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Abstract

The Navier-Stokes equations have been solved by transforming the dynamic
Navier-Stokes equation into a differential one-form on an odd-dimensional differentiable
manifold and then using the principle that this one-form predicts, by anaysis with
exterior calculus, a set of characteristic differential equations and vortex vector
characteristic of Hamiltonian geometry. The solution was shown to be divergence-free by
contracting the differential 3-form corresponding to the divergence of the gradient of the
velocity with a triple of tangent vectors, implying constraints on two of the tangent

vectors for the system. Analysis of the solution showed that it is bounded since it remains

finite as |x*|— o0, and is physically reasonable since the square of the gradient of the

principal function is bounded. By contracting this differential one-form with the vortex

vector, the Lagrangian was obtained.

* Professor Stoty is on leave from Morehouse College, Atlanta, GA 30314, tstory@morehouse.edu



1. INTRODUCTION

In fluid dynamics, the Euler and Navier-Stokes equations model the dynamics of

afluidin R" (n= 2 or 3) for times t = 0. For incompressible fluids the Navier-Stokes

eguations are given by

g—: = —(veO)v {—DP + V,zl i(;: j + f} 1)
divv = 0 2

with initial conditions

V(X" 2) T V(LX) ©)

For the case of zero viscosity v, these equations are the Euler equations. Egn.(3) is the
initial condition for position coordinates x* and time t =t,, egn.(2) is the condition for
incompressibility and egn. (1) is the equation describing the dynamics, with externally

applied force f (x*,...,x", t), velocity v (x 1,..., x", t), pressure P(x,..., x", t ), and with

« 0 (0
forces due to pressure gradient [P and viscous friction V Z P (0 V/_j. Many
j=1 X X

investigations have focused on finding v satisfying egns.(1, 2 and 3) or on proving or



disproving the global existence, smoothness and breakdown of Navier-Stokes solutions

on R® or on R¥7Z3: acritical discussion asto what constitutes a solution and the state of

such investigations in 2000 and 1998 have been given by Fefferman[1] and by Arnold
and Khesin[2].

In the present investigation the Navier-Stokes dynamic equation (egn.(1)) is
rearranged to an expression which can be written as a differential one-form, then an
extension of a principle proposed in a previous manuscript [3] is applied. This principle
states that the description of a dynamic system with a characteristic differential one-form
on an odd-dimensional differentiable manifold leads, by analysis with exterior calculus,
to a set of characteristic differential equations and a characteristic tangent vector which
define transformations of the system. The extension of this principle arises because the
differential one-form used in reference 2 is the exterior derivative of a scalar function;
however, the present application to the Navier-Stokes equation involves the exterior
derivative of a vector field. Solution to the Navier-Stokes equation reduces to synthesis
and solution of a set of differentia equations analogous to Hamilton's equations and the
synthesis of a characteristic tangent vector which describes the direction of the system
motion.

The appropriate differentiable manifold for describing the system is a cotangent

bundle rather than a tangent bundle; hence the solution is the position and the conjugate

to the position(xf , b/_) , rather than the position and the velocity. This solution is shown

to be divergence-free by contracting the differential 3-form corresponding to the

divergence of the gradient of the velocity on a triple of tangent vectors, and setting the



result to zero; this implies constraints on two of the tangent vectors for the system.
Analysis of the solution showed it is bounded since it remains finite as |x*| — oo, and is
physically reasonable since the square of the gradient of the principa function is
bounded. The characteristic tangent vector (vortex vector) indicating the direction of the

system change was determined; the Lagrangian was calculated by contracting the

characteristic differential one-form with the vortex vector.

2. Differential One-Form for the Navier-Stokes Equation

Since v =v(x,...,x"t) and %:% — (v-O)v, then eqn.(1) becomes, upon
substitution, the following equation:
d—v—(V°D>V:_(V°D>V+ —OP +vY i(av)+f} (4
df j=1 Gx’ aX/

Multiplying this equation by —dr gives

B, dx’ —dv = B dx’ — Q dt (5)

where



ov
B =

7 0x/

(5-1)
:B(X’j,l)
B dx/ = (vel)vdt (5-2)
Q=[-0p +|/Z”: (OB;} + f] (5-3)
IEIN)

Upon equating each side of egn.(5) to the exact differential d S, eqn.(5) becomes for the
right-hand side

dS=B,dx' - Qat (6)

where S will be referred to as the principal function. It isimportant to note that eqn.(6) is

the same as eqn.(1) after substituting %:% = (v+0)v and then multiplying each

side of the resulting equation by —dr. An equivalent route to egn.(6) is the

multiplication of egn.(1) by —dr and setting 4S = —[?]dt .
¢

0
To analyzij = O—V/ recall that the general concept of the gradient of a tensor
‘ X

field requires Ov to begiven by:

Ov (e,.e,,e,,&) =[Valueof contractionv(e,,e,,e, ) at thetip of vector ¢]

— [Vaue of contraction v(e,,e,, e, )at thetail of vector ¢]



where (el,ez,e3) are unit vectors and ¢ is an arbitrary tangent vector all belonging to

T(T*M.,), the tangent space to the cotangent space at the position x of manifold M .

ov
Ox’

For a Lorentz frame, OV (e,,e,,e,,§) = =B, ¢/, hence B isthe gradient of

the velocity contracted with unit vectors and divided by the j—th coordinate for the

tangent vector £ . Bj will be simply referred to as the gradient of v.

0B _
: in Q and develop the

J

To anayze the quantity (
X

expronQ:Q(Bj,xf,t), note that in the neighborhood of initia

postlon(B (0),x,,2,), Taylorsexpansongives B, as

> ()’ 0

Bj(xjal‘> = B/(O) + (Xj - Xf{)aijj@) + (1= l‘o)(?/Bj(O>
()

+ i Z Ni[ ](Xj_xo)N (= 1) 8;3;_,6:]3/(0)

N=2 r=0

where N and r areintegerssuchthat 2 < N < oo and 0 <r < N , with notation

B _ B j aN rar — aNBj
1(0) = B;04.1)., = N (8)

Upon taking the partial derivative of egn.(7) with respectto  x' it results that



0,8,20,8,0+ 35 (o j['fj(xj—x(i)w(t—toya:-fa:Bj(O) ©

Upon substituting 9 ;B;(0) from Taylor's expansion (egn.(7)) into eqn.(9), it results

that

0,B; = [Bi = B,(0) - (t-1) atBj(o)] (X _X‘i)_l
(10)

ZZ( N 1)(Tj(xj—xg>w(t—to)f 9,798,

Replacing the quantity ax/Bj in Q (egn.(5-3)) by this quantity in egn.(10) gives Q

as
Q=—0P +f
> [B/-B,0-(t-1) 3,8,(0] (x -x)*
+V

v & (N-r=1)(NY)
*2 2.2 (N Nr! 1)[Irj(xj—><5)“'“1(t—t0)r 0" 0; B, (0)

(11)

The differential one-form corresponding to egn.(6) is



dS =B dx’ -Qd¢ (12-1)

where symbol “d” is the exterior derivative operator and dS is the exterior derivative of a
vector field S. Let the set of x' now represent a configuration space. In order for x!

and B, tobeaconjugate par, three conditions must be satisfied; namely, (1) B; must
be the gradient of the function S, (2)x' and B ; must be functions of tempora
coordinate t aone and (3) Q = Q(Bk,x",z‘) The first condition is automatically
satisfied by reference to egn.(12-1), i.e, B, isthe gradient of S. Since the existence of v
implies x’=x'(t) and since Bj:Bj(xj,t):Bj(xj(t),t):bj(t), then the second

condition is satisfied. Condition three is satisfied by the definition of Q in egn.(11).

Hence egn.(12-1) becomes,

dS =b dx’ -Qd¢ (12-2)

which is analogous to the expression for the differential one-form for the action in
Hamiltonian mechanics.
The geometric object dS is called a vector-valued differential one-form on

extended cotangent space T * M _, with coordinates (b, , X I t), with basic differential
oneforms db, , dx’ and dt and characteristic function Q(b,,x',t). With this

development, the Navier-Stokes equation is expressed as a differential form (egn.(12-2))

useful for applying exterior calculus to analyze Navier-Stokes dynamics.



3. Navier-Stokes Dynamics on a Differential One-Form
3.1. Differential equations. Using the symbol w=dS , the exterior

derivative of egn.(12-2) is

dw=db [dx’/ - (O—Qj dx/ + 0_Q db + (a—det Lidt (13)
/ O’ o | o

Following the procedure of reference 3, notethat if x’and b , areto describe mappings

of the temporal coordinate t onto the direction of the system phase flow, then x’and

b, must be functions of t aone, and vector & which belongs to the tangent space

T(T*M_,) aapoint x’ of manifold M, where

db dx’
= 210, + 0 +0 14
: (dz‘jb’ [dz]” ’ (4

must satisfy at each point (b, x!,t) of the transformation, the equation

dw(@.n) =0 (15)



10

for arbitrary tangent vector n at each point. This contraction of differential one-form dw

isamapping of apair of tangent vectors onto an oriented surface, a mapping defined only

J

and . of & havethevalues
dat dat

if the coordinates of

dx’  0Q db, 0Q
= — and = — '
dt ob dt Ox’

/

Using the definition of Q(egn.(11), egns.(16) become

and

dbk:ak(DP) = 0,f

.~ "
> [b,-B,(0)-(t-t,) 0,B,(0)] (X' -x)™
j=1

- Vo,

L S -r- N A A
+Z ZZ (N Nr! 1j(rJ(XJ_Xé)N_r_l(t_to)r a:_rasz(o)

(16)

(17-1)

(17-2)

Note that this is a differential equation whose solution is b, ; only constant coefficients

of thetype 0, d; B, (0) appear, not B,.
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3.2. Thesolution

The solution to egn.(17-1) is

X< =x< £ f2v(t-t,) (18)

To change eqn.(17-2) so that a series expansion method can be used for its solution, first
P and f are approximated by a Taylor’'s series to second order and VP istaken, then

partial derivatives 0 ,f and 0 [P aretaken. When comparing the terms
(0.0 . 8O)|(x* =) and 0,0, £(0)](x*** —x572) with [ 9%F(0) | (X =), all

in 0,f, itisassumed [0 ,0 ... £(0)] < [9%f(0)] and (0.0 . £(0)] < [02£(0)] ;
these terms are excluded as an approximation. The notation £, + 1,4 + 2 isintended to
imply cyclicorder in x, y,z.

Following the above indicated procedure and noting once again that b, = b (t),

eqgn.(17-2) becomes

—Ir- 1) N-r _ N-r-2
ZZ[ @) N,[ ]a aB(O)](x X))
+[ -0, 0,F(0) ]t -t))
+[=0%F () ](x - x5) (19)

+[ (0% P(O) + €, (0,0 ..P(0)) + .2 (0 ,.:0 . P(0)) = 9,1 (0) |

+ [v(b, ~B,(0) J(X = x§) >+ [ -v0,B, (0) (X —x5) *(t ~t,)
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where e, are unit vectors arising from use of the gradient. After multiplying egn.(19) by
(X —x5)?and using eqn.(18) to remove the remaining (t —t,) dependence, then egn.19)

becomes

—r 1)
N

(Xk 2db iz l: |( JaN ra B (O)](X _XO)N+r

+[=(20) 70,0, F(0) | (X —x§)" + [ 0%F(0) (X ~x5)°

- %at B,(0)- 0, (0) (20)
+ (X =x5)°
& (0% P(0)) + €, (0,0,..P(0)) + €. (9.0 ,P(0)

+[v(b,~B,(0)]

The series solution to eqn.(20) proceeds by assuming b, isgiven by
[ E 1
b, =b, (t) =D Cy(t-t,)? exp{— Na(t —to)z} (21-1)
N=1

Because of eqn.(18), it is possible to expressb, by
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b = b, () = 3~ (- exp{—%(xk—xé)} (21-2)

wherethe C, and "4" are constants. Computation of ddL:" with the use of egn.(21-

1), followed by use of eqn.(18) to express it as a function of (x" —xg) and use of

eqgn.(21-2), gives the following result when substituted into egn.(20):



14

= NCN Kk k _E k _ yk

2 L(Zv)’; =) exp{ N7 XO)}

S NaC, k_ Jk\N*t _ Nag/ v«
e A ]
S N _Na o  «
szl ) (X =) exp{ oy xo)}
iz [ -r llzll( jaN ra B (O):l(x X(I)()N+r

+[ (@)70,0,F(0) ] (X = x¢)* + [ 92F(0) ] (X - x¢)?

%atBk(O) +0,£(0)

¥ (X =x)*
~¢, (0% P(0)) - (0,0 ..P(0)) — €2 (9 .0 . P(0)) (22-1)

+

[vB,(0)]

Replacing the exponentia function by a Taylor’ s series to second order and rearranging

gives,



[y

a2w)? "7 | L A2w)?

(X -x)

[y

_i |:aNZSN (Xk—XI(;)N+1+i (N—l)NCT
2

NI 2(2v) 2

& X (N_r_l)z (NJGN—rarB 0 k _ KyN+T
+zz[4wVN!r% e R
+[ (20)70,0,F(0) [ (X =x5)" + [ 0%F(0) ] (X = x§)°

%atBk(O) +0,1(0)

—€ (a)z(k P(O)) a exK+1 (axkaxk*lp(o)) - exk+2 (anQaXKP(O))

+ [vB,(0)]

=0

Combining terms gives

_i [astle (Xk_xg)mg_l_i aZNZ(N+N1)CN](Xk—xg)N+2

+ (X —x5)°

15

(22-2)
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> i {M[Njai‘ﬂ 0 Bk(O)](Xk —x)"

r

(x =)’

+ 2

N=4

N

-a®(N-3)°C,_,+a’(N-2)°(N-1)C,_,
a2 1
[4(2v)21]

-2a(N-2)°C,,+2(N-1)C,

+ (2v)70,,0,F(0) (X - x5)*

2 a_2 - 2_a i k _ k)3
+05,f(0) + (2@}:1 (@jCZ+(@jC3}(X %)

_ 1 1 |
{ge(2f st
. (x =X

~e, (0% P(0)) - €,..(0,0,..P(0) - e,... (9,...0,.P(0))

(22-3)
+ [vB,(0)]
=0
Changing (x‘?—xf)N+ to (xk—x(/f)V gives
i wl N1 OB, & sy
S5 At - 2RO )
(23-1)
00 N
_ (N_r_1>2 N-r or b _E\N+r
=22 2@ N o B =)
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(N—2r—1)° ,
where A, ., = — 0N 9" B,(0)|, for N—2r >0 (23-2)
To2(2v) T (N =2 T '
,B(O] + sy Sl
and where the term ’T<x —x;) isgenerated by thesums )~ >~ butisnot
N=2 r=0

00 N
generated by thesums ) >, hence it is subtracted; there are no other terms of this

N=2r=0

type. The meaning of the limit r. < g is illustrated as follows. if
. . N
N = odd number,say N=3then =1 since r__ =2 would contradict » _ < >

If N = even number,say N=4, then » =2 since r_ =3 would contradict

N
e < —

2

Thisnew sum is expanded to asum startingat N =4 giving

£

(=) 4 [Ay + Ay ](x* =) (23-3)

(X _X()) i

2
N g or,0)
2(2v) (N =) *

The terms with like coefficients can now be combined, giving



vz (N -2r-1)°
=0 (2v)'_%r!(N—2r)!

05”0, B, (0)

— | e (N3 C (N -2 (N-D)C, , (X - %)
N=4 L 4(2v)

NgE

Nz

-2a(N-2)°C,,+2(N-1)C,

+[ (@2)70,,0,F(0) | (X - x§)*

B az 2a 1
A e - [ A e + == |C.+ A, + A, +82F(0) + (XK —x)?
+_[2\/Zj 1 (\/Zj 2+(\/Zj st Ay + Ay +0,F(0) + (X" =)
- (%jcl + (%jcz +A20 +%atBk(o) + a><Kf (0)
. (X =x5)?
—€, (aik P(O)) ~ €un (axkaxmp(o)) T B (axk*zaxkp(o))
_ | (24-1)
+ [VBk(O)]
=0

The sumisexpanded to beginat N =5 in order to generate and group

coefficients of (x*—x{)*, hence egn.(24-1) becomes

18



iz o(N-2r-1)°
=0 (2v)r_%r!(N—2r)!

9\ 0! B, (0)

S| L[ e -are, e (N -2 (N -ao, L (¢ )

—2a(N-2)°C,_,+2(N-1)C,

+| + (2v) 70,0, (0) + :;’vajk B, (0) (X =x5)*

+2050,8,(0)+ 5 ()08, (0)

(& 2a 1
——|C, - | = |C, +| —— |C, + A, + A, +3°F(0) + |(X* = X)°
+ (2@} 1 (@j 2 (@j 3 30 amY (0) + (X" =x9)

2
+ (X =x5)?
~e, (0% P(0)) - €,..(0,0,..P(0)) - e,... (9 ...0 .P(0))

- (chl + (%jcz Ay +%atBk(o) + axkf (0)

+ [V Bk(O)]

(24-2)

Evaluatingthe 4,_, , vauesin eqn.(24-2) gives



vz (N -2r-1)°
= (2w) 2 (N -2r)!

9" ! B, (0)

i #N -a*(N-3)°Cy_,+a*(N-2)"(N-1)C_, |(X* —xg)N
a0y

=z
1l
a1

-2a(N-1)°C,_,+2(N-12)C,

+| +(2v) 70,0, (0) + :;’va‘x‘k B, (0) (X =x5)"

+2030,8,(0) + 7(2v) 08, (0)

e (Bl
: (¢ -’

+§v6ik B,(0) + 0 +0%f(0)

- (%)cl + (%jcz +%v6ik8k(0) +%0t8k(0) +0,f(0)
¥ (X =xg)*
-¢, (0% P(0)) - e,..(0,,0,..P(0)) - €,... (9,...0 .P(0))

+ [vB(0)] (24-3)
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Theright side of egn.(24-3) is zero only if the coefficients of the individual

powersof (x*—x7%) are zero; hence,

B.(0) =0 (25-1)

aC, - [V92B,(0) +0,B,(0)]

C,= - [26ka(0)] (25-2)

+2] (9% P(0)) + €,.(0,0,..P(0)) + .. (0,..0 . P())

()

0% B, (0) ~2v 9%f(0)

B B 3

(—]cl ~ | 2avd? B(0) + ()2

703 B.(0)+2a0, B(0)

- ~[ 420 ,1(0) +2v 2£(0)]

+ 4afe, (02 P(0) + €, (0,0,.P(0) + e,.. (0,.0,P@) ]| ¥
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3

C,= %Jcl— (22%)c,+(3a)C,

[ 1 1 1 2
+ —EuzaikBk(O)—évaikatBk(O) —Eaf B, (0) —gaxkatf (o)}

2a% (2v)9% B(0) + a(2v)g 9% B, (0) +%(2V)26‘X‘kBk(0)

+ 4220, B(0) + %aka(O) " %V@ikatBk(O)

- - {8azaxkf(0) + aa(2):00(0)+ 20,0.1 (o)}

+82°[ &,(0% P(0) + €. (0,,0,,.P(0)) + €,.. (9.0 ,P(0)) |

(25-4)
comaNY e (N +a(N-1)C
N 2(N _1) N-3 2 N-2 N-1
'N>5 (25-5)
r<N/2 N _2 _1 2
-2 (N-2r-1) 0% 0; B, (0)

= (N=-1)(2v) 2 r(N=2r)!

Eqgns.(25-1) through (25-5) (recursion formula for N> 5) can be used to compute al
constants relative to the value of C, , but do not provide an explicit calculation of C,.

These constants are functions of constant coefficients of the type a;’k 0B, (0),

07,07 f(0) and 9% 0 P(0). Referring back to the analysis in the paragraph before
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egn.(12-2), namely, B, =B, (x“,t)=B, (x“(t),t)=b,(t), it is seen that egn.(25-1) states
that at the initial conditions defined by b,(7,) = 0, x“= x¥, 7 =1,, the gradient of the

velocity is zero.

3.3  Analysisof Solution
The present solution to the Navier-Stokes equations is based upon transformation
of the Navier-Stokes dynamic equation(egn.(1)) to Hamiltonian form. Hence, the

appropriate space for characterizing the solution to this equation is the extended

cotangent space with coordinates (b, x*, ) rather than the extended tangent space

with coordinates(v, x*, 7). This procedure leads to a description of Navier-Stokes
dynamics by a par of equations analogous to Hamiltonian’s equations and a
characteristic tangent vector(the vortex vector) to define the direction of system change.
The solutions to these equationsare x* and b, , as givenin eqns.(18 and 21-1).

This analysis is an analysis of b, when the gradient of the velocity B, the
externally applied force f and the pressure P are expanded according to Taylor’'s
theorem. B, f and P are assumed to be smooth C™ functions on R"X (0,00],

although f and P are approximated by an expansion only to second order. The constants

in the series expansion of b, are considered as parameters which can be determined by
experiment, thereby giving a technique for obtaining C, and some of the Taylor
expansion coefficients for B,, f and P. This technique is employed for measuring

characteristic interaction constants of atoms by some of the most precise quantum

mechanical methods, e.g., the use of coupling constants for interaction energy terms as
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parameters in the analysis of frequency standard experiments using atomic beam
magnetic resonance spectroscopy.
3.3.1 Initial conditions

One part of the solution (egn.(18)) to the Navier-Stokes dynamic equation(1) gave
the explicit functional dependence of x* on t. This dependence,
X“=x¢+ \J2v(t-t,) , shows that if 7=, then x*=x! and so egns.(21-1 and 21-2)
give b,=0. It is noted that since the appropriate variables for cotangent space are

00

(b, x*,7) rather than(v,~*,7), theinitial conditionsare b, =0, x*=x§, 7 =14,.

3.3.2 Thesolution

(@ B, ,f and P assmooth functionson R" X [0, )

The solution to egn.(1) depends on the existence of smooth functions B, f, and
P such that Taylor’s expansion theorem can be used; hence the solution depends on these
functions being €™, although f and P are expanded only to second - order. It will be

shown in 3.3.2(b) that when egn.(21-2) is used, the solution b, isalso C™. All these

functions are real and belong to R" X [0, ).

(b) Behavior of b, as ‘x‘“‘—mo.

Egn.(18), which is the solution to one of the set of differential equations

(egn.(17-1)), was employed in subsequent equations whenever it was useful to express

particular equations as functions of x*—x/ rather than 7—z,. This knowledge was

used to obtain
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b, =b, (x’e). Using thisform of b, and for arbitrary a, the a-th derivativeof b, is

9%b, = Z:l Zﬂ BrmaC ( —x; )Haw) exp ?/‘%:](ch Xf;) (29)
1 (—aN "o N!
where 3y, = \/5[\/5] [m][[N—(Of_’”)]!] -

and where N >a — . At 7=y, note that 9°,b,(x})=0 since, eqn.(18) implies

I

x*=x%f @& r=¢, This andysis shows lim

‘ ‘A»JO

b, will not grow large as ‘xﬂ—mo.

The behavior of b, as ‘xk‘ — oo can aso be examined directly from egn.(21-
1
exp| —— (X -
A"

therefore b, — 0 ; the solution does not blow-up.

2). As |x*| oo, itis noted that ~ 0 faster than (X —x5)"

(c) Bounded energy.

Since the motion of the system occurs in cotangent space rather than tangent

space, evaluation of the following integral will show that |b,| is bounded:

[ b.fax* <C forall #> 1, and C<oo. (28-1)

]Rﬂ

Evaluation of thisintegral gives
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= =& Va2re,Cy || (MAN)!
j(; |b/€|2dxk—u 1\211 % SN % M-I—N)Wr\ﬂ forall 7 > 7,
(28-2)
2
= K , where OSKS%
a

Hence eqn.(28-2) impliesthe function |b,|* is bounded.

A physically reasonable solution has a bounded energy in field-free space when

f |p|2 dx < Constant, for all 7> 0 (28-3)

RrR”

since in this case, the energy is proportional to the square of the momentum |p|*. The

solution b, (the gradient of S) can be used as the integrand in egn.(28-3) in place of the

momentum (the gradient of the action) for proof of a physically reasonable solution. This
is based on the fact that both principal functions( S and the action) can be represented by
afamily of surfaces and the gradient of the principal function is always perpendicular to

any surface at a point; the larger the gradient, the slower the front. When the gradient of
the principal function is a function of time (b,(z)or p,(7)) it characterizes the motion in
field-free space; hence, the square of the gradient of the principle function is proportional
to the kinetic energy. Therefore, egn.(28-2) shows the solution is physically reasonable.
(d) Graphing the solution

The solution b, contains constants C,, and "«" and hence cannot be graphed

without knowledge of these constants. Quantity "z" is merely a unit constant present to
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make the argument of the exponential dimensionless; hence, its value 1sec’/*. The

constants C,, are functions of the constant coefficients %, 07 B, (0), 9% 9/ f(0) and

ajk 07 P(0). The procedure to obtain the expansion coefficients is to treat them as

parameters and determine them experimentally. This involves fitting the experimental
data with the use of these parameters, then designating these evaluated parameters as the
characteristic constants for the system. This was suggested earlier as a commonly used
technique for precise quantum mechanical measurements, for example the frequency
standard work on cesium by means of atomic beam magnetic resonance spectroscopy,

where hyperfine structure constants are treated as parameters.

(e) Solution for b, whenf=0

By setting the external force f = 0, b, then depends on the expansion
coefficients 0% 9/ B, (0) and 0% 8/ P(0). By this procedure it is possible to eliminate
some of parameters required to fit experimental data and hence alow a first
approximation for determination of some of the required coefficients.
3.3.3 Incompressibility.

Egn.(2) is the condition for the velocity vector field v to be divergence-free. If

0_. is taken on each side of egn.(2), this equation becomes di» B, = 0. In differential

geometry the divergence of a vector field on an oriented Euclidean space is the density in
the expression for the 3-form on that space. Extending this definition to higher

dimensions, the divergence of vector field B, on the oriented cotangent space T *M_ IS

the density in the expression for the 3-formon T * M__, given by
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w' = (div B,) db, A dx* A dr (29)

where o’ characterizes the sources in an elementary paralelepiped with edges

(¢, .€¢;,2¢,) and tangent vectors &€ T(T*M), and wheredb,, dx*and ds are basis

differential one-forms for cotangent space 7' * M at point (x',...,x") of M OR". In order

for div B, =0, then w’(¢,,¢,,€,) = 0. For tangent vector ¢,

€ =bed, +x0, +0, (30-1)

and arbitrary tangent vectors (also belonging to T (T *M))

€= By be Oy + 5,50, +0, (30-2)
and
€ = ry b Oy + 50, +0, (30-3)

it resultsthat o’ (¢,,¢,,€,) = 0 only if

ﬁxm (’%(2) - ’ixa)) + ﬂxm (’ixu) - ’%Xm) + ﬂxm (’ixm - ”ﬂ.a)) =0 (30'4)

where (8,,‘3,8xk,8,) are basis tangent vectors for tangent space T(T*M,). The

conditionon 8, and . given in egn.(30-4) implies that the vectors ¢, and & are
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not entirely arbitrary; the condition distorts the parallelepiped (ga,gﬂ,gﬁ) to alow the

gradient of v to be divergence-free.

This conditionon 8, and «_, isstrictly true from a mathematical point of view,

but involves assumptions which have not been adequately studied in terms of physical
reasonableness. However, if the volume of this parallelepiped is in the same region of

space in which the motion of the system occurs, then the requirements of egn.(2) are

fulfilled.

3.34 Vortex vector
The vortex vector R , the vector which gives the direction of the system change, is

obtained by noting that the coordinate values for the coordinates of the tangent vector &

are given by eqns.(16). By substituting these values into egn.(30-1), it results that

(31)

Thisform of the vortex vector can be made more detailed by means of egn.(17-2), since

I3

9Q  db
Ox* dt

To obtain the Lagrangian for the system the fundamental differential one-form

dS is contracted with the vortex vector giving
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(32)

This equation can be made more detailed by substitution for b, (egn.(21-1) and

Q (eqn.(11)). This technique for obtaining the Lagrangian has been demonstrated in
reference 2 in Hamiltonian mechanics, geometric optics, irreversible thermodynamics,

black hole mechanics, and el ectromagnetic and string field theory [2].

4. Conclusion

The technique employed in this paper for solving the Navier-Stokes model for
fluid dynamics in the case of incompressible fluids was to transform the dynamic
eguation into a differential one-form, and then use methods from exterior calculus to

generate a par of differential equations and a vortex vector satisfying Hamiltonian

geometry. This pair of equations was solved for the position x* as a function of time and

for b, (the conjugate to the position) as a function of time.
The value of the solution b, as ‘x‘e‘—mo was shown to be finite, hence the

solution is bounded; blow-up does not occur. The solution was shown to be physically
reasonable since the gradient of the principal function is bounded. It is not possible to
plot the solution without knowledge of some of the constants contained in the solution,
but these constants can be treated as parameters and evaluated experimentally. One

example of this procedure is the frequency standard work on cesium atom using atomic
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beam magnetic resonance spectroscopy, where the hyperfine interaction constants are
treated as parameters and determined with experimental data. This procedure has led to
results which are accurate to better than one part in 10°.

The gradient was taken on each side of the equation for the divergence of the
velocity, resulting in an expression for the divergence-free gradient of the velocity. Then
the differential 3-form corresponding to the divergence of the gradient of the velocity was
contracted on a triple of tangent vectors and set to zero. As a result, a condition was

placed on arbitrary tangent vectorsin T(T * M), distorting the volume where the motion

of the system occurs in a manner which restricts the gradient of the velocity to be
incompressible.

The vortex vector (characteristic tangent vector) giving the direction of the system
change was constructed by substituting coordinate values for coordinates of a basic

tangent vector in T(T *M,). By contracting the characteristic differential one-form

defining the system with the vortex vector, the Lagrangian was obtai ned.
The present solution to the Navier-Stokes equations is based on severa
assumptions, namely, (1) assuming the gradient of the velocity v, the pressure P, the

force f, and the exponential part of the series solution for b, are all smooth functions

which can be represented by Taylor’'s expansion theorem, with all but B, (infinite order

expansion) expanded to second order, (2) assuming the crosstermsin 0 ,f (see paragraph

after egn.(19-1) can be neglected and (3) assuming a certain condition on the coordinates
of two otherwise arbitrary tangent vectors in the tangent space to the cotangent space

where the motion of the system occurs.
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The proposed series solution satisfies al the requirements for the Navier-Stokes
equations for a physically reasonable bounded solution which is divergence-free and
which predicts that the gradient of the principal function is bounded. The solution was
obtained by (1) representing the dynamic Navier-Stokes equation as a characteristic
differential one-form; thisform generates a pair of characteristic differential equations for
the dynamics and a characteristic tangent vector for the direction of system change, and
(2) using the definition of divergence form differential geometry to represent the
divergence equation by a volume 3-form, whose contraction on atriple of tangent vectors
implies incompressibility when a certain condition is placed on two of the tangent vectors

for the system.
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