veronese subrings of a polynomial ring are F-regular, as are
rings of invariants of finite groups whose order is coprime to the characteristic.
See Example 1.11.

The power of Proposition 1.17 stems from the nice properties of F-regular
rings:

Theorem 1.18 [Hochster and Huneke 1989]. All F-regular rings are Cohen—
Macaulay and normal.

For those not already enamored by Cohen—Macaulay singularities, we have
included an Appendix discussing this crucially important if slightly technical
condition.

Proof. Without loss of generality, we can assume that (R, m) is an F-regular
local domain. First we prove that R is Cohen—Macaulay, i.e., each system of
parameters of R is a regular sequence. By Lemma 1.15, we can assume that R
is complete, and therefore has a coefficient field, K. By the Cohen Structure
Theorem, R is module finite over the subring A of formal power series over K
in any system of parameters xi, ..., Xq.

Suppose we have a relation on our system of parameters, x;z € (xq, ..., xi—1)R.
Let B be the intermediate ring generated by z over A. Note that B = A[r]/(g(?)),
where g is the minimal polynomial of z € B over A, so that B is a hypersurface
ring and in particular, Cohen—Macaulay. To summarize, we have module finite
extensions

A=K[[x1,...,xd]]<—> B=A[Z]C—> R,

where B is Cohen—Macaulay with regular sequence xi, ..., X4.
Since B <« R is finite, there is a B-linear map i : R — B sending 1 to,

say, b # 0. Raising our relation zx; € (x1, ..., x;—1)R to the p°-th power, we
p

have z7"x"" € (xf’e, s xf_gl)R. Applying ¥ to this relation, we have bz?*x!”" ¢
(x{",...,x”)B in B. But because B is Cohen—Macaulay, we can divide out

the x”* to get bz?" € (xfe, ey xl.p_el)B. Expanding to R, we have equivalently
bYP z e (xy,...,xi_)RYP". (1.18.1)

Now using the F-regularity of R, there is an e and ¢ € Homg(R!/?°, R) such
that ¢ (b'/7*) = 1. Applying ¢ to (1.18.1) we have z € (x{, ..., x;_1)R. Thus R
is Cohen—Macaulay.®

Next, we tackle normality. Fix an element x/y in the fraction field of R
integral over R. We must show that y divides x in R. Since x/y is integral over

SFor readers familiar with local cohomology, we leave as an exercise to find a slick local
cohomology proof that F-regular rings are Cohen—Macaulay.
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R, there is an equation
/)" /)" e =0,

where each r; is in R. Raising both sides of this equation to the p°-th power,
we can see that (x/y)?" is also integral over R for all e > 1. Since the integral
closure R of R is module-finite over R, there is a ¢ € R such that cR C R; in
particular, c(x/y)”e € Rforalle > 1, ie., cx? € (ype) for all e > 1. Hence
cx?* =ry?* for some r € R. Therefore we have

P x =Py (1.18.2)

Since R is F-regular, there is an e and ¢, € Homg (R'P°, R) such that ¢, (/") =
1. Applying ¢, to (1.18.2) we have x € (y). This shows that x /y € R and finishes
the proof. O

To summarize, we now have proved the following implications among classes
of singularities:

{Regular} = {F-regular} = {Frobenius split, Cohen—-Macaulay, Normal}.

In addition, we have shown that both Frobenius splitting and F-regularity descend
to direct summands. This is all that is needed to prove the Hochster—Roberts
theorem, at least in characteristic p.

1C. The Hochster—Roberts theorem.

Theorem 1.19 [Hochster and Roberts 1974]. Fix any ground field k. Let G
be a linearly reductive algebraic group over k acting on a regular Noetherian
k-algebra S. Then the ring of invariants

SC:={feS|fog=fforallgeG};
is Cohen—Macaulay.

For example, let V be a finite dimensional representation of a linearly reductive
group G. The Hochster—Roberts theorem guarantees that the ring of invariants
for the induced action of G on the symmetric algebra of V is Cohen—Macaulay.
From a practical point of view, this means that the invariants form a graded
finitely generated free module over some polynomial subring.

Geometrically, the point of the Hochster—Roberts theorem is that when a
reasonable group acts on a smooth variety, the “quotient variety” will have
reasonably nice singularities. Indeed, let X be a smooth (affine) variety on
which the group G acts by regular maps. Then there is an induced action on the
coordinate ring S, and more or less by definition, the “quotient variety” is the
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unique variety X/G whose coordinate ring is S”. The Cohen—Macaulayness of
S is a niceness condition on the singularities of the quotient.”

Linear reductive groups. By definition, a linearly reductive group is an algebraic
group with the property that every finite dimensional representation is completely
reducible, that is, it decomposes as a direct sum of irreducible representations.
In characteristic zero, linearly reductive is the same as reductive, so includes
all semisimple algebraic groups. In particular, all finite groups, all tori, and
all matrix groups such as GL, and SL, are linearly reductive over a field of
characteristic zero. Over a field of positive characteristic p, linearly reductive
groups are less abundant: tori and finite groups whose order is not divisible by
p, as well as extensions of these. See [Nagata 1961] for more information.

The point for us is this: if G is a linearly reductive group acting on a regular
k-algebra S, then the inclusion of the ring of invariants S in S splits.

Using this, it is easy to prove the Hochster—Roberts theorem in the prime
characteristic case. We refer to the original paper [Hochster and Roberts 1974]
for the reduction to prime characteristic.

Proof of the Hochster—Roberts theorem in prime characteristic. Because S is a
direct summand of the ring S, the Hochster—Roberts theorem follows immediately
from the following:

Theorem 1.20. Let R C S be a split inclusion of rings of positive characteristic.
If S is regular, then R is F-regular, hence Cohen—Macaulay.

This theorem in turn is simply a stringing together of Proposition 1.16, which
tells us S is F-regular, Proposition 1.17, which guarantees that the property of
F-regularity is passed on to the direct summand S¢, and finally Theorem 1.18,
which tells us that S© is therefore Cohen-Macaulay and normal. g

While the Hochster—Roberts theorem is most interesting in characteristic zero
(since that is where the most interesting groups are found), its original proof
fundamentally uses characteristic p. Later, Boutot gave a different proof of the
characteristic zero case, which does not use reduction to prime characteristic,
although it still exploits the philosophy of “splitting” we discuss here [Boutot
1987]. This philosophy is further expounded in [Kovacs 2000].

7Some caution is in order here: one can not usually put the structure of a variety on the set
of G-orbits of X, although in a sense that can be made precise, Spec SG is the algebraic variety
“closest to being a quotient” — it behaves as a quotient in a categorical sense. If G is finite (and its
order is not divisible by p), the topological space Spec SY is the topological quotient of Spec S by
G. In the nonaffine case, the situation is even more complicated, and there are several “quotients,”
which depend on a choice of linearization of the action. This is the huge and beautiful theory of
geometric invariant theory, or GIT [Mumford et al. 1994].
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Example 1.21. Let G be the two-element group {1} under multiplication. Let
G act on k2, where k is a field whose characteristic is not two, in the obvious way
by multiplication: —1 - (x, y) = (—x, —y). The induced action on the coordinate
ring k[x, y] is the same: —1 acts by multiplying both x and y by —1, so that a
)4+PxayP In particular, the invariant ring is the
subring generated by polynomials of even degree, or

monomial x¢y? is sent to (—1

k[x, y]G = k[xz, Xy, yz] = klu, v, w]/(v2 —uw).

According to the Hochster—Roberts theorem and its proof, this ring is F-regular
in all finite characteristics, and hence Cohen—Macaulay. Standard “reduction to
characteristic p techniques” guarantee the ring is Cohen—Macaulay also when k
has characteristic zero.

Example 1.22. Let X be the variety of all 2 x n complex matrices, so X = C?".
Let G = SL, act on X by left multiplication. The ring of invariants for the
induced action of SL, on C[xyy, ..., X154, X21, - - . , X2,,] 1S generated by all the
2 x 2 subdeterminants of the matrix of indeterminates:

(.x]] X12 ... X1n>

X201 X22 ... Xon)

This is the homogeneous coordinate ring for the Pliicker embedding of the Grass-
mannian of 2-dimensional subspaces of C". The Hochster—Roberts Theorem
guarantees that this ring is Cohen—Macaulay. More generally, the Pliicker ring
of the Grassmannian of d-dimensional subspaces of C" is Cohen—Macaulay,
since it is the ring of invariants for SLy acting on C?*” by left multiplication. In
characteristic p, the group SL is not linearly reductive and the ring of invariants
does not split. Nonetheless, this ring is F-regular in all prime characteristics
[Hochster and Huneke 1994], hence Cohen—Macaulay.

1D. F-signature. A numerical refinement of F-regularity called the F-signature
sharpens the classification of F-singularities by measuring the growth rate of the
rank of a maximal free summand of the R-module R'/7* as e goes to infinity.
This was first studied in [Smith and Van den Bergh 1997].

Fix a local F-finite domain R. For each natural number e, we can decompose
the R module R'/7* as a direct sum of indecomposable modules, and count the
number a, of summands of R'/?* that are isomorphic to R. For a Frobenius split
ring R, there is always at least one. If R is regular, all summands are isomorphic
to R, so a, is equal to the rank of R'/7* over R. For arbitrary R, the (generic)
rank of R'/?* over R obviously bounds the number a,. For an F-regular ring,
we expect many summands of R'/7* isomorphic to R, so we expect a, to be
relatively large, and to grow with e. In fact, as it turns out, we can define the
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F-signature of R to be
s(R) = lim &,

e—o00 §¢

where § is the generic rank of R over R”, thatis § = [K : K”] where K is the
fraction field of R. This limit exists [Tucker 2012], and is at most one.

The F-signature can be used to classify F-regular rings. Indeed, Huneke and
Leuschke proved that the F-signature is one if and only if R is regular in the paper
[Huneke and Leuschke 2002] that coined the term “F-signature”. Furthermore,
the F-signature is positive if and only if R is F-regular [Aberbach and Leuschke
2003]. Thus each F-regular ring has an F-signature strictly between zero and one;
the closer the F-signature is to one, the “less singular” the ring is. For example,
for rational double points such xy = z"*!, the F-signature is 1/(n + 1) [Huneke
and Leuschke 2002], reflecting the fact that the singularity is “worse” for larger
n. Many more computations of this type can be found in [Huneke and Leuschke
2002] and later [ Yao 2006]. Formulas for the F-signature of toric varieties are
worked out in Von Korff’s PhD thesis [Von Korff 2012]; see also [Watanabe and
Yoshida 2004] and [Singh 2005]. Tucker vastly generalizes and simplifies much
of the literature on F-signature in [Tucker 2012].

There are many interesting open questions about the F-signature. No known
examples of nonrational F-signatures are known (though some expect that they
exist). Also, Florian Enescu (personal communication) has suggested that there
may be an upper bound on the F-signature of a nonregular ring depending only
on the dimension: for d > 2, the singularity defined by xg + xl2 4+ 4 xﬁ
(characteristic # 2) has F-signature 1 — 5, and no d-dimensional singularities of
larger F-signature are known. The F-signature is closely related to the Hilbert—
Kunz multiplicity, a subject pioneered by Paul Monsky [1983]; see [Huneke
2013] or [Brenner 2013]. Further developments, including generalizations of
F-signature to pairs, are covered by Blickle, Schwede and Tucker in [Blickle
et al. 2012; 2013].

1E. Frobenius splitting in characteristic zero and connections with singulari-
ties in birational geometry. We briefly recall the standard technique for extend-
ing these ideas to algebras over fields of characteristic zero. Let C denote any
field of characteristic 0.

Let R be a finitely generated C-algebra. Fix a presentation

RZClx1, ..o, X1/ (fls s £

Let A be the Z-subalgebra of C generated by all coefficients of the polynomials
fi. ..., fr, and set

RA:A[xh---,xn]/(fl,”-vfr)-
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Since A is a finitely generated Z-algebra, the residue field of A at each of its
maximal ideals is finite. The map Spec R4 — Spec A can be viewed as a “family
of models” of the original algebra R. The closed fibers of this map are charac-
teristic p schemes (of varying p) whereas the generic fiber is a flat base change
from the original R. Roughly speaking, R is F-regular or Frobenius split if most
(or at least a dense set) of the closed models have this property. More precisely:

Definition 1.23. Let R, A, R4 be as above. The ring R is said to have Frobenius
split type (or F-regular type) if there is a Zariski dense set of maximal ideals p
in Spec A such that A/ ®4 R is Frobenius split (or F-regular).’

Although it is not completely obvious, Definition 1.23 does not depend on the
presentation of R, nor on the choice of A. See [Hochster and Huneke 2006].

Example 1.24. (1) The ring C[x, y, z]/(»*> — xz) has F-regular type. In fact,
taking A = Z, the closed fibers of the family are the rings [, [x, y, 21/ (y? — x2),
which are F-regular for every prime number p. See also Example 1.11 and
Proposition 1.17.

(2) The ring C[x, y, z]/ (x> + y* +z%) has Frobenius split type, but not F-regular
type. Indeed, F,[x, y, z]/ (x3 + y3 4+ z%) can be checked to be Frobenius split
after reduction mod p whenever p = 1 mod 3, so that there is an infinite set of
prime numbers p (hence dense set of Spec Z) for which the “reduction mod p”
is Frobenius split.” On the other hand, for every p > 5 and every e, one can
show that there is no map sending x'/7° to 1. So this ring is not F-regular type.

Connections with the singularities in the minimal model program. Amazingly,
the properties of Frobenius splitting and F-regularity in characteristic zero turn
out to be closely related to a number of important issues studied independently
in algebraic geometry, including log canonical and log terminal singularities,
and ultimately positivity and multiplier ideals as well. For example:

Theorem 1.25 [Smith 1997a; Hara 1998; Mehta and Srinivas 1997; Elkik 1981].
Let R be a Gorenstein domain finitely generated over a field of characteristic
zero.

(1) R has F-regular type if and only if R has log terminal singularities.
(2) If R has Frobenius split type, then R has log canonical singularities.

81n the literature, this is usually called dense F-split (F-regular) type. The related condition that
A/ ®4 Ry is F-split (F-regular) for a Zariski open set of maximal ideal u in Spec A is called
open F-split (F-regular) type.

If p = 2mod 3, the ring is not Frobenius split, so R has dense F-split type, but not open
F-split type. Compare Example 2.6. On the other hand, it is expected that dense and open F-regular
type are equivalent; this is known in Gorenstein rings and related settings; see [Smith 1997a] and
[Hara and Watanabe 2002].
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We do not digress to discuss all the relevant definitions here, but refer instead
to the literature. For Gorenstein varieties, log terminal is equivalent to rational
singularities [Elkik 1981], which may be more familiar.

Theorem 1.25 is proven more generally in [Hara and Watanabe 2002]. State-
ment (1) is closely related to the equivalence of rational singularities with F-
rational type, proved in [Smith 1997a; Hara 1998; Mehta and Srinivas 1997].
Statement (2) is closely related to the fact F-injective type implies Du Bois
singularities, proved in [Schwede 2009b].

The converse of Statement (2) is conjectured to hold in general as well. This
long-standing open question related to an important conjecture linking the F-pure
threshold and the log canonical threshold, a very rich area of research with a
huge literature. While still wide open, it is worth pointing out that Mustata
and Srinivas [2011] have reduced the question to an interesting conjecture with
roots in Example 2.6. Although we cannot go into the F-pure threshold (or it
generalization to the “F-jumping numbers”) here, fortunately there are already
extensive recent surveys, including the survey for beginners [Benito et al. 2013]
and the more advanced research survey [Mustatd 2012]. The F-pure threshold
is very difficult to compute, often with complicated fractal-like behavior; see,
for example, [Herndndez 2014; 2015; Herndndez and Texiera 2015] for concrete
computations of F-thresholds. There are few general results, but some can be
found in [Bhatt and Singh 2015] and [Hernandez et al. 2014].

2. Frobenius for schemes: the global theory

Let X denote the affine scheme Spec R, where R is a ring of prime characteristic
p. Like any map between rings, the Frobenius map induces a map of schemes,
which we also denote F'. As a map of the underlying topological space, F': X — X
is the identity map, but the associated map of sheaves Oy — F,Oy is induced
by the p-th power map of R.

Of course, the p-th power map is compatible with localization, so that the
Frobenius map on affine charts can be patched together to get a Frobenius map
for any scheme X of characteristic p. This Frobenius map is the identity map on
the underlying topological space of X while the corresponding map of sheaves
of rings Ox — F,Oyx is the p-th power map locally on sections.

The sheaf F,Oy is quasicoherent on X. Consistent with the terminology for
rings, we say that a scheme X is F-finite if the sheaf F,Oy is coherent. Our
main interest is when X is a variety over a perfect field k of characteristic p;
such a variety is always F-finite.'”

10The Frobenius map is always a scheme map, but not usually a morphism of varieties over k,
because it is not linear over k (unless, for example, k = [p). If we insist on working with maps
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As in the affine case, the sheaf F,Oyx carries a remarkable amount of infor-
mation about the scheme X. For example, Theorem 1.2 implies that an F-finite
scheme X is regular if and only if the coherent Ox-module F,Oy is locally free.
That is, a variety over a perfect field is smooth if and only if the coherent sheaf
F.Ox is a vector bundle over X.

Similarly, we can define a scheme X to be locally Frobenius split if the map
Ox — F,Ox splits locally in a neighborhood of each point, or equivalently, if
the corresponding map on stalks splits for each p € X. Likewise, we can define
X to be locally F-regular if the stalks are all F-regular. Since Frobenius splitting
and F-regularity are local properties for affine schemes (by Lemmas 1.8 and
1.15), all the results from the previous section give corresponding local results
for an arbitrary F-finite scheme of prime characteristic. For example, a locally
F-regular scheme is normal and Cohen—Macaulay by Theorem 1.18.

It is much stronger, of course, to require a global splitting of the Frobenius
map Ox — F,Ox. Not surprisingly, a global splitting of Frobenius has strong
consequences for the global geometry of X. This is the topic of our Section 2.

Definition 2.1. The scheme X is Frobenius split'! if the Frobenius map
OX —> F*OX

splits as a map of Ox-modules. This means that there exists a map F,Ox — Ox
of sheaves of Ox-modules, such that the composition Oy — F,Ox — Oy is the
identity map.

The global consequences of splitting Frobenius, and indeed the term Frobenius
split, were first treated systematically by Mehta and Ramanathan in [Mehta and
Ramanathan 1985]; see also [Haboush 1980]. While inspired by Hochster and
Roberts’ paper ten years prior, which focused on the local case, Mehta and
Ramanathan were motivated by the possibility of understanding the global geom-
etry of Schubert varieties and related objects in algebrogeometric representation
theory; see, e.g., [Mehta and Ramanathan 1985] or [Ramanan and Ramanathan
1985; Mehta and Ramanathan 1988]. This idea was very fruitful, leading the
Indian school of algebrogeometric representation theory to many important
results now chronicled in the book [Brion and Kumar 2005]. In Section 2B, we
formally show how the local and global points of view converge by translating
global splittings of a projective variety X into local splittings “at the vertex of
the cone” over X.

of varieties, we can force the Frobenius map to be defined over k by changing base to make this
so; this is called the relative Frobenius map. See, e.g., [Mehta and Ramanathan 1985; Brion and
Kumar 2005].

e will say “globally Frobenius split” if there is any possibility of confusion.
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Example 2.2. Projective space P} is Frobenius split in every positive character-
istic. Indeed, any (homogeneous) splitting of Frobenius for the polynomial ring
klxo, ..., x,] induces a splitting of the corresponding Frobenius map of sheaves
O[D'l — F*O[pm.

Frobenius split varieties satisfy strong vanishing theorems:

Theorem 2.3. Let X be a Frobenius split scheme. If L is an invertible sheaf on
X such that H (X, £") = 0 for n > 0, then H (X, L) =0.

Corollary 2.4. Let L be a ample invertible sheaf on a Frobenius split projective
variety X. Then H' (X, L) vanishes for all i > 0, and if X is Cohen—-Macaulay
(e.g., smooth), then also H' (X, wx ® L) vanishes for all i > 0.

Proof of Theorem 2.3 and its corollaries. By definition, the map Ox — F:Ox
splits. So tensoring with £, we also have a splitting of

L— FOx®L=F{F*L=FLP.

Here, the first equality follows from the projection formula [Hartshorne 1977,
Exercise IT 5.2(d)]; the second equality F¢*£ = £?* holds because pulling back
under Frobenius raises transition functions to the p-th power. Since L is a
direct summand of F¢ £P°, it follows that the cohomology H' (X, L) is a direct
summand of H'(X, F¢LP) = H' (X, £P°) for all e. But H (X, £LP*) = 0 for
large e by our hypothesis, so that H' (X, £) = 0.

The corollary follows by Serre vanishing [ibid., Proposition III 5.3]: an ample
invertible sheaf £ on a projective variety X satisfies H'(X, £") = 0 for large
n and positive i. The second statement follows by Serre duality [ibid., IIT §7]:
Serre vanishing ensures H' (X, wy ® £") vanishes for large n, hence its dual
HYmX=i(x £~ vanishes; by the Theorem also H%™X~/ (X, £~1) vanishes,
and hence so does its dual H' (X, wx ® L). Il

Proving a variety is Frobenius split is therefore a worthwhile endeavor. One
useful criterion is essentially due to Hochster and Roberts:

Proposition 2.5. A projective variety X is Frobenius split if and only if the
induced map HIMX (X oy) — HIMX (X F*oy) is injective.

Proof. Hochster and Roberts actually stated a local version of this proposition:
to check purity of any finite map of algebras R — S, where R is local, it is
enough to show that the map R ® E — S ® E remains injective after tensoring
with the injective hull E of the residue field of R. This statement reduces to the
statement of Proposition 2.5 by taking R to be the localization of a homogeneous
coordinate ring of R at the unique homogeneous maximal ideal. See [Smith
19970, 4.10.2]. g
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Example 2.6. An elliptic curve over a perfect field of prime characteristic is
Frobenius split if and only if it is ordinary. Indeed, ordinary means that the
natural map induced by Frobenius H (X, 0x) > HY(X, F*Oy) is injective,
so the statement follows from Proposition 2.5 since the canonical bundle of an
elliptic curve is trivial. Thus in genus one, there are infinitely many Frobenius
split curves, as well as infinitely many non-Frobenius split curves, depending
on the Hasse-invariant of the curve. See, for example, [Hartshorne 1977, IV §4
Exercise 4.14], and compare Example 1.24(2).

2A. Global F-regularity. We define a global analog of F-regularity for arbitrary
integral F-finite schemes of prime characteristic p. For any effective Weil divisor
D on a normal variety, there is an obvious inclusion Ox < Ox (D). Thus for
any e we have an inclusion F{Ox — F{Ox (D), which we can precompose
with the iterated Frobenius map to get a map

OX — F:Ox —> F:OX(D)

Definition 2.7 [Smith 2000a]. An F-finite normal'? scheme X is called glob-
ally F-regular if, for all effective Weil divisors D, there is an e such that the
composition

OX —> F:OX —> F:OX(D)

splits as a map of Ox-modules.

Globally F-regular varieties are strongly Frobenius split, in the sense that not
only are they Frobenius split but there are typically many splittings of Frobenius.
Indeed, suppose that X is globally F-regular. Then for any effective divisor D,
there is an e and a map F{Ox (D) %0 x such that the composition

Ox — F¢Ox <> FCOx(D) % Oy

is the identity map. Thus we can view the composition ¢ ot as a splitting of
the (iterated) Frobenius Oy — F{Oyx, which just happens to factor through
F?Ox (D). Thus there are actually many splittings of the (iterated) Frobenius,
as these are typically different maps for different D. Of course, the Frobenius
itself splits as well (not just its iterates): we have a factorization

OX — F*OX — F:OX,
so the splitting can be restricted to F,Oy.

121f X s quasiprojective, we can drop the normal from the definition and assume instead that
D is an effective Cartier divisor. This produces the same definition, because splitting along all
Cartier divisors will imply normality (by Theorem 1.18) as well as splitting along all Weil divisors
(since given an effective Weil divisor D, we can always find an effective Cartier divisor D’ such
that Ox (D) C Ox (D")).
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Thus we have proved the following analog of Proposition 1.14:
Proposition 2.8. A globally F-regular scheme X is always Frobenius split.

Thus a globally F-regular variety can be viewed as belonging to a restricted
class of Frobenius split varieties, in which there are many different splittings of
(the iterated) Frobenius — indeed so many that, for every Weil divisor on X, we
can find a splitting factoring through F;Ox (D). Such a Frobenius splitting is
said to be a Frobenius splitting along the divisor D [Ramanathan 1991; Ramanan
and Ramanathan 1985].

Remark 2.9. The reader will easily verify that for affine schemes, the local and
global definitions of F-regularity are equivalent. Let us point out only this much:
given an effective Cartier divisor D, we can chose a sufficiently small affine chart
so that D has local defining equation f on Spec R. This means that Ox (D) is
the (sheaf corresponding to the) invertible R-module R - (1/f). Then the map
Ox — F{Ox (D) of Definition 2.7 corresponds to the R-module map

R—[R-(1/MVP, 11,

which splits if and only if the map R — R'/?* sending 1 to f!/7* splits. This is
Definition 2.7.

For a nonaffine scheme X, the global splitting of the map Ox — F{Ox (D)
is a strong condition, which can not be checked locally at stalks. Thus X can fail
to be globally F-regular, and usually does, even when it is locally F-regular at
each point: globally F-regular varieties are rare even among smooth projective
varieties. For example, all smooth projective curves are locally F-regular (because
all local rings are regular), but the only smooth projective curve which is globally
F-regular is P!. This follows immediately from the vanishing theorem:

Corollary 2.10. If L is a nef'3 invertible sheaf on a globally F-regular projective
variety, then H' (X, L) vanishes for all £ and all i > 0.

Now to see that P! is the only globally F-regular projective curve, note that the
degree of the canonical bundle on a curve of genus g is 2g — 2 so the canonical
bundle is nef when the genus is positive. But since H!'(X, wyx) = 1 for all
connected curves, Corollary 2.10 prohibits a curve of positive genus from being
globally F-regular.

13By definition, an invertible sheaf on a curve is nef if it has nonnegative degree; an invertible
sheaf on a higher dimensional variety is nef if its restriction to every algebraic curve in the
variety is nef. Ample line bundles are always nef. Nef line bundles play an important role in
higher dimensional birational geometry, being the “limits of ample divisors”. See Section 1.4 of
[Lazarsfeld 2004].
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Proof. The proof is similar to the proof of Theorem 2.3, so we only sketch it,
referring to [Smith 2000a, Theorem 4.2] for details. For any effective D, we can
use the splitting of a map Ox — F:Ox (D) to show that if £ is any invertible
sheaf such that H (X, £" ® Ox(D)) vanishes for all large n and some effective
D, then also H' (X, £) vanishes. Now the corollary follows because if £ is nef,
there is an effective D such that all £" @ Ox (D) are ample by [Lazarsfeld 2004,
Corollary 1.4.10]. U

In practice, we do not have to check splitting for all divisors D to establish
global F-regularity:

Theorem 2.11 [Smith 2000a]. A projective variety X is globally F-regular if for
some ample divisor D' containing the singular locus of X and all divisors D of
the form m D' for m > 0, there is an e such that the map Ox — F¢Ox (D) splits
as a map of Ox-modules.

Proof. This is a global adaptation of the following local theorem of Hochster
and Huneke: If ¢ is an element of an F-finite domain R such that R, is regular,
then ¢ has some power f such that R is F-regular if and only if there exists an
e and an R-linear map R'/?* — R sending f!/?* to 1. More general and more
effective versions of this theorem are proved in [Smith 2000a] and [Schwede
and Smith 2010, Theorem 3.9]. O

2B. Local versus global splitting. The precise relationship between local and
global Frobenius splitting is clarified by the following theorem, which states
roughly that a projective variety is Frobenius split or globally F-regular if and
only if “its affine cone” has that property:

Theorem 2.12. Let X C P" be a normally embedded projective variety over
a field of characteristic p. Then X is Frobenius split (respectively, globally
F-regular) if and only if the corresponding homogenous coordinate ring is
Frobenius split (respectively, globally F-regular).

Example 2.13. Grassmannian varieties of any dimensions and characteristic are
globally F-regular. Indeed, the homogeneous coordinate ring for the Pliicker
embedding of any Grassmannian is F-regular [Hochster and Huneke 1994]. More
generally, all Schubert varieties are globally F-regular [Lauritzen et al. 2006].
Compare Example 1.22.

Example 2.14. A normal projective toric variety (of any characteristic) is glob-
ally F-regular. The point is that there is a torus-invariant ample divisor, so
some multiple of it will give a normal embedding into projective space. The
corresponding homogenous coordinate ring is a normal domain generated by
monomials. All finitely generated normal rings generated by monomials are
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strongly F-regular since they are direct summands of the corresponding poly-
nomial ring [Bruns and Herzog 1993, Exercise 6.1.10]. Since the homogenous
coordinate ring is F-regular, the projective toric variety is globally F-regular by
Theorem 2.15. See also Example 2.20.

The proof of Theorem 2.12 is clearest in the following context, which is only
slightly more general.

Theorem 2.15. Let X be any projective scheme over a perfect field. The follow-
ing are equivalent:

(1) X is Frobenius split.
(2) The ring Sc = P HO(X, L£") is Frobenius split for all invertible sheaves L.
neN
(3) The section ring S = P H(X, L£") is Frobenius split for some ample
invertible sheaf L. neN

Likewise, a projective variety X is globally F-regular if and only if some (equiv-
alently, every) section ring Sp with respect to an ample invertible sheaf L is
F-regular.

Proof of Theorem 2.15. 1If Ox — F, Oy splits, then the same is true after tensoring
with any invertible sheaf £. So as in the proof of Theorem 2.3,

L— F,OxQL=F,F*L=F.[L",

splits. Likewise, we have a splitting after tensoring with the sheaf of algebras
P, cn L. Taking global sections produces a Frobenius splitting for the ring Sp.
So (1) implies (2). Also (2) obviously implies (3).

To see that (3) implies (1), we fix an ample invertible sheaf £ on X. In
particular, this means that X is the scheme Proj S,, and coherent sheaves on X
correspond to finitely generated Z-graded S,-graded modules (up to agreement
in large degree). Now, if S, is Frobenius split, then we can find a homogeneous
Sc-linear splitting Sé/ P 2, S, such that the composition

S8/ 5 s, (2.15.1)

is the identity map. Note that SZ/ P can be viewed as naturally %N-graded, by
defining the degree of s'/7 to be %deg s. Consider the graded S-submodule
[S'/P]y of S!/P of elements of integer degree: this includes all the elements of
S, but also elements of the form (s)!/?, where s is not a p-th power in S but its
degree is a multiple of p. The graded map of S-modules

S [SVP]y
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corresponds to the Frobenius map of coherent sheaves Ox — F,Ox on X. The
point now is that restricting the map Sé/ P 2, S, to the subgroup [S'/7]y, the
composition of maps of graded S-modules

S [SYP|y S S

gives a graded splitting of S-modules, whose corresponding map of coherent
sheaves on X gives a splitting of Frobenius for X. The proof for global F-
regularity is similar. See [Smith 2000a] or [Schwede and Smith 2010] for details.

g

2C. Frobenius splittings and anticanonical divisors. Summarizing the situa-
tion for curves, we see that the existence of Frobenius splittings appears to be
related to positivity of the anticanonical divisor:

Example 2.16. Consider smooth projective curves over a perfect field of prime
characteristic.
(1) A genus zero curve is always globally F-regular.

(2) A genus one curve is never globally F-regular, and it is Frobenius split if
and only if it is an ordinary elliptic curve.

(3) Higher genus curves are never Frobenius split (hence nor globally F-regular).
Indeed, there is a natural sense in which the sheaf of “potential Frobenius
splittings” is a sheaf of pluri-anticanonical forms. The following crucial fact,

first appearing in this guise in [Mehta and Ramanathan 1985], is at the heart of
many ideas in both the local and global theories:

Lemma 2.17. Let X be a normal'* projective variety over a perfect field. Then
we have

Homo, (FSOx, Ox) = Floy ©'.
Proof. First assume that X is smooth. We have a natural isomorphism
Homo, (F{ Ox, Ox) = Homo, (F{Ox, wx) ® wy'.

By Grothendieck duality for the finite map F¢ : X — X, we also have a natural
isomorphism

HomoX(F:Ox, wx) = FfHomoX(Ox, a)x) = F:a)x,

141f X is not smooth, the notation a)’)‘( denotes the unique reflexive sheaf which agrees with the
n-th tensor power of wy on the smooth locus; equivalently, it is the double dual of the n-th tensor
power of wy, or equivalently, Ox (nK x) where K x is the Weil divisor agreeing with a canonical
divisor on the smooth locus.
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so that
Homo, (FSOx, Ox) = Flox @ wy' = Ff(ox ® F*wy ),
with the last isomorphism coming from the projection formula. Finally we have
Homo, (FLOx, Ox) = Fi(wy 1),

since pulling back an invertible sheaf under Frobenius amounts to raising it to
the p-th power.

Now, even if X is not smooth, this proof is essentially valid. Indeed, we can
carry out the same argument on the smooth locus of X, to produce the desired
natural isomorphism of sheaves there. Since both sheaves Home, (F{Ox, Ox)
and FY¢ (a);(_p e) are reflexive sheaves on the normal variety X, this isomorphism
extends uniquely to an isomorphism of Ox-modules over all X. O

Any Frobenius splitting is a map F.Ox — Oy, and hence a nonzero global
section of Homp, (F.Ox, Ox) = F; (a);(_p ), which in turn, is a nonzero section
of H 0(X , a);(_p ). Thus, if X is Frobenius split, we expect nonzero sections of

I-p
wy . 1

If wy is ample, then the sheaves w, ” are dual to ample, and can have no

global sections:

Corollary 2.18. A smooth projective variety X with ample canonical bundle is
never Frobenius split.

Even if a);p has global sections, it is not so obvious which of these might
correspond to a splitting of Frobenius. Mehta and Ramanathan [1985, Proposition
6] found a nice criterion:

Proposition 2.19. Let X be a normal projective variety. A section
se H'(X, 0y ")

corresponds to a Frobenius splitting of X if and only if there exists a smooth
point x € X at which s has a nonzero residue. Explicitly, for a global section
s € HO(X, a);p), we can write the germ of s at the point x as s = f(dx; A
- Adx,)' P where x1, ..., x, are a regular sequence of parameters at x and
f € Ox.x. Now s is a splitting of Frobenius if and only if the power series
expansion of f in the coordinates x; has a nonzero (x1x3 . ..x,)? ~1 term.

Summarizing this in divisor language: the nonzero mappings F,Ox — Ox
correspond to effective divisors in the linear system |(1 — p) K x|. Given a partic-
ular divisor D in |(1 — p)K x|, it is a splitting of Frobenius if and only if in local
analytic coordinates at some smooth point x € X, the divisor D is (p — 1) times
a simple normal crossing divisor whose components intersect exactly in {x}.
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Example 2.20. One easy case in which Frobenius splitting can be established
using Proposition 2.19 is when a smooth projective variety X of dimension n
admits n effective divisors Dy, ..., D, meeting transversely at a point of X
and whose sum is an anti canonical divisor. Projective space obviously has this
property (taking — Ky to be the sum of the coordinate hyperplanes). Similarly, a
projective toric variety is Frobenius split as well, since —Kx is the sum of all
the torus invariant divisors [Fulton 1993, page 85]. Again, we recover that fact
that smooth projective toric varieties are Frobenius split.

Similarly, if X is globally F-regular, we expect many global sections of
a);p : for each D, the splitting F¢Ox (D) 4 Oy induces a different splitting
F{Ox — Og, so gives rise to a nonzero element global section of a);_p . Varying
pe

D, we get many sections of a);_ —so many that they grow polynomially in p*:

Corollary 2.21. If a smooth projective variety is globally F-regular, then its
anticanonical bundle is big.'?

Proof. For any Weil divisor D on a normal variety X, the proof of Lemma 2.17
immediately generalizes to give a natural isomorphism

Home, (F$Ox (D), Ox) = Fé(wy " (~D)).

Now, let X be globally F-regular, and let A be any ample effective Cartier divisor.
By definition, there exists an e and a global nonzero map ¢ : F¢Ox(A) 5> Ox
splitting the composition Oy — F{Ox(A). The map ¢ can be viewed thus be
viewed as a nonzero global section of Home, (F{Ox(A), Ox), hence a nonzero
element of

HO(X, Fe(wy 7 (—A)) = H'(X, oy " (= A)) € H(X, wy "),

Let E be the effective divisor of the section ¢, so that E € |(1 — p®)Kx — A],
whereby

E+Ae|(l-p9)Kx].

Finally, we see that — K x is Q-linearly equivalent to ﬁ (A+E),sothat — Ky is
Q-linearly equivalent to “ample plus effective”. That is, —Kx is big by Corollary
2.2.7 in [Lazarsfeld 2004]. O

Unfortunately, bigness of a);{_p " is not sufficient for global F-regularity. For
example, a ruled surface over an elliptic curve is never strongly F-regular, but its
anticanonical divisor can be big. See [Schwede and Smith 2010, Example 6.7].

15A line bundle £ on a projective variety X is big if the space of global sections HO(X, L")
grows as a polynomial of degree dim X in n; See [Lazarsfeld 2004, Section 2.2].
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On the other hand, there is strengthened form of “almost amplitude of —Kx”
which guarantees enough good sections of a);_p to find lots of splittings of
Frobenius:

Definition 2.22. A normal projective variety X is log Fano if there exists an
effective Q-divisor A on X such that

(1) —Kx — A is ample; and
(2) the pair (X, A) has (at worst) Kawamata log terminal singularities.®

If X is smooth and w}l ample (that is, if X is Fano), then X is log Fano: we
can take A = 0. For log Fano varieties in general, —Kx is not ample, but it is
close to ample in the sense that it is big and even more: it is “close” to the ample
cone in the sense that we can obtain it from the ample divisor (—Kx — A) by
adding only the very small effective (Q-divisor A whose singularities are highly
controlled.

We can now state a pair of theorems which can be viewed as a sort of geometric
characterization of globally F-regular varieties:

Theorem 2.23 [Smith 2000a; Schwede and Smith 2010]. If X is a globally
F-regular projective variety of characteristic p, then X is log Fano.

The converse isn’t quite true because of irregularities in small characteristic.
For example, the cubic hypersurface defined by x> + y3 +z3 4+ 2% in P3 is
obviously a smooth Fano variety (hence log Fano) in every characteristic p # 3.
But it is not globally F-regular or even Frobenius split in characteristic two.
However, it is globally F-regular for all characteristics p > 5. In general we have

Theorem 2.24 [Smith 2000a; Schwede and Smith 2010]. If X is a log Fano
variety of characteristic zero, then X has globally F-regular type.

Remarkably, the converse to Theorem 2.24 is open: we do not know whether
a globally F-regular type variety must be log Fano. This may seem surprising at
first glance. If X has globally F-regular type, then in each characteristic p model,
the proof of Theorem 2.23 constructs a “witness” divisor A, establishing that the
pair (X, Ap) is log Fano. But A, depends on p and there is no a priori reason
that the A, all come from some divisor A on the characteristic zero variety X.

Conjecture 2.25. A projective globally F-regular type variety (of characteristic
zero) is log Fano.

16K awamata log terminal singularity is usually defined in characteristic 0, but it can be defined
in any characteristic by considering all birational proper maps as follows. Let X be a normal
variety and A be an effective Q-divisor on X. Then (X, A) is called Kawamata log terminal if
(a) Kx + A is Q-Cartier, and (b) for all birational proper maps 7 : ¥ — X, choosing Ky so that
7+« Ky = Kx, each coefficient of 7*(K x + A) — Ky is strictly less than 1.
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Gongyo, Okawa, Sannai and Takagi prove Conjecture 2.25 under the additional
hypothesis that the variety is a Q-factorial Mori dream space, by applying the
minimal model program [Gongyo et al. 2015]. This gives urgency to another
interesting question: are globally F-regular type varieties (of characteristic zero)
Mori dream spaces? Moreover, since log Fano spaces (of characteristic zero)
are Mori dream spaces by [Birkar et al. 2010, Corollary 1.3.2], the answer is
necessarily yes if Conjecture 2.25 is true. What about in characteristic p?

Question 2.26. Assume that X is globally F-regular. Is it true that the Picard
group of X is finitely generated? Is it true that the Cox ring of X is always
finitely generated?

Similarly, there are related questions and results about the geometry of Frobe-
nius split projective varieties. For example:

Theorem 2.27 [Schwede and Smith 2010]. If X is a normal Frobenius split
projective variety of characteristic p, then X is log Calabi-Yau. This means that
X admits an effective Q-divisor such that (X, A) is log canonical '" and K x + A
is Q-linearly equivalent to the trivial divisor.

Again, the converse fails because of irregularities in small characteristic. The
same cubic hypersurface defined by x> + y3 + z°> 4+ z3 in P3 is not Frobenius
split in characteristic two, but it is a smooth log Calabi Yau variety. However,
we do expect an analog of Theorem 2.24 to hold. We conjecture:

Conjecture 2.28 [Schwede and Smith 2010]. If X is a log Calabi Yau variety of
characteristic zero, then X has Frobenius split type.

2D. Pairs. We have discussed Frobenius splitting and F-regularity in an absolute
setting: these were defined as properties of a scheme X. However, in the
decade since the last MSRI special year in commutative algebra, a theory of
“F-singularities of pairs” has flourished, inspired by the rich theory of pairs
developed in birational geometry [Kollar 1997]. The idea to extend Frobenius
splitting and F-regularity to pairs was a major breakthrough, pioneered by Nobuo
Hara and Kei-ichi Watanabe in [Hara and Watanabe 2002]. Although we do not
have space to include a careful treatment of this generalization here, we briefly
outline the definitions and main ideas.

By pair in this context, we have in mind a normal irreducible scheme X of
finite type over a perfect field, together with a Q-divisor A on X. (Another
variant considers pairs (X, a’) consisting of an ambient scheme X together with

17Log canonical is usually defined in characteristic 0, but it can be defined in any characteristic
similarly to how we defined Kawamata log terminal singularities. We require instead that each
coefficient of 7*(K x + A) — Ky is at most 1.
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a sheaf of ideals a and a rational exponent 7.!®) In the geometric setting, an
additional assumption — namely that Ky 4+ A is Q-Cartier — is usually imposed,
because one of the main techniques in birational geometry involves pulling
back divisors to different birational models (and only Q-Cartier divisors can be
sensible pulled back). One possible advantage of the algebraic notion of pairs is
that it is not necessary to assume that Kx + A is Q-Cartier, although alternatives
have also been proposed directly in the world of birational geometry as well; see
[de Fernex and Hacon 2009].

What do pairs have to do with Frobenius splittings? Given an Ox-linear map
¢ : F{Ox — Ox, we have already seen how it gives rise to a global section of
F¢ a);_p e, hence an effective divisor D-linearly equivalent to (1 — p¢)Kx. If we
set A = ﬁf), the pair (X, A) can be interpreted as more or less equivalent to
the data of the map ¢. If D is an effective Cartier divisor through which our map
¢ factors, then (as in the proof of Corollary 2.21), we can view ¢ as a global
section of Ox ((1 — p®)Kx + D), hence an effective divisor b—linearly equivalent
to (1—p®)Kx+ D. Setting A = ﬁb, we have that A is a Q-divisor satisfying
Kx + A is Q-Cartier, since it is Q-linearly equivalent to the Cartier Q-divisor
ﬁD. We refer to the exceptionally clear exposition of this idea, with deep
applications to understanding the behavior of test ideals under finite morphisms,
in the paper [Schwede and Tucker 2014a].

The definition of (local or global) F-regularity and Frobenius splitting can be
generalized to pairs as follows:

Definition 2.29. Let X be a normal F-finite variety, and A an effective Q-divisor
on X.

(1) The pair (X, A) is sharply Frobenius split (respectively locally sharply
Frobenius split) if there exists an e € N such that the natural map

Ox — FP" Ox([(p* — DHAY)

splits as an map of sheaves of Ox-modules (respectively, splits locally at
each stalk).

(2) The pair (X, A) is globally (respectively, locally) F-regular if for all effective
divisors D, there exists an e € N such that the natural map

Ox — F"Ox([(p¢ —1)Al + D)

splits as an map of sheaves of Ox-modules (respectively, splits locally at
each stalk).

18There are even triples (X, A, a’) incorporating aspects of both variants.



318 KAREN E. SMITH AND WENLIANG ZHANG

Remark 2.30. A slightly different definition of Frobenius splitting for a pair
(X, A) was first given in [Hara and Watanabe 2002]. The variant here, which
fits better into our context, was introduced in [Schwede 2010b].

The local properties of F-regularity and F-purity for pairs turn out to be
closely related to the properties of log terminality and log canonicity that arose
independently, in the minimal model program, in the 1980’s. The absolute
versions of the following theorems were already mentioned at the end of the first
section.

Theorem 2.31 [Hara and Watanabe 2002]. Let (X, A) be a pair where X is a
normal variety of prime characteristic and A is a Q-divisor such that Kx + A is

Q-Cartier.
(D) If (X, A) is a locally F-regular pair, then (X, A) is Kawamata log terminal.

2) If (X, A) is a locally sharply Frobenius split pair, then (X, A) is log canon-
ical.

Similarly, there are global versions: Theorems 2.23 and 2.27 also hold for
“pairs”. See [Schwede and Smith 2010].

In characteristic zero, the discussion of Section 1E generalizes easily to pairs.
Given a pair (X, A), where now X is normal and essentially finite type over a field
of characteristic zero, we can define the pair to be (locally or globally) F-regular
type or (locally or globally) sharply Frobenius split type as in Definition 1.23.
That is, we chose a ground ring A over which both X and A are defined, which
gives rise to a pair (X4, As) over X4, and define the pair (X, A) to be of
(locally or globally) F-regular-type if for a Zariski dense set of closed points in
Spec A, the pair (X4 x SpecA/u, As mod ) is (locally or globally) F-regular,
where A 4 mod p denotes the pullback of A 4 to the closed fiber X4 x SpecA /.
Similarly, we define sharp Frobenius splitting type. For details of this reduction
to prime characteristic, see [Hara and Watanabe 2002], for example.

With the definitions in place, Theorem 2.31 implies characteristic zero versions.
Let (X, A) be a pair where X is a normal variety of characteristic zero and A is a
Q-divisor satisfying Ky + A is Q-Cartier. Then if (X, A) is of locally F-regular
type, then (X, A) has kit singularities [Hara and Watanabe 2002]. See the cited
papers for details.

As in the absolute case, there are converses (some conjectured) to all these
results for pairs in characteristic zero. Hara and Watanabe [2002] show that
klt pair (X, A) of characteristic zero has F-regular type; this leans heavily on
some injectivity results for Frobenius acting on cohomology groups proved
in [Hara 1998]; see also [Mehta and Srinivas 1997]. In [Schwede and Smith
2010], these results are used to prove a global version: a log Fano pair (X, A)
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of characteristic zero is of globally F-regular type. The log canonical property
has proved more elusive: it is conjectured that if a pair (X, A) of characteristic
zero is log canonical, then it is of locally sharply Frobenius split type, but this
questions has remained open since its inception in the nineties. See [Hara and
Watanabe 2002]. If this local conjecture holds, then the global analog follows: a
Calabi-Yau pair (X, A) of characteristic zero is of globally sharply Frobenius
split type; see [Schwede and Smith 2010].

We can think of F-regularity as a “characteristic p analog” of klt singularities,
and (at least conjecturally) F-splitting as a “characteristic p analog” of log canon-
ical singularities. The analogy runs deep: F-pure thresholds become “character-
istic p analogs” of log canonical thresholds, test ideals become “characteristic p
analogs” of multiplier ideals, centers of sharp F-purity become “characteristic p
analogs” of log canonicity, F-injectivity becomes a “characteristic p analog” of
Du Bois singularities.

3. The test ideal

The test ideal is a distinguished ideal reflecting the Frobenius properties of a prime
characteristic ring. For example, the test ideal defines the closed locus of Spec R
consisting of points p at which Ry, is not F-regular. Test ideals are “characteristic
p analogs” of multiplier ideals in birational algebraic geometry [Smith 2000b;
Hara 2001]; they define a distinguished “compatibly split subscheme” of a
Frobenius split variety [Vassilev 1998; Schwede 2010a].

Test ideals can be defined very generally for pairs on more or less arbitrary
Noetherian schemes of characteristic p. However, the theory becomes most
transparent in two special cases, which are loosely the “classical commutative
algebra case” and the “classical algebraic geometry case”. In the classical
commutative algebra case, the scheme is the spectrum of a local ring R and we
are interested in the “absolute” test ideal. In this case, the test ideal 7(R) is
essentially Hochster and Huneke’s test ideal for tight closure.'® In the classical
algebraic geometry case, we are interested in the test ideal of a pair (X, A),
where X is a smooth ambient scheme and A is an effective Q-divisor on X (or
A = a' where a is an ideal sheaf on X and ¢ is a positive rational number). In
this case, the test ideal 7(X, A) turns out to be a “characteristic p analog” of the
multiplier ideal in complex algebraic geometry, a subject described, for example,
in Rob Lazarsfeld’s MSRI introductory talks [2004].

Y0ur terminology differs slightly from the tight closure literature, where our test ideal would
be called the “big test ideal” for “nonfinitistic tight closure”; also, it defines the non-strongly
F-regular locus.
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In this section, we explain the test ideal in the “classical commutative algebra”
setting. We develop the test ideal as just one ideal in a lattice of ideals distin-
guished with respect to the Frobenius map. Our definition is not the traditional
one due to Hochster and Huneke, but a newer twist (due essentially to Schwede
[Schwede 2010a]) which is both illuminating and elegant, tying the ideas into
Mehta and Ramanathan’s theory of compatibly split ideals. Section 4 will treat
test ideals in the “classical algebrogeometric” setting.

3A. Compatible ideals. Let R be an F-finite reduced ring of characteristic p.

Definition 3.1. Fix any R-linear map ¢ : R'/?° — R. An ideal J of R is called
@-compatible if o(J'/P) C J.

Put differently, given an R-linear map ¢ : R'/?° — R, consider the obvious

diagram

RUPF ¥ R

|

(R/DYP* -y R/,

where the vertical arrows are the natural surjections. The bottom arrow can not
be filled in to make a commutative diagram in general: it can be filled in if and
only if J is ¢-compatible. That is, an ideal J is ¢-compatible if and only if the
map ¢ : RY/?° — R descends to a map (R/J)'/?" — R/J.

Example 3.2. Let R =F,[x, y] and let ¢ : RYP — R be the R-linear splitting

defined b

Y xi/Pyilr if L L enN
p’p ’

0 otherwise.

¢(xi/l)yj/17) — {

As an exercise, the reader should check that the ideals (0), (x), (y), (xy), and
(x, y) are all ¢-compatible —in fact, they are the only ¢-compatible ideals in R.
The following properties are straightforward:
Proposition 3.3. Fix an R-linear map ¢ : R'/?° — R.
(1) The set of p-compatible ideals is closed under sum and intersection.
(2) The minimal primes of a p-compatible ideal are @-compatible.

(3) If ¢ is a Frobenius splitting, then all o-compatible ideals are radical.

Proof. We leave (1) as an easy exercise. For statement (2), let P be a minimal
prime of a g-compatible ideal J. Take any w not in P but in the intersection of
all other primary components of J, that is, take w € (J : P)\ P. Forany z € P,
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we need to show that ¢(z'/7) € P. Now since w” z € J and J is ¢-compatible,
we have

we(z'P) = p(wz'/?P) e (JVPy c J C P.

Since w ¢ P, we conclude that ¢(z!/7") € P. So P is ¢-compatible.
Statement (3) is also easy: if J is ¢ compatible, the commutative diagram

R/ 2 LR

| o]

(R/ VP —— R/,

shows that if ¢ is a Frobenius splitting, so is the induced map on R/J. Since
Frobenius split rings are reduced, the ideal J is radical. U

Compatibly split subschemes. When ¢ is a Frobenius splitting, a ¢-compatible
ideal is often called a p-compatibly split ideal, or (suppressing the dependence on
@) a compatibly split ideal. The subscheme it defines is called a compatibly split
subscheme. The notion of compatible Frobenius splitting was first introduced in
[Mehta and Ramanathan 1985]. In that language, a compatibly split ideal (sheaf)
on a Frobenius split variety defines a compatibly split subscheme — a subscheme
to which the given splitting of Frobenius restricts.

For a fixed splitting ¢ of Frobenius, the set of ¢p-compatibly split ideals is
always a finite set of radical ideals. The finiteness is not obvious; see [Schwede
2009a] or [Kumar and Mehta 2009], or [Schwede and Tucker 2010]. Also
[Enescu and Hochster 2008] and [Sharp 2007] contain a related dual fact.

3B. Uniformly compatible ideals. Of course, if R is Frobenius split, there may
be many different splittings of Frobenius. Different splittings produce differ-
ent compatibly split ideals. For example, by linearly changing coordinates in
[F,[x, yl, we can construct a different splitting of Frobenius, call it ¢, much
like the one in Example 3.2 but centered instead on the point (x —a, y — b).
Its compatibly split ideals will be the ideals (x —a,y — b), (x —a)(x — b),
(x —a), (y — b), and the zero ideal. These ideals are compatibly split with
respect to ¢, but not with the ¢ from Example 3.2.

The ideals which are compatible with respect to every R-linear map R'/?° — R
play an essential role in our story:

Definition 3.4. An ideal J in an F-finite ring is uniformly F compatible if it is
compatible with respect to every R-linear map R'/?° — R, for all e.

The test ideal is a distinguished uniformly F compatible ideal:



322 KAREN E. SMITH AND WENLIANG ZHANG

Definition 3.5. The test ideal?? of an F-finite Noetherian domain R is the smallest
nonzero uniformly F compatible ideal. That is, the test ideal is the smallest
nonzero ideal J that satisfies

p(JVPy

for all ¢ € HomR(Rl/ 2 R) and all e > 1. More generally, if R is not a domain,
we define the test ideal as the smallest uniformly F' compatible ideal not contained
in any minimal prime.

Note that, in this definition, it is not at all obvious that there exists a smallest
such ideal: why couldn’t the set of all compatible ideals include an infinite
descending chain of nonzero ideals? This is a deep result, essentially relying on
an important lemma of Hochster and Huneke crucial to their proof of the existence
of “completely stable test elements” (Compare the proof of Theorem 2.11.) For
a summary of the proof, see the survey [Schwede and Tucker 2012].

Remark 3.6. The set of uniformly F compatibly ideals forms a lattice closed
under sum and intersection, according to Proposition 3.3. This lattice has been
studied before: in the local Gorenstein case, it is the precisely the lattice of
F-ideals discussed in [Smith 1994]; more generally, it is the lattice of annihilators
of F(E)-modules in [Lyubeznik and Smith 2001]. However, those sources define
the ideals as annihilators of certain Artinian R-modules with Frobenius action.
Schwede’s insight was that these ideals could be defined directly (dually to the
original emphasis), thereby producing a more straightforward and global theory
which neatly ties in with Mehta and Ramanathan’s ideas on compatible Frobenius
splitting.

Remark 3.7. Experts in tight closure can see easily how the definition of the test
ideal here relates to the one in the literature, and why there is a unique smallest
uniformly F compatible ideal, at least in the Gorenstein local case. Let (R, m) be
a Gorenstein local domain of dimension d. As is well-known, the test ideal is the
annihilator of the tight closure of zero in H,ﬁ (R). In [Smith 1997a], the Frobenius
stable submodules of H,Z(R) (including the tight closure of zero) are analyzed
and their annihilators in R are dubbed “F-ideals”; there it is shown (also using
test elements!) that there is a unique largest proper Frobenius stable submodule
of HY(R), hence a unique smallest nonzero F-ideal, namely test ideal of R. The

20Again a reminder for experts in tight closure: this is equal to the “big” test ideal in the tight
closure terminology. If R is complete local, for example, the test ideal we define here is the same
as the annihilator of the nonfinitistic tight closure of zero in the injective hull of the residue field
of R [Lyubeznik and Smith 2001]. Of course, all versions of test ideals in the tight closure theory
are conjectured to be equal, and are known to be equal in many cases, including for Gorenstein R
and graded R [Lyubeznik and Smith 1999].
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uniformly F compatible ideals are precisely the F-ideals — that is, annihilators of
submodules of the top local cohomology module H,Z(R) stable under Frobenius.
This is not hard to check using Lemma 3.13; see [Schwede 2010a] or [Enescu and
Hochster 2008, Theorem 4.1]. The non-Gorenstein case is treated in [Lyubeznik
and Smith 2001]; the uniformly F compatible ideals are the annihilators of the
F(E)-modules there. Schwede includes a fairly comprehensive discussion of
the connections between his uniformly F compatible ideals and existing ideas in
the literature; see [Schwede 2010a].

Example 3.8. The test ideal of [, [x, y] is the whole ring. Indeed, we have seen
that every nonzero ¢ € [F,[x, y] can be taken to 1 by some RP"-linear map. So
no nonzero proper ideal is uniformly F-compatible.

Theorem 3.9. Let R be a reduced F-finite of characteristic p > 0.

(1) The test ideal behaves well under localization and completion: for any
multiplicative set U, the ideals T (RU ") and t(R)U ! coincide in RU™!,
and for any prime ideal p, T(Rp) = T(R)Ry.

(2) R is F-regular if and only if its test ideal is trivial.

(3) The test ideal defines the closed locus of prime ideals p in Spec R such that
Ry, fails to be F-regular.

The proof uses the following important lemma.

Lemma 3.10. Let ¢ be an element of a reduced F-finite ring R. The ideal gener-
ated by all elements @ (c'/P") as we range over all e and all ¢ € Hompg(R'/?°, R)
is uniformly F compatible. In particular, fixing any ¢ € t(R) but not in any
minimal prime of R, the elements ¢ (c!/?) generate 7.

Proof of the lemma. Let J be the ideal generated by the ¢ (c!/7*). We need
to show that elements of the form [rqﬁ(cl/ K P’ are taken into J by any
¥ € Homg(R?', R). But

et+f e+ f

R Y R B v R L E RN RO R IR

where 1 o (¢ o r)l/f’f is the R-linear map

! 1/pf
etf rl/p etf ¢F v
— RPN T RUP LR,

RY/P
The second equality above is satisfied because ¢!/ »" is R1/P’ linear. The second
statement of the lemma follows by the minimality of the test ideal. The lemma
is proved. U
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Proof of Theorem 3.9. To prove (1), the point is that R'/?* is a finitely generated
R-module, so that

Hompgy -1 ((RU™HYP RU™Y) Z Homg(RY”", R) @r RU ™.

Take any ¢ € R (not in any minimal prime) such that ¢ € T (R) and % et(RUM.
By the lemma just proved, both 7(RU™Y) and t(R)U ! are ideals of RU™!
generated by elements of the form

p(”) _ ()"
— =11 )
as we range through all ¢ € Hompg(RY?°, R) and all e € N. That is, the ideals
7(RU™Y)) and t(R)U ! coincide. The second statement follows similarly, since
Homj (Ry/ 7", Ry) = Homg, (R,"/"", Ry) @k, Ry.

For (2), assume for simplicity that R is a domain.?! If R is F-regular, then for
any nonzero c, there exists e and ¢ € Hompg (RY/7*, R) such that ¢(cl/f’e) =1.
This means that every uniformly F-compatible ideal contains 1. In particular,
T(R) is trivial. Conversely, assume t(R) is trivial. By (1), also 7(R,,) is trivial
for each maximal ideal m. For any nonzero element ¢ € R,,;, the lemma implies
that the elements ¢ (c'/?°) can not be all contained in m as ¢ ranges over all
Hompg,, (R,i,/pe, R;n). Thus there exists ¢ € Homg,, (R,ln/pe, R,,) such that qb(cl/pe)
is a unit, and hence R,, is F-regular. Since this holds for each maximal ideal, we
conclude that R is F-regular by Lemma 1.15.

Statement (3) follows from (1) and (2) together. O

The lattice of uniformly F' compatible ideals is especially nice in a Frobenius
split ring. The next result follows immediately from Proposition 3.3(3).

Corollary 3.11. Every uniformly F compatible ideal in a Frobenius split ring is
radical. In particular, the test ideal in a Frobenius split ring is radical.

The converse is not true: the ring R =F,[x, y, z1/(x3 + > 4 z%) has test ideal
(x, y, z) for all characteristics p # 3, but R is not Frobenius split if p =2 mod 3.
See [Smith 1995b, Example 6.3].

3C. Splitting primes and centers of F-purity. One might also wonder whether
the largest proper ideal compatible with respect to all ¢ might also be of interest?
We know a largest such exists by the Noetherian property of R, since the sum of
uniformly F compatible ideals is uniformly F' compatible. For Frobenius split
R, this largest compatible ideal turns out to be the splitting prime of [Aberbach
and Enescu 2005]. It is also the minimal center of F-purity in the language of
[Schwede 2010a]. The prime uniformly compatible ideals are what Schwede

21E]se replace “nonzero” by “not in any minimal prime” throughout.
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calls centers of F-purity. He shows that they are “characteristic p analogs” of
Kawamata’s centers of log canonicity, and that they satisfy an analog Kawamata’s
subadjunction [1998]. See [Schwede 2009a].

3D. The Frobenius filtration of a Frobenius split ring. We have already ob-
served that when R is a Frobenius split ring, the set of uniformly F compatible
ideals forms a (finite) lattice of radical ideals closed under addition and intersec-
tion. An interesting observation of Janet Vassilev [1998] creates a distinguished
chain in this lattice.

Lemma 3.12. If 7 is a uniformly F' compatible ideal of R, then the preimage in
R of any compatibly split ideal of R/t is compatibly split in R.

Proof. Let J be the preimage in R of a uniformly compatibly split ideal of R/z.
Let ¢ : R'/7° — R be any R-module homomorphism. Because 7 is uniformly F
compatible in R, there is an induced map of R/t-modules ¢ : (R/7)"/?" — R/7,
and because J/t is uniformly F compatible in R/t, ¢ descends to a map
(R/J)'/P" — R/J. But this is exactly what it means that J is uniformly F
compatible in R. O

To construct Vassilev’s chain, start with a Frobenius split ring R, with test
ideal tp. Because g is compatible with respect to some (indeed, every) Frobenius
splitting, the ring R /7 is also Frobenius split. Let 7; be the preimage of the test
ideal t(R/1p) of R/t in R. By the lemma, 7 is also uniformly F compatible,
so R/t is Frobenius split, and so its test ideal lifts to an ideal 7. Continuing in
this way, we produce a chain 7o C 71 C - - - C 7; of radical ideals, all uniformly
F compatible. Since the test ideal is never contained in a minimal prime, each
ideal in the chain has strictly larger height than its predecessor, and since 7y
defines the non-F-regular locus of R, we see that the length of Vassilev’s chain
is bounded by the dimension of the non-F-regular set of R.

3E. Trace of Frobenius. To check that an ideal is uniformly F' compatible, we
do not actually have to test compatibility with respect to a/l homomorphisms
¢ : R'/P° — R. Since Homg (R'/7°, R) is a finitely generated R'/?‘-module, it
is enough to check compatibility with respect to a finite set of R'/7°-generators
for each e. In the Gorenstein case, this takes an especially nice form:

Lemma 3.13. If (R, m) is an F-finite Gorenstein local ring, then Hompg (R 1/ R)
is a cyclic R'/7-module. An ideal J is uniformly compatible if and only if it is
compatible with respect to an R'/7-module generator for Homz (R'/7, R).

Proof. The point is that if R — § is a finite map of rings with canonical module,
there is an S-module isomorphism wg = Hompg (S, wg) [Bruns and Herzog 1993,
Theorem 3.7.7]. If R is a Gorenstein local ring, then R is a canonical module
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for R (and so of course R'/? is a canonical module for R'/?), so the first statement
follows.

By the same argument, each Homg (R'/7°, R) is a cyclic R'/?‘-module. More-
over, if W is a generator for Homg (R'/?, R), the composition map

W, =WoW!/Po...opl/r

is an R'/P"-generator for Homg(R'/?°, R). (For example, it is easy to check that
W, is not in m gi/,c Homg(R'/P", R), so it must be a generator by Nakayama’s
lemma.) For example, W, is the composition

Rl/P2 ﬂ; RYVP l> R, ,J/Pz — [\p(rl/P)]l/P — qj([\p(rl/l?)]l/l?)'
Now, consider an ideal J which is W-compatible. Any ¢ € Homg(R!/?°, R),
can be written as W, o r!/?°. So

P(JVPY =W, (1P VP (1P,
which by definition of W, is the same as
W, (WP YY) =W, (W (PP,

This is contained in W,_;(J/ PH), because W (J /Py c J by the W-compatibility
of J. Finally, this is contained in J by induction on e. Thus any W-compatible
ideal is uniformly F compatible. U

The generator in Lemma 3.13 is uniquely defined up to multiplication by a
unit in RY/?°, Tt is sometimes abusively called the trace of the Frobenius map.
For any F-finite?” ring R, we can dualize the Frobenius map R — R'/? into
WR:
Homg (R'?, wg) —> Homg (R, wg),

which produces an R-module map
F.opip — wg,

the trace of Frobenius.?> In notation more common in algebraic geometry: the
dual of the Frobenius map R — F, R is the trace map Fywp — wg. For smooth
projective varieties, this is called the Cartier map. If R is local and Gorenstein,
of course, this can be identified with a map F, R — R, which will be a generator
for Homg(R'/?°, R).

22F_finite rings always admit a canonical module [Gabber 2004, 13.6].

2 This map is only as canonical as the choice of wpg, so the “the” is slightly misleading. Of
course in geometric situations where the canonical module is defined by differential forms, there is
a canonical choice.
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Using wx has the advantage of globalizing; we have already encountered this
idea in Section 2C. See [Schwede and Tucker 2014a] or [Brion and Kumar 2005]
for more on the trace map.

Example 3.14. The trace of the Frobenius map is not usually a Frobenius split-
ting! For example, if R = [F,[x, y], we recall that the monomials x“ yb where
0<a,b, < p—1 form a basis for F, R over R. As the trace map, we can take
the R-linear map R'/? % R sending (xy)®?~D/? to 1 and all other monomials
in the basis to zero. This is clearly not a Frobenius splitting. The Frobenius
splitting of Example 1.7 can be obtained as W o (xy)®»~1D/7,

Remark 3.15. Blickle’s Cartier algebras give another point of view on test
ideals and uniformly F' compatible ideals [Blickle 2013]. An R-module map
RY/P° — R can be viewed as an additive map R %R satisfying ¢ (rPx)=re¢(x)
for any r, x € R. Blickle and Bockle [2011] dub this a p~¢-linear map. This point
of view has the advantage that composition is slicker —the source and target
are always R —so we can easily compose such maps. Indeed, the composition
of p~¢- and p~/-linear maps is easily checked to be p~¢~/-linear. The Cartier
algebra®* C(R) is the subalgebra of Homz (R, R) generated by all p~¢-linear
maps (as we range over all ¢). Clearly R is a module over C(R), and clearly its
C(R)-submodules are precisely the uniformly F-compatible ideals. The trace
map can also be easily interpreted in this language: in the Gorenstein local
case, the trace W, of Lemma 3.13 is literally the composition of ¥ with itself
e-times, so that W generates C(R) as an R-algebra. Blickle [2013] develops the
ultimate generalization of test ideals in by looking at submodules of R and other
modules under various distinguished subalgebras of (variants of) the Cartier
algebra.

Remark 3.16. The uniformly F compatible ideals have been studied for many
years in the tight closure literature under many different names. They were
first studied in the local Gorenstein case in [Smith 1997a], where they are
called F-ideals, and for more general local rings in [Lyubeznik and Smith 2001],
where they are descriptively called annihilators of F-submodules of E. Both
these papers have a dual point of view to our current perspective, which was
first proposed in [Schwede 2010a], and it is not obvious that the definitions
there produce precisely the uniformly F compatible ideals (see [Enescu and
Hochster 2008, Theorem 4.1] for a proof). Schwede used the term uniformly
F-compatible ideals, in a nod to the connection with Mehta and Ramanathan’s
notion of compatibly Frobenius split subschemes. In the same paper, Schwede

24Here we assume that R is reduced and of dimension greater than zero. In general, the
definition of Cartier algebra is slightly more technical, but it reduces to this under very mild
conditions. See [Blickle 2013].
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shows how the prime compatible ideals (which he calls centers of sharp F-purity)
can be viewed characteristic p analogs of log canonical centers. The term ¢-
compatible is lifted from the survey [Schwede and Tucker 2012]. Generalizations
of uniformly F' compatible ideals also come up in the work of Blickle (e.g.,
[Blickle 2013]) under the name of Cartier submodules and crystals; see the
survey [Blickle and Schwede 2013].

4. Test ideals for pairs

As deeper connections between Frobenius splitting and singularities in birational
geometry emerged, it was natural to look for generalizations of the characteristic p
story to “pairs”, the natural setting for much of the geometry. For example, with
the realization that the multiplier ideal “reduces mod p to the test ideal” (when
the former is defined; see [Smith 2000b; Hara 2001]), interest rose in defining
test ideals for pairs, since this was the main setting for multiplier ideals. After
Hara and Watanabe [2002] introduced Frobenius splitting for pairs, the theory of
tight closure for pairs quickly developed in a series of technical papers by the
Japanese school of tight closure, beginning about the time of the last decade’s
special year in commutative algebra at MSRI. In particular, a theory of test
ideals for pairs was introduced in [Hara and Yoshida 2003] and [Hara and Takagi
2004a].

In this section, we introduce the theory of test ideals for pairs, focusing
on the case where the ambient variety is smooth and affine —the “classical
algebrogeometric setting”. We do not use the traditional tight closure definition,
but rather an equivalent definition first proposed in [Blickle et al. 2008]. By
shunning the most general setting, and instead working in the simplest useful
setting, we hope to highlight the elegance of test ideal arguments when the
ambient ring is regular. In particular, we give elementary proofs of all the basic
properties, several of which do not seem to have been noticed before. As an
application, we include a self-contained proof of a well-known theorem on the
behavior of symbolic powers of ideals in a regular ring following the analogous
multiplier ideal proof in [Ein et al. 2001]. See also [Hara 2005].

Let R be an F-finite domain, and let a be an ideal of R. For each nonnegative

real number 7, we associate an ideal®

{t eRx0} ~ {t(R, a)}my-

251f ¢ is a natural number, the notation T(R, a’) could be interpreted to mean the test ideal of
the ideal a’ (with exponent 1) or to mean the test ideal of the ideal a with exponent ¢. Fortunately,
these ideals are the same (as will soon be revealed when we give the definition), so the danger of
confusion is minimal.
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In the classical commutative algebra case, a = R, and all T(R, a’) produce the
same ideal, T (R), the test ideal discussed in the previous section. For many years,
this was the only test ideal in the literature. In the classical algebraic geometry
setting, multiplier ideals are much easier to handle in the case where the ambient
variety is smooth; indeed the emphasis has always been that case. So perhaps
it should not be surprising that, returning the commutative algebra to the case
where the ambient ring R is regular, arguments should simplify dramatically for
test ideals as well.

4A. Test ideals in ambient regular rings. Let R be an F-finite regular domain,
and a any ideal of R. We first define the test ideal of a pair (R, a’) in the special
case where ¢ is a positive rational number whose denominator is a power of p.
The case of arbitrary ¢ will be obtained by approximating ¢ by a sequence of
rational numbers whose denominators are powers of p. When R is clear from
the context, we will often write 7 (a’).

For each R-linear map ¢ : R'/?° — R, we consider the image of a under
¢. That is, looking at the ideal al/P* as an R-submodule of R'/?*, we consider
its image ¢ (a'/?) C R, which is of course an ideal of R. Ranging over all
¢ € Homg(R'/7°, R), we get the test ideal of a. Before stating this formally, we
set up some notation:

all/Pl .= Z ¢ (al/P").
¢cHomp (RY/P¢ R)
Lemma 4.1. For any ideal a in a Frobenius split ring R, we have

all/Pl (aP)[I/P

e+l]
)

with equality if a is principal.
Proof. Fix a Frobenius splitting 77 : R'/? — R. There is a corresponding splitting
7Pt RYPT L RUP

defined by taking p°-th roots of everything in sight. For any R-linear map
RYP" % R, the composition

e+l /v’

RY/PT L pUF 4 R

is an element of Homg(R/”""', R). Now, the ideal all/?! is generated by

elements of the form ¢ (x!/7*), where x € a. To see that all such elements are
also in (a”)l/ I’M], note simply that x” is in a”, and that the composition above
sends (x?)V "o ¢ (x). This completes the proof. Il
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Now, given a rational number ¢ whose denominator is a power of p, we can

write
; n np n p2

e T el T e

The lemma implies a corresponding increasing sequence of ideals:
(@/P) = (@) P T = (@) P = “4.1.1)

which must eventually stabilize by the Noetherian property of the ring. This
sequence stabilizes to the test ideal:

Definition 4.2. Let R be an F-finite regular ring of characteristic p and let a be
an ideal of R. Fix any positive rational number whose denominator is a power
of p, say n/p®. The test ideal

_L.(an/Pe) — U(anpf)[l/PH—[] — Z (p((anpf)l/PeH)_
f

@eHomg (R1/7°H R)

That is, if we write the number t = n/p® with a sufficiently high power of p in
the denominator, the test ideal 7 (a’/?") is the ideal (a™)!!/71 of R generated by
the images of the ideal (a”)!/?° ¢ R'/P under all projections R'/?* — R.

Remark 4.3. If R is Frobenius split and a is principal, the sequence (4.1.1) above
stabilizes immediately. That is, 7 (a’/ Py = (a)[V/P] for any representation of
the fraction n/ p°.

Remark 4.4. Let R = [F,[[x, y]] and a = (x, y). Show that t(a") = (x, y)rl
for all n € N.

The case of arbitrary t. Fix a positive real number ¢. Choose a nonincreasing
sequence of rational numbers {t,} whose denominators are p-th powers.?® This
allows us to define the test ideal t(a’) because for 7, sufficiently close to ¢, the
ideals T (a™) will all coincide. Indeed, if n/p¢ > m/p/, then getting a common
denominator, we have that (a™?’)[1/P""/1 < (gmr)11/p" ™1 S if n/p¢>m/p’,
then clearly

(@7 c r@"?’). (4.4.1)

Thus any decreasing sequence of positive rational numbers whose denominators
are p-th powers must produce an ascending chain of ideals, which stabilizes by
the Noetherian property of the ring. If two such descending sequences converge to
the same real number ¢, it is clear again by property (4.4.1) that the corresponding
chains of ideals must stabilize to the same ideal. Thus we can define:

26For example, we can take Hernandez’s sequence of successive truncations of a nonterminating
base p expansion for ¢; see [Hernandez 2015].
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Definition 4.5 [Blickle et al. 2008]. Let R be an F-finite regular ring of charac-
teristic p and let a be an ideal of R. For each t € R~, we define

7(a') 1= U T (alP /Py,
eeN

The sequence [¢tp€]/p¢, as e runs through the natural numbers, is a decreasing
sequence converging to the real number . We have picked it for the sake of
definitiveness; any such deceasing sequence can be used instead, they all produce
the same ideal in light of the inclusion (4.4.1).

4B. Properties of test ideals. All the basic properties of test ideals for an ambi-
ent regular ring follow easily from the definition, using the flatness of Frobenius
for regular rings.

Theorem 4.6. Let R be an F-finite regular ring of characteristic p, with ideals
a, b. The following properties of the test ideal hold:

(1) acChb = (R, a") CT(R,b") forall t € Roy.
) t=1 = t(R,a) ST(R,a").
3) t((a™)") = t(a™) for each positive integer n and each t € R..
(4) Let W be a multiplicatively closed set in R, then
T(R,a)RW™ ' =t(RW™!, @RW™1)").

(5) Let a denote the integral closure of a in R. Then

7(a’) =t(a’) for all ¢.
(6) For each t € Ry, there exists an ¢ > 0 such that t(a') = t(a') for all

t' et t+e).

(7) aC t(a).
(8) (Theorem of Briangon—SkodaZ7) If a can be generated by r elements, then
for each integer £ > r we have

r(ag) = ar(ag_l).
(9) (Restriction theorem) Let x € R be a regular parameter and a mod x denote
the image of a in R/(x), then

7((a mod x)") C 7(a’) mod x.

2T geometry circles, it is typical to refer to this statement as Skoda’s theorem; we adopt the
more generous tradition of commutative algebra. This type of statement has also been referred
to as a “Briancon—Skoda theorem with coefficients”. See, e.g., [Aberbach and Huneke 1996] or
[Aberbach and Hosry 2011].
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(10) (Subadditivity theorem) If R is essentially of finite type over a perfect field,
then T(a'™) C t(a')" for all t € R=q and all n € N.%

Remark 4.7. In fact, the first six properties above hold more generally; this is
basic for the first five, once the definitions have been made (see [Schwede and
Tucker 2012]) and the sixth is proved in [Blickle et al. 2010]. There are various
versions of the other properties as well in more general settings, but most require
some sort of restriction on the singularities of R and the proofs tend to be very
technical. See, e.g., [Hara and Yoshida 2003; Takagi and Yoshida 2008; Takagi
2006]. Our proofs mostly follow [Blickle et al. 2008]. The simple proof of (9)
here is new (hence so is the proof of the corollary (10)), although the statements
can be viewed as (very) special cases of much more technical results in [Takagi
2008] and [Hara and Yoshida 2003, Theorem 6.10(2)], respectively.

Proof. The first three properties follow immediately from the definitions, and the
fourth is also straightforward. These are left to the reader.

The fifth follows easily from the following basic property of integral closure
(see eg. [Huneke and Swanson 2006, Corollary 1.2.5]): there exists a natural
number £ such that for all n € N, (@) C a". Fix this £. We already know
that T(a’) C 7(a") by property (1). For the reverse inclusion, note that since
([tp®1+£)/ p¢ is a decreasing sequence converging to ¢ as e gets large, we have

(@) = U T(a(m’g]-ﬁ-@/lf) — U t((aﬁ[’g]—i—l)l/Pe)

eeN eeN
c @ Hry = r@ Ve = o),
eeN eeN

with the inclusion coming from property (1).

The sixth follows immediately from the Noetherian property of the ring. Since
([p°t]1+ 1)/ p® is a decreasing sequence converging to ¢, we can fix e large
enough that 7(a’) agrees with 7 (a{l?"/1+1/P%) By Property (2), for all #’ in the
interval [¢, ([ p¢t] + 1)/p®), we have (a7 1+D/P*) « v (a") C t(a’). In other
words, all three ideals are the same.

The seventh property is easy too: since t = p¢/p¢ for all e, we have 7(a) =
(aP)[V/P°] for ¢ >> 0, which contains a by Lemma 4.1.

The Briancon—Skoda property is also easy. Thinking of € as (¢{p®)/ p¢ for large
e, we have 7(at) = (a?)IV/7°], But it is easy to see that at?’ = alPl(qt=Dry
where al”‘! is the ideal generated by the p¢-th powers of the elements of a.
(Indeed, if a is generated by the elements ay, . . ., a,, then a’”’ is generated by

28More generally, our proof of the subadditivity property shows that for the mixed test ideal
7(a’b%) defined analogously as 7 (alsPT6["P 1Y[1/P°] for ¢ > 0, we have 7(a’b%) € 7(a’)T(b)
forallz, s € R>.



FROBENIUS SPLITTING IN COMMUTATIVE ALGEBRA 333

the monomials ail .. .a;" of degree £p¢; if all exponents i; < p® — 1, then the
pl < rp® —r, contradicting our assumption that £ > r.) Now clearly

z(at) = (@) = (P 1g@=Dp)1/pT — q(q=Dr ) 1/PT = g7 (gt

The third equality here holds since by definition, for any ideal b, we have
6!1/7°1 is the image of b!/?* under the R-linear maps R'/?° — R. In particular,
(alp“lb)ll/p"l = qbll/P],

Now the restriction property (9). Let us denote R/(x) by R; its elements
are denoted 7 where r is any representative in R. Consider any R-linear map
R'/P* —s R. We claim that this map lifts to a R-linear map ¢ : R'/?° — R.
Indeed, consider the diagram of R-modules

RYPS . RUP*

R——»R
where the horizontal arrows are the natural surjections, and the vertical arrow
is the one we are given. Because the bottom arrow is surjective and R'/7 is a
projective R module (by Kunz’s Theorem 1.2), the composition map RY/?* — R
lifts to some ¢ : R'/?° — R making the diagram commute. Thus it is reasonable
to denote the given map R'/?° —» R by ¢. For any 7 € R, we have ¢(7'/7") =
G (r'/re).

With this observation in place, the restriction theorem is easy. Take any
y € t(a'). By definition, there is some ¢ : R'/?° — R such that y = d(FYP,
where 7 € @’. By the commutativity of the diagram, y = ¢ (r1/7°), for some
rea'. Thatis,y € (a") mod (x). The restriction theorem is proved.

Finally, we observe that the subadditivity property follows formally from the
restriction property in exactly the same way as for multiplier ideals; compare
[Blickle and Lazarsfeld 2004]. Let a and b be ideals in a regular ring R essentially
finitely generated over k. In § = R ®; R, which is also regular, we have the ideal
a® R+ R ®b. For any positive rational s, ¢, it is easy to check that

(@ ®R+RR)=1(a) @ R+ R® 1(b").

Now, locally at each maximal ideal, the diagonal ideal A C R ® R is generated
by a sequence of regular parameters. By the restriction property, at each maximal
ideal we have

T(@*®R+R®b)mod A) C[t(@)® R+ R®1(b")mod A.

Interpreting this in R ® R/A = R yields the inclusion 7 (a’b’) C (a®)z(b"). O



334 KAREN E. SMITH AND WENLIANG ZHANG

4C. Asymptotic test ideals and an application to symbolic powers. We now
introduce an asymptotic version of the test ideal, analogous to the asymptotic
multiplier ideal first defined in [Ein et al. 2001]. We will use this concept to
give a simple proof of the following well-known theorem about the asymptotic
behavior of symbolic powers.

Theorem 4.8 [Ein et al. 2001; Hochster and Huneke 2002]. Let I be an unmixed
(e.g., prime) ideal in k[xy, ..., x4). Then

19" C 1" forall n € N.

Our proof here is a straightforward and self-contained adaptation of the original
multiplier ideal proof in [Ein et al. 2001] in characteristic zero. Hara had
also adapted that proof to prime characteristic using test ideals in [Hara 2005],
although the definitions and proofs are different and less self-contained than ours
here. Hochster and Huneke gave a tight closure proof and generalized this result
in the characteristic p case [Hochster and Huneke 2002]. See also [Takagi and
Yoshida 2008].

For a prime ideal p in a polynomial ring, the symbolic power p is the ideal of
all functions vanishing to order n on the variety defined by a. Put differently, the
symbolic powers of a prime ideal p in any ring R are defined by p™ = p” RyNR.
For arbitrary a, we take a primary decomposition a¥ =p;N---Np,NQ1N---NQ,,
where P;’s are the minimal primary components and Q;’s are the embedded
components, then define a®™) =p;N---Np,.

Definition 4.9. A sequence of ideals {a,},cn is called a graded sequence of
ideals if

Ay Oy - Antm

for all n, m.

It is easy to check that the symbolic powers {a(},cn of any ideal a in any ring
form a graded sequence. Graded sequences arise naturally in many contexts in
algebraic geometry. For example, the sequence of base loci of the powers of a
fixed line bundle form a graded sequence of ideals on a variety. See [Ein et al.
2001; 2003] or [Blickle and Lazarsfeld 2004] for many more examples.

Given any graded sequence of ideals {a,}, it follows from the definition and
Property 4.6(1) that for any positive A,

(@) =t((@™""™) S (@™,
In other words, the collection

(T (/™ bmen
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has the property that any two ideals are dominated by a third in the collection.
Since R is noetherian, this collection must have a maximal element; this stable
ideal is called the asymptotic test ideal:

Definition 4.10. The n-th asymptotic test ideal of the graded sequence {a,},en
is the ideal

1/¢
Too(R. 02) 1= Y T(R.q,),
LeN

which is equal to
(R, a,},")

for sufficiently large and divisible m.

By definition, it is clear that 7o (R, a,) satisfies appropriate analogs of all
the properties listed in Properties 4.6 — the asymptotic test ideal is a particular
test ideal, after all. Especially we point out a consequence of the subadditivity
theorem:

Corollary 4.11. For any graded sequence in an F-finite regular ring R, we have
Too (R, ) C (Too(R, a,))™ foralln,m € N.

Proof. Since T (R, 0y) := T(R, ail/f[) for sufficiently divisible ¢, we have

1/¢
nmt

)=1(R, a") c (R, /Oy,

Too(R, 0um) =T(R, @ nmt nmt

with the inclusion following from the subadditivity property 4.6(10) for test
ideals. Since £ here can be taken arbitrarily large and divisible, we have that
(R, al/®9) = 1,(R, a,). Thus

nmt
TOO(R’ anm) C TOO(Rv an)m'
O

Proof of Theorem 4.8. We consider the graded sequence of ideals {7"},cn.
According to Properties 4.6(3), we have [1U@N) C ¢ (1U@N)y, By Corollary 4.11,
we have

Too (19N C 1o (1YY

for all N. Hence it is enough to check that 7o, (/ @)y C [. For this, we can check
at each associated prime p of 7, which means essentially that we can assume
that R is local and that / is primary to the maximal ideal; that is, we need to
show that

Too(Ry, (I?Ry)) C IRy,
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In Ry, there is a reduction of / that can be generated by dim(Ry,) < d elements,
and hence according to Properties 4.6(5) we may assume that / itself can be
generated by d elements. Then the Briancon—Skoda property 4.6(8) tells us

Too(Rp, (I'Ry)) S 1.
This finishes the proof of our theorem. 0

4D. The definition of the test ideal for a pair (R, a') in general. The defini-
tion of the test ideal for a singular ambient ring can be adapted to the general
case of pairs. We include the definition for completeness without getting into
details; see [Schwede 2010a] or [Schwede and Tucker 2012] for more, including
generalizations to “triples”.

Definition 4.12. Let R be a reduced F-finite ring and let a be an ideal of R.
The test ideal T (R, a') is defined to be the smallest ideal J not contained in any
minimal prime that satisfies

g0((aft(1!7"*1ﬂJ)l/Pe) cJ

for all p € Homg(R'?", R) (ranging over all e > 1).
In particular, the test ideal T (R, a’) is defined to be the smallest nonzero ideal
J not contained in any minimal prime that satisfies

eIV CJ

for all ¢ € Homg(R'/? “, R) which are in the submodule consisting of homomor-
phisms obtained by first precomposing with elements of in (a”’?*~D1)1/P* "and
alle > 1.

Again, the existence of such smallest nonzero ideal is a nontrivial statement;
see [Schwede and Tucker 2012] and [Hara and Takagi 2004b] for the general
proof.

Although it is not completely obvious, if R is regular, this gives the test
ideal that we have already discussed in the previous subsection. Indeed, both
definitions developed here are shown to agree with the tight closure definition of
the test ideal in [Hara and Yoshida 2003] in their respective introductory papers,
[Blickle et al. 2008] and [Schwede 2010a].

Further reading on test ideals. Much more is known about test ideals than we
can discuss here, and the story of test ideals is very much still a work in progress.
One notable paper is [Schwede and Tucker 2014b] which discusses a framework
under which test ideals and multiplier ideals can be constructed in the same way,
an idea begun in [Blickle et al. 2015]. On the other hand, the paper [Mustatad
and Yoshida 2009] includes a cautionary result: every ideal in a regular ring is
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the test ideal of some ideal with some coefficient. This indicates that test ideals
are in some ways very different from multiplier ideals, since multiplier ideals
are always integrally closed; see also [McDermott 2003].

A rich literature has evolved on the study of F-jumping numbers — analogs of
the jumping numbers for multiplier ideals of [Ein et al. 2004]. As with multiplier
ideals, as we increase the exponent 7, the ideals (R, a’) get deeper; the values of
« such that T(R, a*~¢) strictly contains t (R, a*) (for all positive €) are called F-
Jjumping numbers. The smallest F-jumping number is called the F-pure threshold.
First introduced in [Hara and Yoshida 2003], one of the main questions has
been whether or not the F-jumping numbers are always discrete and rational.
The first major progress was the case of regular ambient rings [Blickle et al.
2008]; an exceptionally well-written account of the state of the art appears in
[Schwede and Tucker 2014b]. See also [Blickle et al. 2009; 2010; Katzman et al.
2009; Schwede et al. 2012]. The F-jumping numbers are notoriously difficult to
compute; see [Herndndez 2015]. Just as jumping numbers for multiplier ideals
(in characteristic zero) are roots of the Bernstein Sato polynomial [Ein et al.
2004], similar phenomena have been studied for F-jumping numbers; see, for
example, [Mustata et al. 2005], [Blickle and Stiler 2015], or [Mustatd 2009].

The connection between the test ideal and differential operators was first
pointed out in [Smith 1995a], where it is shown that the test ideal is a D-module.
There are deep connections between the lattice of uniformly F-compatible ideals
and intersection homology D-module in characteristic p [Blickle 2004], and
other works of Blickle and his collaborators. See also [Smith and Van den Bergh
1997].

Appendix: What does Cohen—-Macaulay mean?

The Cohen—Macaulay property is so central to commutative algebra that the
field has been jokingly called the “study of Cohen—Macaulayness”. Cohen—
Macaulayness is also important in algebraic geometry, representation theory and
combinatorics, with many different characterizations. We briefly review three of
these. See [Bruns and Herzog 1993] for a more in depth discussion.

First, Cohen—Macaulay is a local property — meaning that we can define
a Noetherian ring R to be Cohen—Macaulay if all its local rings are Cohen—
Macaulay. So we focus only on what it means for a local ring (R, m) to be
Cohen—Macaulay.

Alternatively, if the reader prefers graded rings, one can take (R, m) to mean
an N-graded ring R, finitely generated over its zero-th graded piece Ry (a field).
In this case, m denotes the unique homogenous maximal (or irrelevant) ideal
of R.
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The standard textbook definition. A local ring (R, m) is Cohen—Macaulay if it
admits a regular sequence?® of length equal to the dimension of R. A sequence
of elements x, ..., xg is regular if x; is not a zero divisor of R, and the image
of x; in R/(xy, ..., x;—1) is not a zero divisor fori =2, 3, ..., d. (See [Bruns
and Herzog 1993, Definitions 1.1.1 and 2.1.1].) Another point of view on regular
sequences is this: the Koszul complex on a set of elements {xy, ..., x4} is acyclic
if and only if the elements form a regular sequence.

Regular sequences are useful for creating induction arguments using long
exact sequences induced from the short exact sequences

0— R/(X1s. . Xic1)—>R/(X1, ..., Xi—1) = R/(x1, ..., x;) — O.

In algebraic geometry, say when R is the homogeneous coordinate ring of
a projective variety, this is the technique of “cutting down by hypersurface
sections”. This works best when the resulting intersections contain no embedded
points — which is to say, the defining equations of the hypersurfaces form a
regular sequence.

A possibly more intuitive definition. Let R be an N-graded algebra which is
finitely generated over Ry = k. Recall that every such ring admits a Noether
Normalization: that is, R can be viewed as finite integral extension of some
(graded) polynomial subalgebra A. Then R is Cohen—Macaulay if and only if
R is free as an A module. For example, in the case of Example 1.21, the ring
R = 8% = C[x?, xy, y?] can be viewed as an extension of the regular subring
A = k[x2, yz]. As an A-module, R is free with basis {1, xy}. That is, every
element of R can be written uniquely as a sum a + bxy, where a and b are
polynomials in x2, y2.

If (R, m) is not graded but is a complete algebra over a field, then an analog
of Noether Normalization called the “Cohen-Structure theorem” holds, which
allows us to write R as a finite extension of a power-series subring A. Again, R
is Cohen—Macaulay if and only if R is free as an A-module.

We remark that in both the graded and complete cases, it is easy to find the
regular subring A. In the graded case, the k-algebra generated by any homogenous
system of parameters will be a Noether normalization. Likewise, in the complete
case, the power series subalgebra generated by any system of parameters will
work.

Even if the local ring (R, m) is not complete, this criterion of Cohen—Macaulay-
ness can be adapted by completing R at its maximal ideal: it is not hard to prove
that a local ring (R, m) is Cohen—Macaulay if and only if its completion R at the

29homogenous in the graded case
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maximal ideal is Cohen—Macaulay. This follows immediately from the definition
of regular sequence: since R is a faithfully flat R-algebra, the sequence

0= R/(X1, .y Xic1)—>R/(x1, ..., Xi_1) = R/(x1, ..., %) = 0
is exact if and only if the sequence

0— Ié/(xl,...,xi_l)iﬂ%/(xl,...,xl-_l) — Ié/(xl,...,x,-) -0
is exact.

A cohomological definition well-loved by commutative algebraists. The local
or graded ring (R, m) is Cohen—Macaulay if and only if the local cohomology
modules H,il(R) are all zero for i < dim R. We will not launch into a long
discussion of local cohomology here, which is well-known to all commutative
algebraists [Bruns and Herzog 1993, §3.5]. It suffices to know that local coho-
mology has all the usual functorial properties of any cohomology theory, so even
if you don’t know the precise definition, a passing familiarity with any kind of
cohomology should suffice to follow the ideas in arguments in many situations.
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